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Abstract. Non-isotropic Jacobi orthogonal approximation and Jacobi-Gauss type in-
terpolation in three dimensions are investigated. The basic approximation results are
established, which serve as the mathematical foundation of spectral and pseudospec-
tral methods for singular problems, as well as problems defined on axisymmetric do-
mains and some unbounded domains. The spectral and pseudospectral schemes are
provided for two model problems. Their spectral accuracy is proved. Numerical re-
sults demonstrate the high efficiency of suggested algorithms.
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1 Introduction

The main advantage of spectral and pseudospectral methods is their high accuracy, see
[3,6-13]. In actual computations, the pseudospectral method is more preferable, since
it only needs to evaluate unknown functions at interpolation nodes and so simplifies
calculations. Moreover, it is much easier to deal with nonlinear terms. However, these
merits may be destroyed by singularities of genuine solutions of considered problems,
which could be caused by several factors, such as degenerating coefficients of deriva-
tives of different orders involved in underlying problems. For solving such problems,
Guo [16,17], and Guo and Wang [24] developed the Jacobi orthogonal approximation
and the Jacobi-Gauss type interpolation in non-uniformly weighted Sobolev space, and
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proposed the corresponding Jacobi spectral and pseudospectral methods with their ap-
plications to one-dimensional singular differential equations. We also refer to the work
of [1,11,26]. The Jacobi spectral method is also useful for numerical solutions of differ-
ential equations defined on axisymmetric domains and some unbounded domains, see,
e.g., [2,14,15,18,19,31]. Besides, the Jacobi orthogonal approximation and Jacobi-Gauss
type interpolation are related to various rational spectral and pseudospectral methods,
see [4,5,10,21,22,27,28,32]. Recently, Guo et al. [20], and Guo, et al. [23] studied the
generalized Jacobi orthogonal and quasi-orthogonal approximations respectively, and
so enlarge their applications. In practice, it is more important and interesting to solve
the multi-dimensional singular problems and the related problems numerically. Guo
and Wang [25] provided the Jacobi spectral method in two-dimensions, while Guo and
Zhang [29] investigated the Jacobi pseudospectral method for two-dimensional prob-
lems. But there is few existing work dealing with three-dimensional problems by using
the Jacobi spectral and pseudospectral methods.

This work is devoted to the Jacobi spectral and pseudospectral methods in three-
dimensions. We first establish some results on the Jacobi orthogonal approximation,
which play important role in designing and analyzing the Jacobi spectral method. Then,
we consider the Jacobi-Gauss type interpolation, serving as the basic tool of the Jacobi
pseudospectral method. We also derive a series of sharp results on the Legendre-Gauss
type interpolation and the related Bernstein-Jackson type inequalities in three-dimensional
space, which are very useful for pseudospectral method of partial differential equations
with non-constant coefficients. As some applications of the above results, we provide
the spectral and pseudospectral methods for a model problem. The numerical results
demonstrate the high efficiency of the suggested algorithms and confirm the analysis
well.

The paper is organized as follows. In the next section, we recall the basic results on the
one-dimensional Jacobi orthogonal approximation and Jacobi-Gauss type interpolation.
In Sections 3 and 4, we study the three-dimensional Jacobi orthogonal approximation and
Jacobi-Gauss type interpolation, respectively. In Section 5, we propose the Jacobi spectral
and pseudospectral methods for three-dimensional problems. In Section 6, we present
some numerical results to demonstrate the efficiency of the proposed methods. The final
Section is for some concluding remarks.

2 Preliminaries

2.1 Jacobi orthogonal approximation in one dimension

We now recall some results on the Jacobi orthogonal approximation in one dimension.
Let A=(—1,1) and &, > —1. The Jacobi polynomials of degree I are given by

(1—x)“(1+x)5]l(“’ﬁ)(x):<;l}')laic<(1—x)l+"‘(1+x)l+5>, 1=0,1,2---.
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Let x(“F)(x) = (1—x)*(14x)P. The inner product and the norm of the weighted space
Li(%ﬁ)(A) are denoted by (1,v),(p o and |[v][,«p A, respectively. In particular, [|o|s =

[9][ ;00 o- The set of all Jacobi polynomials is a Lfc(“/ﬁ) (A)—orthogonal system, and
7 e a =71

Let IN be the set of all nonnegative integers. For any N € N. Py(A) stands for the set
of all algebraic polynomials of degree at most N. Further,

0Pn(8)={o] 0Py (A), 0(-1)=0}, PR(A)={v|veePn(A), v(1)=0}.
The orthogonal projection Py 4,4 : Li(“'ﬁ) (A) = Pn(A) is defined by

(PN a0=0,9) wp =0, VPEPN(A).

We denote by ¢ a generic positive constant independent of any function and N. As a
special case of Theorem 2.1 of [26] (also see [17]), we have that if 9v e Liwkﬁ%) (A), dLve

Li(wnﬁm (A), integers 0<k<r and r <N+1, then

195 (Puv .00 = 0) | (o505 < EN 50| scnpin - (2.1)

Next, we let a,,7,6 > —1, and define the space H; 6, s(AA) with the norm

Nl=

ol pran=(18:0120p p+ 121200 4)
Moreover,
0H} g0, 5(A) = {0 | o€ HL g, 5(A),0(~1) =0},
Hé,x(mﬁ)<A) = {U | UGOH}((M) (A), v(1) :0}-
We introduce the bilinear form

7,60 (1,0) = (ax”raxv)xw,m,/\ + (”rU)X(M),A/ Vu,ve Hi,ﬁ,%(s(/\)-

The orthogonal projection Pfl\f,ﬂé,ﬁ,% A I—I}C,ﬁm s(A) = Pn(A) is defined by

7,0 AP o 5, A0 —0,9) =0, VP EPN(A).

According to Theorem 3.1 of [26], we know that if ve H!

a,B,y,0 (A), aQUEL)ZC(Mrr—LﬁJrr—l) (A)/ DCS
Y+2,<6+2 and integers 1 <r<N+1, then

HPIl\],zx,ﬁ,'y,é,Av —0l1,0,87,0A <CN'7 10%0[,, ytasr—1p01) p- (2.2)
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If, in addition, « <y+1, <641, then
1Pl 500 =l p <ENTI501, e pir iy 23)
The orthogonal projection OPI{,,“,ﬁ,% s 0HL g7,6(A) = 0Pn(A) is defined by

8, py,0,0 (0PN .y 5,00 — 0 ) =0,  VpEPn(A).

