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Abstract. One of Korn’s scaled inequalities for shells asserts that the H!-norm
of a displacement field of a shell with thickness 2¢ clamped on a portion of
its lateral boundary, once scaled to a domain independent of ¢, is bounded
above by the L2-norm of the corresponding scaled infinitesimal strain tensor
field multiplied by a constant of order e 1. We give a constructive proof to this
inequality, and to other two inequalities of this type, which is thus different
from the original proof of Ciarlet et al. [Arch. Rational Mech. Anal. 136 (1996),
163-190].
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1 Introduction

The notation used, but not defined, in this introduction is defined in Section 2.
Given a domain w in R? and a non-empty relatively open subset g of the

boundary of w, one of Korn’s scaled inequality for shells asserts that there exists

two constants g9 = ¢o(w,0) >0 and Cy = Cy(w,6,7¢) such that for all 0 < e <¢
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and for all vector fields u = (1;) € H'(Q';R3?),Q! := w x (—1,1), that vanish on
Yo X (_1/1)/

G
il oy < = leesw) 2y (LD)

where e(e,u) = (ejj(e,u)) € L*(Q;S%) is the matrix field defined at each point
(y,x3) €QLy = (ya) Ew by

1(0u, ou
e,xﬁ(e,u)::§< =+ ﬁ)—l"];ﬁ(e)uk,

dyg  IYa
1/0us 1du
caalem)=esu(em)i=3 (G4 L et ) ~Ths(ehug (12)
18143
633(8,11)::;8—3(3,

rk j(s) €C%(Q!) are the unique functions such that

o (5(6) =T el ),

where, for all (y,x3) € Q},

8:(8)(1,%3) 1= au(y) +-ex300a3(y),
83(8)(y,x3) :=a3(y)
with
Ay = % eC? (w,]R?’), az:= a1/ a2
IMa la1 Nay|

This result is essential in shell theory to obtain two-dimensional shell models
from the three-dimensional model of elasticity by means of convergence theo-
rems when the thickness 2¢ of the shell go to zero, see, e.g. Ciarlet [8].

Inequality (1.1) has been proved by Ciarlet et al. [10, Theorem 4.1] (see also
Ciarlet [8, Theorem 5.3.1]) by a contradiction argument, which we briefly sketch
below. Assume that no constants ¢y and Cp exist such that inequality (1.1) holds
for all 0 < e <eg and for all vector fields u = (u;) € H'(Q!;R3) that vanish on
70 % (—1,1). Then there exist sequences ¢, >0 and u™ = (u") e H' (Q;R?),meN
such that

€C(w;R3).

em — 0 when m — +oo,
u"=0 on yyx(—-1,1), VmeN,
||um||H1(Q):1/ VmelN, (1.3)

1
g—e(em,um) — 0 in L2(O048%) when m — +oo.
m
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Since the space H!(QO!;IR?) is reflexive and the trace operator from this space into
L?(9x (—=1,1);R?) is linear and continuous, there exists a subsequence u",n €N,
of the sequence ™, m €N, and a vector field u= (u;) € H' (Q};R3) such that u=0
on yp % (—1,1) and, when n— +oo,

u" — u in HY(Q;R®),
u" — u in L2(Q;R3).

Noting that

E)?c (le(sn, )) — 0 in HY(%%) when n — oo,
3

and that the functions

Zun u”
Pup(u”) = (L Faﬁ(o)a )33(0)€H_1(01)

ayaay/; Yo
satisfy the inequality
1 0
n - n
‘p“ﬁ(u )+€n 93 (eap (e ))HHl(Q)

<o L leatens o n Kl ol |

for some constant Cp independent of 71, one infers from (1.3) that
pup(u") — 0 in H''(Q) when n — +oo,

that the field u = (1;) € H'(Q!;R3) does not depend on the variable x3, that the
vector field

1
u:=(;) e H (w;R3), ﬁi(y)::%/_lui(y,x3)dx3 forae. yew

satisfies 1, € H'(w),u3 € H*(w) and 7, =13 =09,%3 =0 on 7, and finally that the
functions

1 _
Yap () = E(aau-aﬁwaﬁu-aae),

_ 0% ol
Pap(#):= <W —rg/s%> -az,
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where l"gﬁ € CY(w) :=a"-9a,/ dyg and a“ designate the dual basis of a,, both
vanish in w.

That y,4(#)=pap(#) =0 in w mean that both the infinitesimal change of metric
tensor and the infinitesimal change of curvature tensor associated with the dis-
placement field # of the surface S=6(w) vanish, so that # is an infinitesimal rigid
displacement field of S. Since in addition # vanish on 7, a well-known infinites-
imal rigid displacement lemma for surfaces in IR® (see, e.g. Ciarlet [8,9]) shows
that #=0in w, on the one hand. On the other hand, since u is independent of x3,

V2/[a 1.0y = ]l 1120 = lim [|u"[| g q) =1
by (1.3). This is a absurd, so there exist two constants ey >0 and Cp such that
inequality (1.1) holds for all 0<e<egg and for all vector fields u=(u;) € H' (Q;R3)
that vanish on 7y x (—1,1).

The objective of this paper is to give a new, constructive proof to inequality
(1.1). Note that our proof yields a slightly stronger inequality than (1.1) (cf. Theo-
rem 4.1) and two other inequalities of similar type, and that it can be generalized
to domains w C R? in higher dimensions d >2.

The paper is organised as follows. Section 2 states the notation and prelimi-
nary lemmas used in the paper. Section 3 establishes three inequalities of Korn’s
type in curvilinear coordinates on a domain dependent on the thickness 2e >0
of the shell, with constants in their right-hand sides depending explicitly on ¢,
cf. Theorem 3.1. Section 4 establishes three inequalities of Korn’s type in curvilin-
ear coordinates on a domain independent of the thickness of the shell, cf. Theo-
rem 4.1. Such inequalities are useful in elasticity theory for the asymptotic analy-
sis when € — 0 of the three-dimensional model of elastic shells.

2 Preliminaries

Greek indices and exponents vary in the set {1,2}, Latin indices and exponents