Thanks to Theorem 3.2 of [26], we assert that if v€oH] Bs(N), 0L0E Li(wqr/ﬂ,q) (A), a<
Y+2,<0,60>0(ora<y+1,<54+2,0<a<1,<1), and integers 1 <r < N+1, then

10PN ,,7,6,00 = Ol 17,08 SENT (10501, wsr1pir1) o (2.4)
If, in addition, « <y+1, <641, then

HOPNaﬁ’ytSAv Ol yva) A SENTT[050[, ptasr1pr1) o (2.5)

The orthogonal projection PI{IO“ paiHy ! @h) (A)—PY(A) is defined by

(a (Pll\]oa B, AU—U)zaxQD)XW) =0, v¢ S ,PIQI(A)

By the virtue of Theorem 3.4 of [26], we have that if ve HS,X(W (A), dive L;(WAWH) (AN),
—1<w,<1, and integers 1 <r <N+1, then

1Py, A0 =0l g A SEN (1050, ptasrtpir p- (2.6)
If, in addition, —1<a,f<0 (or 0<w,f<1), then

1PN 7,5,00 = 0l o), 4 SENTTOLDIL, piscrrporn g 2.7)

2.2 Jacobi-Gauss type interpolation in one dimension

We now turn to the Jacobi-Gauss type interpolation in one-dimension. Let g G, N 7 g R, N y

and g L,N,]., 0<j <N, be the zeros of polynomials

J9P) (x), (1+2) 18P (2), (1-22)a: 18P (),

respectively. We denote by w(Z'XNﬁ)], 0<j<N, Z=G,R,L, the corresponding Christoffel
numbers such that

/ Plx x)dx= E¢ szﬁ)] Ve EPanva, (A), (2.8)
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where Az =1 for Z=G, Az =0 for Z=R, and Az = —1 for Z = L, respectively. The
corresponding discrete inner product and norm are as follows,

N
<”/U)X(mﬁ),z,N,A = Z u (g(zaNﬁ)])v@(z“z\ﬁ[)])w(Za]g)]z
j=0
1
||v||x("‘r/5),Z,N,A = (vlv);(a/ﬁ)/le,A‘

By the exactness of (2.8), we have

(@) ywn),zna= (@) ywprnr VPP EPania, (A). (2.9)

Let AZ“£ ={x|x= CZN , 0<j<N}. We assume thatve C(A) for Z=G, ve C(AU{x=
—1}) forZ=R,and v e C(A) for Z= L. The Jacobi-Gauss type interpolation Iz n,p A0 €
Pn(A) is determined uniquely by

Iz Napav(x)=0(x), x€ A( ﬁ)

They are named as the Jacobi-Gauss interpolation for Z=G, the Jacobi-Gauss-Radau in-
terpolation for Z=R, and the Jacobi-Gauss-Lobatto interpolation for Z=L, respectively.
According to Theorems 4.1, 4.5 and 4.9 of [26], we have the following results.

o Ifve C(A)ﬁLi(ka,)(A), 0,V E Lf((ac+k+l,/5+l+l)<A)/ k,l€ N and 0<k-+I/<1, then
1G,8,,6,A0 |t o SN0l wripin o +CNTH 020 twrirnprin o (2.10)

o Ifve C(AU{—l})ﬁLi(Hkﬁf”(A), 0xV € L)zc(a+k+l,ﬁ—l+l)(A) with v(—1) =0, k,/ €N and
0<k<I<land!<p+1, then

HIRN/xﬁAUH (w+kp=1), <CHUH (a+k,8-1) A—|-CN 1Ha UH (atk+18-141) A (2-11)

o Ifve C([\)ﬂLi(Hﬁf”(A) witho(£1)=0, K,/ €N, 0<kI<1k<a+1and I <p+1,
then

L5800 a5 4 S €ll0l]gass-0 A +ENTH[B] ecscrnprin o (212)

Furthermore, as the special cases of Theorems 4.2, 4.6 and 4.10 of [26], we have the
following approximation results.

e IfveC(A), dve Li(wnﬁm (A), and integers 1 <r<N+1, then

HIGNzx‘BAv UH ,15 <CN r”arUH D‘+y‘3+r> . (213)
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o fveC(AU{—-1}), dtve L)ZC(WM,) (A), and integers 1 <r <N+1, then
IR N,a,,00 = 0| ywp) o S N[00 twtrpin) o- (2.14)

i IfUGC(/_\), a;vELi(szrr—]/ﬁJrr—])
then

(A) —1<a, <0 (or 0<a,$<1), and integers 1<r<N-+1,

H IL,N,OL,,B,AU - UHX(Da,ﬁ)’A S CNiy Ha;vHX(aJrrfl,ﬁJrr—l)’A- (215)

We now focus on the Legendre-Gauss interpolation. The result (2.15) with « = =0 and
r=1 implies
Hen00a2lla < [[0A+eNTH9x0] A (2.16)

Thanks to (2.16) of [29], we have thatif ve H'(A), d,ve L;H,H) (A) and integers 1 <r <
N+1, then
|‘ax(1L,N,0,0,AU—U) HA < CNliV ||8§v||x(,71,,71>,,\. (217)

The above inequality with r=1 implies
192 12,n,00,A0][a < c[[0x0][ a- (2.18)

According to (2.17) of [29], we have that if ve C(A), d,v e Li 1,1 (AA) and integers 1 <
r<N+1, then ]
11L,N,0,040 =l c(a) SENZTT(|050] (-15-1) o- (2.19)

This is a Bernstein-Jackson type inequality.

3 Jacobi orthogonal approximation in three dimensions

In this section, we study the non-isotropic Jacobi orthogonal approximation in three di-
mensions. Weset A;={ x; | —1<x;<1},i=1,2,3, Q=A1xAyx Az and x=(x1,x2,x3).
The inner product and norm of the weighted space Li(Q) are denoted by (u,v), o and
||u| 0, respectively.

Let ai,ﬁci,ﬁci,ﬁi,ﬁi,ﬁi,’yi,éi >—1,fori=1,2,3, and

a=(0q,01,871,00,82,82,03,03,83), B=(B1,B1,B1,B2,B2,B2,B3.B3.B3),

7:(71172/’)’3)/ o= (51,52,(53).

The three-dimensional Jacobi weight functions are as follows,
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We introduce the non-isotropic space H! By 5(Q) with the following semi-norm and norm,

3 2
2
wpon=(LlRolRen ) s Io

v

1
2
La,B,7,60= (’U %,a,ﬁ,() + ||U||i<w),0>

For N=(N;,N2,N3) €IN3, Py (Q) stands for the set of all algebraic polynomials of degree
at most N; with respect to x;, i1=1,2,3.
The Li () (Q2) —orthogonal projection Py ,,5.0° Li(m (Q)) = Pn(Q), is defined by

(PN/Y'(SIQU_’U’q))X('Y/J),Q:O’ v¢€PN(Q)‘
In order to describe the approximation error, we let r = (r1,r2,73), ri€N, and

Ay 5(0) :HBEUHLZ( (As;L2
x\73

g2
y(1202) (AgL

,03) X(71+rl,él+r1)(A])))

+1[02 ]| ;2 12 .12
| 2 | Lx(73/53) (AS'L;((72+’2r52+’2> (AZ'LX(WJ]) (A1)

ool

X Y3+73,03+713) (A3;L

2 g2 .
x(72:02) (AZ’LX(WMH) (A1)

Theorem 3.1. Ifv e L?c(%‘” (Q), integers r; > 0,r; < N;+1 for i =1,2,3, and A, ;(v) is finite,
then
IPN,7,5,00= 0|00 0 S (N ™+ N, 2+ Ny ) Ay 6(0).

Proof. Let Py, 4, s,a,, i=1,2,3, be the one-dimensional projections as in the last section. We
use projection theorem and (2.1) with k=0 and r=r; or 0 to derive that

PN 000l 0= inf | 19—0llos,0

< HPNl,’YLfSl,A] U_UHX(WU,Q'i' HPNl,'Yl’fsl’Al (PN2,72,52,/\27J_U) HX(M),Q
< C(Z\/vfr1 +N2_r2 +N3_r3)Ay,%5(?J).

This completes the proof of the theorem. O

Next, let

w

11“,'3,%5,0(11,7)) = Z(axiu,ax,.v)x(a,ﬁ) Q+<M,U)X(%5)/Q, Vu,veHi’ﬁ’%(s(Q).

i=1 L

The orthogonal projection Pfl\f,ﬂé,ﬁ,% 50" I—I}C,ﬁm 5(Q) = Pn(Q) is defined by

aa/,B/'y/(S/Q(PIl\],(X,‘B,’y,IS,QU_v’cp) :O’ vcp e PN<Q)
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We introduce the following quantity

Brapra(0) =050l

Theorem 3.2. Let

IfveH! y,6(Q), integers 1<r; <Nij+1for i=1,2,3, and By, 3,,5(0) is finite, then

H Pll\l,ac,ﬁ,'y, ,

If in addition, if

then

.72 .72
)(A3/LK(,},2,‘52> (AZ'LK(a1+r]*],/5]+7]*1>(Al)))

+||0%2v 2 g2
|| X2 ||L ) A3,L (“2+r27]'/52+r271>(Az,LK(,y],‘sl)(A])))

+ a 50 g2
| HL a1t ) A2 s (A2 s (A1)

0y, 020 :
+119x,0%, ||L2 VAL s gy )DL ) (A1)

0y, 030 .
+ /0%, x3 ||L21X sra—LBabrs— 1>(A3,L (195 >(A2'ch(”‘1"51)(/\1)))

+|0x,00 .
19x,0 ”Lz gty tr 1) B 0 ) (ADL2 gy (A1)

+ 0% 95,0 12 (As;L2
X

g2
(73.93) x(a2B2) (Az;L

K(zx] +r1—1,1+r1—1) (Al )))

+1]0%, 9l 2

T2
(g pa) (AL

g2
x(12:92) (Az;L

K(zx] +r1—=1,B1+r1—1) (Al )))

+ a a Vlly2 g2 .72
H 3 HL rﬂ)(A3’Lx(ﬂ2+72*1rﬁ2+’2*1)(AZ’LX(W‘H)(A])))

+ |0 axzax3v||L2 (As;L2

T2
x383) DI (0 ) (A2

+ ||aX] 8;22 ax3’0|| Li("%'ﬂS) (A3;L2

+||axlax2 Z7||L2

vi <min(&;,d;), J; <m1n(ﬁl,ﬁ ), i=1,23,
aié’)’i"i_z/ ﬁi§5i+2/ 121/2/3-

a; <7vi+1, Bi<éi+1, i=1,23,

lel\l,ac,ﬁ,’y,é,ﬂv_UHX(W) < C<ny] +N, " +N3_r3> By a,p,7,5(0).

K(Da]+r] -1,1+r1-1) (A])))
g2
y(&2+r2=1po+ry~1) (AZ’LX('XLﬁ]) (A1)))

agtrg=1fytrg—1) (AL (0 55) (ADL (0, (1))

7.0 SC (Nll_rl +N, " +N317r3) Bra,p7,6(0)-

229

(3.1)
(3.2)

(3.3)

(3.4)

(3.5)
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Proof. Let PI{L_ B0 i=1,2,3, be the one-dimensional orthogonal projections as in the
last section. We first consider the case a; <;+2, B; <4;+2, i=1,2,3. According to the

definition of the projection PI{,’ w8750 We have that

1PN, 87,600~ 0ll1,0,8,7,60 S Wi+ Wo+ W3+ Wy,

where
W; = |0y, (P} p; p; 2—9)| i=1,2,3
1 Xi \* Ny,o1,81,71,01,A1° No,ao,B2,72,02,A2" N3,&3,83,73,03,A3 X,@'ﬁ)'ﬂl el
_Ipl 1 1 _
Wy = H PN1/061,,31,71,51,A1 PNz,ﬂézl,BZ,72l52,Az PNs,ﬂésl,B3,’73,53,Asv - UHX(W),Q'

We have (cf. [26])

1 a=0, b=0
max(1—x)*(1+x)’=¢ " ’ ’ 3.6
|x|§1( Ji(14x) {2ﬂ+b(ﬁ)ﬂ(%)b, a,b>0, a?+b*#0. (3.6
Thus, we use (3.1) to obtain
H8x10||xg.x,ﬁ> < CHanUHLi(WS,éS)(A3;Liw2152)(Az;Li(%ﬁ])(A])))~ (3.7)
Using (3.7) and (2.2) with r =1, we have that
1
[0, PNl,acl,ﬁl,'yl,él,Alvngﬂcrﬁ) < CHaxlvuLiwsw (A3;Liw2152) (Az;Li(aPﬁ) (A1)))" (3.8)
We now estimate Wj.
Wl S || axl (Pll\l] ,tX],‘B],’)/] ,5] ,A] U— v) HX%“"B)
1 1
+ ||axl (PNI,(X],‘BI,’y],(sl,Al (PNz,ﬂcz,le,’n,(Sz,sz - U)) ngp‘/ﬂ') (3'9)
+ ||axl (Pfl\fl,al,ﬁl,’y],(sl,l\l (Pll\fz,ﬂcz,ﬁz,’n,éz,/\z (Pfl\f3,a3,,33,’y3,§3,1\3v - v) )) ngﬁ‘/ﬂ') °
By using (3.7) and (2.2), we derive that
1
1850 (Pl gy 2= o
<CN17T1 Haﬁ 7)’ 5 5 ) (310)
- 1 o LX(73/53) (A3;LX(72/52) (Az;LX(“ﬁ’r]/ﬁﬁ’r]) (A1)
According to (3.8) and (2.2), we deduce that
1 1
||axl (PN1,0¢1,‘B1,’)/1,5],A1 (PNz,wZ,ﬁz,’)/2,52,sz - U)) HXE"“/S)
(3.11)

1-r, 7
< ¢cN, 2|02, 0|12 g2 g2 .
< N, |03 0x, HLX(%KSS)(As,Lx(‘Xﬁrr]/ﬁZHTU(AZ,LX(%/jl)(AI)))
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Using (3.8), (2.2) with r =1 and (2.2) with r =r3, we derive that

1 1 1
Han (PN],EK],‘[‘}1,’)/],51,A] (PNz,az,ﬁz,’)/z,(SLAz (PN3,0C3,‘B3,’)/3,53,A3U - v) )) ngﬂ,ﬁ)

1-r
< cN; |0y, 030 .
< eN; 7oy, HLZ 2 a3 183473 71)(A3,L (16 )(AZ,Li(“lrﬁ]))(AI)))

+CN§7TS Haxlaxz UHLZ
Substituting (3.10)-(3.12) into (3.9), we get that
Wi <c(N] "Ny 2N ol 00
Similarly, we can check that

W2<c(Nl nENIT 4N f3)uvug

rzxﬁ'yo )

Ws <e(NI "+ N3 724N ) ol 00

Obviously,

W< H PIl\[l/‘Xl/ﬁl/er‘sllAl U= UHX(W) + HPI]\]L‘XL,BI/Y]/‘SI/AI <P11\]2,062/,32,72,52,sz - Z)) HX(WS)

+ H Pfl\h,ﬂél,ﬁl,%ﬁ],/\] (sz,ﬂézrﬁzr’rzﬁz,/\z <P11\13,043,/53r73,53,/\30 B v)) HX(”) :

Thanks to (2.2), we have that

HP%vl,al,m,(s],mv—vuw,m
<eNy 5o,z

J3) (As;Li(Wsz) (Az;Li(M*’l —1B1+r1-1) (A1)
Using (2.2) with r=1, r=r; and r =1, — 1 successively, we get that
1 1
H PN1,0<1,,31/71,51,A1 <PN2,062,[52,72,52,A20 - Z)) HX(WS)

1—r
<cN, ?||03v
1% 0l A2 ey gy (8222, A

1— )
+cN ax 20|72 .72
2 || 1 xz ||LX(W3,53) (As;L
By using the same manner, we can deduce that

” PI]}h/“lrﬁlr'Yl/(Sl/Al (Pll\fz,ﬂcz,ﬁz,’n,fsz,/\z (P11V3,0<3,ﬁ3,73,53,/\3v o Z)) ) HX(WS)
r3
<cN, |08 o 2 i) (AL (M)

2 .
L (az+r3—1,83+r3— )(Ag,L

+CN3 ySHaxZa UHLZ
1- r3
+CN ||axla UHLZ (az+r3—1,83+r3— 1)(

+CN1 & HaxlaxzaxsvHLz

(a 31 py4r3-1) (DL 0 ) (DL () 5 (A1)
AS}LX(WZJ’"Z) (Az;Lx(ﬂlrﬁl) (A1)

zx 3+13—1,B3+r3— ])(A3?Li( 9,62 )(AZ/ ( /51)(1\1)))'

2 .12 .
(a3 r3—1p3ry— 1)(A3'LK(,X2,,52)(AZrLX(,le/jl))(Al)))

T2 .
latry=1py+ry-1) (AZ’LX(al,ﬁl) (A1)

231

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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By substituting (3.17)-(3.19) into (3.16), we have that
171’] 1*1’2 1*7‘3
W< (NN} 72N 7 ) B o(0). (3.20)

A combination of (3.13)-(3.15) and (3.20) leads to the desired the result (3.3). We next
consider the case with (3.4). Clearly,

1 1 1 _ )

HPNllﬂél,ﬁl,’h,lSl,mPNz,ﬂcz,ﬁz,’Yz,5z,Az <PN3,043,ﬁ3/Y3,53,/\3v v)) HX(”)
1 1 1
< HPN];D‘]I.BL')’];(SLA] v UHX(M) + H PN];D‘];/S]/Y]’(SLA] (Pszt’éz,ﬁz,Wz,(Sz,/\zv o Z)) HX(M)
1 1 1 B )
+ H PN];“];/S]/’YD(SLA] PNz,Déz,ﬁ2,72,52,A2 (Pstﬂés,ﬁ3,73,53,Asv Z)) HX(%” )

By (2.4) and the similar manner used above we can get (3.5) easily. O

Obviously, forr;=1,i=1,2,3,

1PN o 7,600 = Ol 10,78 < 0l1,0,8,7,6 = Brap,6(0)- (3.21)

4 Jacobi-Gauss type interpolation in three dimensions

In this section, we study the Jacobi-Gauss type interpolation in three dimensions. Let
Z=(Z1,22,23), Z,=G,R,L, g=1,2,3. The discrete inner product and norm in three di-
mensions are given by

N1 N» Nj (1.6)
Y

(14,9) ) ZN_ZZZL[gZN] ZN])wZN]’ (4.1)

J1=0j2=0j3=0
1
HUHX('Y/J),Z,N = (v’v);(7r5),Z,N’ (42)
where
71,01)  #(72.02)  »(73.03) (7.6) (71.01) , (72.62) | (73.93)
gz N,j (gzl Nijr’ Lz i e ]3) Wz N, = Y7, Ny ji Y 75, N, jo Y 73, Ns s

By the virtues of one-dimensional Jacobi discrete inner product, we have
(@123, P19293) y10) 7,5 = (10203, P19293) y v,V Patpg € Panny,r 4=1,23. (43)
Next, let
) 1) 82) ,83) ,
Qg’N) = {(x1/x2/x3) ’ X1= gzlei i’ gzzzl\]i i’ gzZSN: is’ 0 S]q < qu q= 1/2,3}~

Let G = (G,G,G), the three dimensional Jacobi-Gauss-type interpolation IG,N,,y,(S,QU(.X) S
Pn(Q), is determined uniquely by

0
Ig,N500(x)=0(x), x€ QgN)'
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Let kq,lq €N, L]:1,2,3, k= (kl,kz,k3), = (ll,lz,lg) and

X(7+kr5+l) (x)= X(% +k1,61+1) (x1 )X(’Yz+kz,5z+lz) <x2)X(’73+k3,53+13) (x3). (4.4)

Now we introduce the non-isotropic spaces
M s1(Q) ={ © | 0E€ L2 s (€Q),
axl ve Li(73+k3,53+13) (A3? Li(72+k2,52+/2) (AZ; Lim +k14+1,61+11+1) (Al ) ) ),
(711+k181+h) (A1))),

2 .72 .72
axav € LX(73+1<3+1,53+13+1) (A31Lx(vz+kzr52+lz> (AZ/LX(7]+k],51 +1) (Al ) ) )’

2 T2 .72
axzv S LX(73+k3,(53+13) <A3/ LX(W2+k2+1rf52+12+1> (AZI LX

2 .72 .72
axl ava € LX(73+1<3,53+13) <A31 LX(72+1<2+1,52+12+1) <A2/L (7y1+k1+1,81+11+1) (Al)))/

X

2 .72 .72
axl a363 ve LX(W3+k3+1¢53+13+1) (A3/ LX(Wz+k2r52+lz> (AZ' LX(M Fhi 101+ +1) (Al ) ) )’

2 T2
aXZ a.X3v € LX('y3+k3+],¢53+l3+]) (A3/L

2ttty (D2 LS g (A1),

a.X] aXZaX3v € Li('y+k+l,¢5+l+]) (Q) } .

Equipped with the norm

CW,&,k,l(”) = HUHLZ( () + HaxIUHLZ( (As;L?
X

T2
3+ rkass+13) (L (1 05 1) (AL kg gy ) (D))

ool

.72 72
(13+k3.03+13) (A3'LK(72+1<2+1,¢52+/2+1) (A2fLX(71+k1,51+11) (A1)

w2l

X

+ 102,05, 12
P

Aj;L AL

2 2
Y3+k3+1,03+13+1) ( 12tk +1n) ( (kL) (A1)))

72 72
y3+k3,83+13) (A3'Lx(yz+k2+1,52+12+1) (A2’LX(71+I<1+1,¢51+11+1) (A1)

(Az;L?
x

+Hax1ax3vHL2
57

72
s tky 103+ 13+1) (vp+ka by +1o) (A2’LX(71+I<1+1,¢51+11+1) (A1)

Asz;L (Ap;L?

11tk 01 +1p) (A1)

v3+k3+1,03+13+1) (

+Haxzax3vHL2
pu

2
(2 tko Lo+ +1)

+ HaxlaxzaxsvHLi(,wkﬂrﬂlﬂ)(ﬂ)‘
Theorem 4.1. For any ve C(Q)NMg,,511(Q), kgl €N and 0<k;+1,<1, g=1,2,3,
16,N,7,6,00 | yr+x00) 00

< (1N 4 N NG NN T NN NG NG

+NTING NG ) G (0). (4.5)
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Proof. Let Ig N, ,s,a; De the one-dimensional Jacobi-Gauss-type interpolation. Clearly,
IG,N,’y,ﬁ,QU = IG,N3,73,53,/\3 IG,Nz:’Yz,(sz,/\z IG,N1,71,5],A] v. Due to (210), we can Verify that

| 1Ig,N,y.5,07] Xkt 0 < € HvHLi( Q)

Yk S+)

+CN1_1H8X10HL2( \ (AsL Ag;L
X

2 2
13tk +13) AL (01 85 41) (AL (01 ity 16y 4041) (A1)

(A3;L?

.72
73+k3,63+13) T2tk Lo+ +1) (AL

Y1k ) (A1)

Ny ol
X

-1
+cN, 0,.0|72 72 72
3 H 3 H Lx(ws+k3+1,53+13+1) (A3’LX(WZ+k2,o"Z+12) (Az’Lx(wﬁkl,(SlHl) (A1)

—1x7—1
+cN; "N 0y, 0,072 72 72
1 2 H e HLX(73+1<3/53+/3)(A3fLX(72+k2+1/52+12+1)(A2fLX(7]+k1+1,51+1]+1>(Al)))

+CN1_1N3_1||axlax30||L2( (As;L?
X

T2
Y3+k3+1,03+13+1) 12tk +1)) (AZ’LX(W1+k1+1,61+11+1) (A1)

(A3;L?
X

+CN£1N?:1 ”axzaxsvHLz(
x

.72
Y3+k3+1,03+13+1) (yp+ko+1,8p+1p+1) (AZ'LX('y]Hc],é] +1q) (A1)

—|-cN1_1N2_1N3_1||8x]8xZax3z;||L2( Q)
X

YHk+1,641+1)

This leads to the desired result (4.5). O

Remark 4.1. As to the Jacobi-Gauss-Radau interpolation IR n,,5,0v and the Jacobi-Gauss-
Lobatto interpolation Iy, x 500, we can also define the spaces as Mg s, (()) with the
norms as C, 5x(v), and using the same manner to get similar results as (4.5).

Next, we present the some results on the Jacobi-Gauss type interpolation. To do this,
we introduce the non-isotropic spaces

N, ,,5(Q)
= { vel?, ;) (Q)|dve L,zcm,o"g) (A3;Li(72r52) (A22L)2(m+r],(sl o (A1)
OZVEL2 1150y (ALY 1y a1 (A2 L2 s (A1)
OZVEL2 (s iryisyiry (AL ) (A2 L2 (A1)
axl a;zz—lv € Li(ws,o"s) (A3;Li(vz+r271,52+r271) (AZ?Li(ﬁH,AlH) (Al ) ) )
Oy, 8;33710 < L)ZC(W3+1’371,53+7371) <A3;Li(72/52> (AZ;Li(WlJrl,o"lJrl) (A1)))
axzagflv € L)z((wwafl/éws—l) <A3’.L§C(72+1/52+1) (AZ?Lim/Jl) (A1)))

r3—2 2 T2 T2
axl axzaxi ve LX(’Y3+73—2,53+73*2) (A3'LX(72+1/52+1) (AZ' LX(Wﬁ]/J]“) (Al))) }I
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equipped with the semi-norm

Az,‘Lz

—1|1A"
Dyq,5(0) =03 7| L2 ) (A0 2 oy aryin ey (1)

2
03) ( y(122) (

402 0], 2 .72 .12
105002 A2y (B2 (A1)

+ |02 vl|;2 .72 .72
|| X3 ||LX(’Y3+73453+"3> (AS,LX('U'&Z) (AZILX(71'51>(A1)))

+105,02 7 0]l 2
X

2 g2
(12t —Léytry—1) (Az,LXm,(;l (A1)

A3;L2

) AyL?
73+r371,o3+r371)( X(Wz,éz)( 2

7‘371
* ||ax1 8x3 vHLi( X(W1+1r51+1)(A])))

1095 0l 2

72 72
(13+73-103+73-1) (A3'LX(72+1/52+1) (AZ’LX('yl,él) (A1)))

-1
+ ||aJC1 axza?; UHLi( 5 (As;L AL

2 2
Y3+r3-103+r3—1) (12 Lep+1) ( K (11+1La+1) (A1)

and the norm

[9lln,,,50) =19l yv0),0+ Dr,q,5(0).

Similarly, by using (2.10) and (2.13) we can get the following result.
Theorem 4.2. For any ve C(Q) NN, s(Q) and integer 2<r; <N;+1, i=1,2,3, then,
| 6,N,7.6,00=2|| 20 0

< (N7 NN NN N TN 46)
+N; NG NTING NG ) Dy (0).

Remark 4.2. If in addition Ny = O(N,) = O(N3) in Theorem 4.2, then result (4.6) can be
written as

116,N,7,600=0|| yivo) o <€ (Nfr1 +N, +N_{73) D, 5(v). 4.7)
Moreover, as a special case we consider the three-dimensional Legendre-Gauss-Lobatto
interpolation and related Bernstein-Jackson-type inequalities, which will be used in the

sequel.

Let L=(L,L,L), for ve C(Q)), we define the Legendre-Gauss-Lobatto interpolation as

I, N,0,0,00 = IL,Ny,0,0,A1 IL,N,,0,0,45 IL,N3,0,0,450-
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In order to describe the error of Legendre-Gauss-Lobatto interpolation we define the fol-
lowing quantity with r;>2,i=1,2,3.

E( ) (Ha UHLZ A3L2(A2L2( o1 )( 'i'”a UHLZA LZ( 71,7271)(A2;L2(A1)))

T ro—1
+Hax330HL )(A3L2(A2L2 +Haxlax22 UHLZ Az;L2 >(A2;L2(A1)))

X(rsfl, 3— ( —2,rp—2
—1_12 r3—1
0y, 0% 0 0,05 0
‘|‘H X1¥X3 H i ry—2,r3—2 )(A3 L2(AL2(A +H X2 Yx3 H Sr3-2r5-2) (A3;L2(AgL2(A1)))

ri—1 ri—1
+Hax1] avaHLZ A5L2(Ag; Lz( 72]17)( +Hax]] ax3UHL2 (Az;L2(Ag;L2 - 2’7172>(A])))

+10%" 1ast”Lz As;L2 +HaxlaXza§c33 ZUH

(=22 )(AZ L2(Aq (r3—3,r3-3) (A3;L2(Ag;L% (A1)

Nl—

_|_||ax]ar2 28x3UHL2 +Ha ZaxzaxsvHLz

As;L2 5 (AL2(A)) (Ag;L2 (AL Sn-3m1-3) (Al)))> '

y(r2=313-3
Theorem 4.3. If E,(9) is finite. Then for any v€ C(Q)) and 2<r; <N;+1,i=1,2,3,
I x0000—2l0 < e Ny N7 724 Ny 4Ny N 2
+NTING NG NG NN TN ) E (0). (48)
If in addition Ny =O(N;) = O(Nj3), then
I n0000—2ll0 <e( Ny N, 724Ny ) E (o). (4.9)
Proof. According to the definition of Iy n 0,0, we have that

| 1,500,077l
< LNy,0,0,0, (IL,N2,0,0,00 (IL,N5,0,0,0,0—0)) || (4.10)

{112, N,0,0,4, (11, N5,0,0,0,0 =) |+ || IL,N,,0,0,4, 7 — 7| -

Due to (2.15) with a =B =0, we get that

11L,Ny,00,4,0 =0l <eNp ™[]0 UHLZ (AzL2(Ag; LZ( ey (A1) (4.11)
By using (2.16) and (2.15) with a = p=0, we derive that
[112,N1,0,0,41 (11, N2,0,0,4,0 =) [
<cN, 21020l 12, L2 1y 1y (A2L2(A)
+eN; TNy 219,910 2 Ly 21y ) (ABL2(A)))" (4.12)
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According to (2.18), (2.16) and (2.15) with a = =0, we deduce that

1 1L,N,,0,0,A1 (12,N,0,0,0, (I, N5,0,0,4,2— 7)) || 0

<cN; 3|07
<cN, H%JHL?{UYUTU(A3;L2(A2;L2(A])))

—1a7l— -1
NN 0 3 ol tastatz) (@13)

Ny N0 Mol

X

r3—2,r3—2) (As;LZ (AQ;LZ (Al ) ))

r3—3,3—3) (A3;L2(A2;L2(A] ))) ’

+eNp Ny NG 05,010,072,
X

Substituting (4.11), (4.12) and (4.13) into (4.10) we get the desired result (4.8). If N; =
O(N;) =0O(N3), the result (4.9) is clear. O

Theorem 4.4. If E,(v) is finite. Then for any v€ C(Q)) and 2<r; <N;+1,i=1,2,3,

’IIL,N,O,O,QU_ Z)|H1 Q) <c (Nll_rl +N2177’2 +N;_T’3

—1p72—7 —1n72—7 — 1727 (4.14)
FNTING T NG TN N TN (o),
If in addition Ny =O(N;) = O(Nj3), then
|IIL,N,O,O,QU_U’H1(Q) <c (Nllirl +N21_r2 +N;_r3> ET(U). (415)
Proof. Obviously,
102, (IL,N,0,0,07—7) |0
<10, (I, Ny,0,0,A0 (T2, N,0,0,05 (I, N5,0,0,0,2 = 0)) ) [
1102, (Ir,N1,0,0,41 (I, N,0,0,0,0 =) ) | + 1192, (I, Ny,0,0,0,7—7) || - (4.16)
By (2.17), we have that
l_
193, (I, ny,0,0,0,0—0) [ <eNp Ha?ﬂ’”LZ(As;LZ(Az;LiuH,]71>(Al)))' (4.17)
Thanks to (2.18) and (2.15), we deduce that
10, (I1,n,,0,0,8, (I1,N5,0,0,0,0 =) la
1— _
< Ny 10005 0l a2, (haza)- (418)
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Using (2.18), (2.16) and (2.15) successively, we derive that

1102, (I,N1,0,0,A1 (12,N2,0,0,2 (I, N5,0,0,4,0—0)) ) [ 2
1— _
<cNj; 73”8,(18233 10||Li(r372,r372)(A3;L2(A2;L2(A1)))

—1 2*7‘3 1’372
+cN, N3 Hax1axzax3 U|‘Li(737srr373)(As;LZ(Az;LZ(Al))).

Substituting (4.17)-(4.19) into (4.16) yields
1—
10, (I,N,0,0,00—0) |l <cN; 0%, ol LZ(As;LZ(Az;Li(rrM Ly (A)

1-r; ro—1
+cNy 2|0y, 02 UHLZ(A3;L2(r272r272)(AZ;LQ(Al)))
(22,

177‘3 7‘371
+eN; P |0y,03 o L2 g 21y (ASL2(ASL2(A)))

-1 2*7‘3 1'3—2
+cNy N3 7|0, 02,05 UHLi(r373,r373>(As;LZ(Az;LZ(Al))).

Similarly, we can get the following two estimates

1—
19 (BLnoo0v—0)lla<eNy 180 llaagaz, , y (awtian)

1—r; r1—1
+CN1 Haxzaxl UHLZ(A3;L2(A2,’Li(7172,7172) (A1)))

1—r3 r3—1
+cN; 2 ||0x,08 0| Li<f3721r372> (As;L2(A5L2(A)))

—1 2*7‘3 1’372
+cNp N3 7|0y, 02,03 U“Li(737srr373)(As;LZ(Az;LZ(Al))).

1—
Hax3 <IILIN'O'O'QU - v) H Q S CN3 " Ha;sz Li(r37]'r37]) (A3;L2(A2}L2(A1)))

171‘1 7‘171
+eN; T [0x,93 UHLZ(A3;L2(A2;Li(7172“72)(Al)))

1—r3 ro—1
+cN, P [[05,03 0| LZ(A3;Li(r272,r272) (AL2(A1)))

-1 2*7‘2 1'3—2
+eNp TNy [0y, 02,05, Z’HLZ(As;LfC(rTwﬂ)(Az;LZ(A])))-

A combination of (4.20)-(4.22) leads to the desired result (4.14). This with Ny =O(N)

O(N3) implies (4.15).
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(4.19)

(4.20)

(4.21)

(4.22)

O
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Finally, we consider the Berstein-Jackson type inequality. Let 7 = (171,72,173), 0 <1, <
%, i=1,2,3,and r; >2,i=1,2,3. We denote the quantity

\U!FW(Q)

oo I

arl 1
(H HH2+’73(A H2+’72(A 12 (A1) Hz+'73(A ;L2 ApHZT(AY)))

(r —1r— 1) (r —1,rp— 1)(

+gel?,

X(73—1,73—1)

19,35 1ol

+19x,02 7ol

1 1 ]
(Ag;H2 M2 (Ag;H2 T (Ay))) H2"3(As LZ(, 2ry-2) (A1 (A1)

1935 ol

X(rrz,rrz)(A3;H%+'72(A2;L2(A]))) X(rrzrrsiz)(AS;LZ(AZ;H%Wz(A])))
1
-1 2 2
—I-Haxlawa;i vHLi(rs3/r33)(A3?L2(A2;L2(A1)))) ,
and
1
0]l ) = (1ol 2 () F 21 Frn ()2
Obviously,
1 ,N,00,00 =0 c(a)
< LNy 00,41 (TL,N5,0,0,00 (1L,N3,0,0,4,0 =) )l () (4.23)

(IL,N1,00,1 (T, 85,0,0,0,9 = 0) | () F [ (T, ny0,0,0, — D2l ()

Thanks to (2.19) and the embedding inequality, we have that

—r
111,81,00,4,0 =0 c() <CN2 0% 2llcease (A2 1y (AD))

<eNFTALol e
c % H2+'73(A H2+'72(A LZ(Y i 1>(A1))).

According to (2.19) with r=1, r=r,, r=r, — 1 successively, and the embedding inequality,
we get that

[ (T2, 30,0,0,A, (1L, N2,0,0,0,2 =) I c()

<ch 2oz .

HIVI3(AgL2 (AzHZ T (Ay))) (4.25)

y(r2=Lrp=1)

1
) —TI2 Ty — 1
+cN NG 10,0 0] 1 .

1 2 17X2 H2+’73(A3}Li(,2,2,,2,2>(AZ}LZ(A])))

Using (2.19) with r=1 repeatedly, (2.19) with r=r3, r=r3—1 and the embedding inequality,
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we derive that

11L,N1,0,0,A1 (1L,N,0,0,02 (I,N3,0,0,0,0—0)) [l c ()

1
< NG a0,

1 1
i A (A ()

+eN; INE 0,0 o)
2 3 X2 x3 12

1
(r3-2r3-2) (As;L2(A2;H2 T (A1)

N_%N%_ra P

+clNy 3 (c2% X3 UHLZ
(
X

113
+eNy PNy INT T 05,00,08 0| 2

X(r373,r3

22y (AHE T2 (AI2(A))
Ly (ASLE (AR (A)) (4.26)
By substituting the above three inequalities into (4.23), we reach that

3-n a3 AT A2 33T
HIIL,N,0,0,OU—UHC(Q)§(Nl +N; “+N3 "+N; °Ny “4cN; *Nj

Ty T U Tua e B #27)
+N; INZ 4N, 2N, 2N; ) 0] ().
If Ny =O(N;)=0O(N3), then the above estimation can be written as
HI]L,N,O,O,QU_UHC(Q) < (Nll_"l _|_N21—7‘2 _|_N;—"3> ’0|F’/’7(Q)' (428)

5 Jacobi method for three dimensional singular problem

This section is devoted to the Jacobi spectral method and the Jacobi pseudospectral method
for three dimensional singular problem. Let

I={(-Lxpx3) | —1<xp,x3<1}, Io={(x;,—Laxz) | —1<x,x3<1},
F3:{ <x1/x21_1) ‘ _1§x11xl§1 }/ r4:{ <11x2/x3) ’ _1§x2/x3§1 }/
Is={ (x1,L,x3) | —1<x3,x%3<1}, Te={ (x1,x2,1) | —1<xy,x, <1}

We consider the following model problem

—0x, (a1 ()9, U (x) ) =9, (a2 (x) 0, U (x) ) — 93 (a3 (x) 9, U (x) ) +a10 (x) U ()
= f(x), xeQ. (5.1)

Without losing generality, we suppose that

(5.2)



Y.]. Jiao, S. Chen and B. Y. Guo / J. Math. Study, 48 (2015), pp. 222-249 241

where
dg(x) EF0l, 50=(50,50,5;), 84,5,5>1, 0<n<3,q9=12,3,

_ 5.3
iag(x)> (Eiq)min >0,xeQ), g=1,2,3. ©3)

We look for singular solution of (5.1) such that

lim a1(x)dy,U(x)=0, lLm ax(x)dy,U(x)=0, lLm a3(x)dy,U(x)=0.

x—T1Uly x—TUI's x—T3UTg
Let
A py,5(u,0) =(d1(x)0x, 1,0x,0) yon (22 (x)0x,1,0x,0) Ao
+ <‘73 (x)axs u/ax3v)xéwﬁ> + <‘70 <x)u/v)x(w5)/ Vuuve Hulz,ﬁ,'y,é(Q)'
A weak formulation of (5.1) is to find U € H, 5,7,5(€2) such that
Awpr,s(U0)=(f,0)12(00), Y0 E Hi’ﬁ,w;(()). (5.4)

It can be verified that for any u,v € I—I}C,ﬁm 5(Q),

3
| Aupirs(10,0)] < (2 1, (x) ||Lm(o>) T . 55)
q=0
. 2
| Arx,ﬁ,%é(“/ u)|> 0137123( <‘1q Ymin) ||| 1,a,8,7,5° (5.6)

Therefore, if f € Li (75 (Q)), then by (5.5) and (5.6) and Lax-milgram lemma, then (5.4)
has a unique solution such that [|U||1,«,p,7,6 < c[| fll (-1
Now, let uy € Py (Q)) be the approximation of U, satisfying

Avpsun,d)=(f.9)12c0)y,  YPEPN(Q). (5.7)

Due to (5.5) and (5.6), the solution of equation (5.7) is unique and |y |1,4,,7,6<c|| f | E—1
According to (5.4) and (5.7), we have that

Anpqs(un—U,P)=0,  VpePn(Q). (5.8)

Theorem 5.1. If (3.1) and (5.2) hold, and B, 4 g ,,s(U) is finite , then for 1 <r; <N;+1,i=1,2,3

[un —Ul[1,0,57,6 SC(NT 4Ny 24 N3 ) By o py,6(U),

Ly

where the constant ¢ depends only on the norms ||d;||c(q), i=0,1,2,3.



242 Y.]. Jiao, S. Chen and B. Y. Guo / J. Math. Study, 48 (2015), pp. 222-249

Proof. Let Uy = Pfl\f,ﬂé,ﬁ,% s,qU. By using (5.6), (5.8) and Theorem 3.2 successively, we get
that

. . 2
0r£;23((uq)min) Jun—Un ”sz,ﬁmﬁ

<c(2||aq )lc@ )(N}—rurN;’2+N31—r3>Bm,ﬁ,%&(u)||uN—uN|\1,a,,g,%5.

Therefore,
lun —Un|l1,0,8,7,6
3
L Mdg(x)ll e
q=0

01'%1{1123((‘111)%71)

(N}“ +N} +N3“3> By o s(U). (5.9)

By using Theorem 3.2 and (5.9), we derive that
H UN— UH 1u,B,7,0 < C(Nll_rl + Nzlirz + Néirs ) Br,a,ﬁ,y,ﬁ( u)/
where ¢ depends on (dg)uin and [|d(x)[|c(q), 9=0,1,2,3. O

Next, we consider the pseudospectral method for problem (5.1). Let d,=1Iy, /2,004, 9=
0,1,2,3and f(x) =x"7"9 f(x). Assuming f(x) € C(Q)), we let

Awp o N (1,0) =(81(x)92,4,050) 0 F (82(X)0214,00,0) o)
+ (3 <x)aX3u/axsv)Xéﬂﬁ),G,N+ (4o (x)”rv)xw,G,N-
The Jacobi pseudospectral scheme of (5.1) is to find uy € Py(Q) such that
Aupron(ng)=(f9)uogn  VPEPN(Q). (5.10)
By (4.3), if ¢, € Pn(Q2), we have that

| Anpyon(0,9)]
<|(81(x)9x,,9, %), (uf) ) on | T1(@2(%)0x,9,02,9) (@ )|

+[(83(x)9x; 9, x3¢) @ g nl T (B0 (2)¢ l/))xw,a,G,N!

S(Hﬁl!!c<o>+!!ﬁzHc(o)+HasHC(Q>+!!ﬁoHc(o)) 190107001 155

(5.11)

Thanks to (4.27) and (5.3), there exists a constant ¢* >0, depending only on ||d, || 5.1, =
0,1,2,3, such that

3
Y llagllcy <c*. (5.12)
q=0
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Therefore, for any ¢, € Pn(Q))

‘Aa,ﬁ,mé,N(‘PrlP) | <c*|lo]l 1,,8,7,0 [l 1a,B,7,0° (5.13)

Besides, for any ¢ € Py (Q) and suitably large N, according to (4.3), (4.27) and (5.3), the
coefficient 4, (x), 4=0,1,2,3, are uniformly bounded below by a constant c, >0,

| Ao N (@) = CullplT 0 gy 50 (5.14)

Hence, by the Lax-Milgram lemma, (5.9) has a unique solution such that ||uy Hl,a,ﬁ,%é <
el yof lyens-

Theorem 5.2. Let (5.2) and (5.3) hold, and vy, < &g, vg < &g, g < Ba, 00 <Po, 9=1,2,3. If
By p,y,6(U) and Dr,w;(f) are finite, then for 1<r;<N;+1,i=1,2,3and 2<r}<N;+1,i=1,2,3,

H UnN— UH 1,4,8,7,0

<c (Nll”l + NI NET)B, g s(U) +d(s,N,8,U)

, , , , , , (5.15)
(N TN, 4N NN T NN TN TN

12—t A
+N; Ny NG r3>Dr,%5(f)r

where
d(s,N,a,U)
C(Nig Nt N3 N1 Novsooo Npyo1 Nais o
(B Bt Byt Ay Byre B4 B2y
Np, 1, N33 s Niy_1 Npo 1 N3os o\ _
+(7) 2(7)2 SO"‘(?) 2(7) 2(7)2 SO)100’1?50/'1(0)HUHX<M>
N N . N . N N . N N. .
Fe((GF GGG HD TG HHDE
Np, 1, N33 s Ni, 1, Npo 1 N33 ¢
(GGG UG HD ) [l rro 195 Ul e
re((Gae i e G e E) i
Np, 1, N33 s Ni,_1 Npo 1 N3os o\ _
+(7) 2(7)2 2+(7) 2(7) 2(7)2 52)102’1:52/'1(0)Haxzunxgmm
re((Gre s e G e )i
N>, 1, N33 ¢ T2, No o1 N3z o\ .
+(7) 2(7)2 3+(7) 2(7) 2(7)2 53)103’1:53/'1(0)Haxsll”xéw-
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Proof. Let Uy= Pll\, U. By (5.14), (5.10), (5.4) and the definition of f , we have that

2,B,7,6
Calln —UNIT o py6 <I(Fruin —UN) ), 6y — A pyon (Un iy — UN)
+ Ag gy o(Uun—UN)— (f/”N - uN)X(M) .
Thus

[ —UNIT g, ,7,6 <C (’Aa,ﬁ,v,é(u/uN —UN)— A py,68(Un,un—UN)|
(5.16)

(= Un) g 6.0 = (it —=Un) s ).
For simplicity, let

A pr,s(u,9) = (x)axlufaxlfl’)xga,m + (ﬁz(x)3xzu/axz¢)xga,ﬁ) + (43 (x)0x, ”rax3¢)xga 5

+(B0(X)u, @)y, VUEH ., 5(Q), VPEPN(Q).

Then ( - ( )
Appys(U, ¢ sN(Un, ¢
&b, wﬁv (5.17)
= A py,s(U,9) = Anp,s(U @)+ Au g s (U, ) — A58 (U, ).
Using (4.27) for ||a,—a, ||C(Q),q =0,1,2,3, we obtain that
’Awﬁvé(uﬁb) wﬁvé(uq’”
< (/0 = ol c( U] + 11 =1l ey 19, UL o
+Hﬁ2_ﬁ2HC(Q)Haxzuuxgﬂuﬁ)"i_Hﬁ3_ﬁ3HC(Q)Haxsuuxéwr@)H‘PHl,a,ﬁ/’Ws
<d(s,N,a,U)||¢ll1,a,8.s (5.18)

By the definitions of A, g,sn(1,¢) and d,4(x), we get

AaﬁMN(PN/zaﬁwu‘P) 06,375(PN/2aﬁ'y5u‘P)
Thanks to the above equality, (5.5), (5.13) and (3.3), we have that

| A pry,s (U @) = An gy s n(Un,0)]
<|Aypqs(UP)— aﬁM(PN/zwwu¢)+Aaﬁ75(PN/zam5ufP) Ag 5N (UN,)|
< (1P 2,068 = Ul 0,6 1 Ph 2.0, ,,68 — U107, 1011,

<cc* (N} 4Ny 24N ) By s (U @110, 519
5.19
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Moreover, the definition of f(x), (4.3) and (4.11) yield that
~ i i i B 1—4! B 1—¢!
[(f,¢)=(f,9) 29 G | SC(N1 TNy 24Ny NN, 2NN

_ 1_ / _ _ 2_ / A
NN A NTINTING ) Dy (Dl s (5:20)

A combination of (5.16)-(5.20) with ¢ = uy—Uy, and (3.3) leads to the desired result
(5.15). O

6 Numerical results

In this section, we present some numerical results to demonstrate the efficiency of the
proposed methods. We consider the singular problem (5.1) with

n(x)=1-23)71-3)1-23), ax)=1-3)(1-3)*1-3),

a3(x)=(1-3)(1-3)(1-23)°,  ap(x)=(1—-x})(1-23)(1-3).

Take the test function
U (x) =arcsin(xqxpx3)e*1%2%3, (6.1)
Clearly, [dy, U| —00,4=1,2,3, as x tends to I';UTj,3, 1<j<3.
Let (c,N, j, and wg N, j, be nodes and weights of the one-dimensional Legendre-Gauss
quadrature. We measure the error of the spectral method by

Ni N, Nj
E(un) = ( Y oYY (unN(Z6Nyji TGN o TGN ) — U (LG Ny ji DG N GG N )

j1=0j2=0j3=0
2
XWGmeGMﬁwGMﬁ>I

and the error of the pseudospectral method errors by

N1 N, N3

E(Psuy)= (Z Y Y (Ps un (.N80 N j2r G N )~ U(Z6 N, o G N EG N o))

j1=0j2=0j3=0
2
XWGmeGMﬁwGMﬁ>~

In table 1, we present the errors E(uy) and E(Psuy) with Ny=N,=N3=N. Obviously,
the two schemes provide accurate numerical solutions, and the numerical solutions con-
verge to the exact solution rapidly as N increases. This confirms the theoretical analysis
well.



246

Y.J. Jiao, S. Chen and B. Y. Guo / J. Math. Study, 48 (2015), pp. 222-249

Table 1: Errors of spectral method and pseudospectral method

N 8

16 24 32

40 48

E(uyn) || 5.2596e-004

5.9994e-005 | 1.4615e-005

5.1478e-006

2.2508e-006 | 6.4626e-007

E(Psuy) || 5.3144e-004

6.2570e-005 | 1.6229e-005

6.1200e-006

2.8487e-006 | 1.5156e-006

N 56

64 72 80

88 96

E(uy) || 3.1346e-007

9.6804e-008 | 9.0445e-008

5.2239e-008

3.1245e-008 | 1.2128e-008

E(Psuy) || 8.8434e-007

5.5221e-007 | 3.6324e-007

2.4903e-007

1.7657e-007 | 1.5069e-007

In Figs. 1-3, we compare the exact solution and the numerical solution of (5.7) and
(5.9) with N=32. Clearly, the numerical solutions of spectral scheme and pseudospectral
scheme match the exact solution very well when z=0.9, 0, —0.9, respectively.
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Figure 3: Solutions of pseudospectral scheme

7 Concluding Remarks

In this paper, we establish some basic results on the Non-isotropic 3-dimensional Jacobi
spectral approximation and Jacobi-Gauss type interpolation, with which the convergence
of proposed schemes are proved. These results play important role in designing and an-
alyzing Jacobi spectral methods and pseudospectral methods for various practical prob-
lems. As examples, we consider a singular problem in three dimensions. The numerical
results demonstrate the spectral accuracy of proposed schemes, and agreed well with the
theoretical analysis.

We also derive a series of sharp results on the Legendre-Gauss type interpolation and
the related Bernstein-Jackson type inequalities in three dimensions, which improve and
generalize the existing results. They are very useful for pseudospectral method of partial
differential equations with non-constant coefficients, as well as numerical solutions of
initial value problems of nonlinear ordinary differential equations.
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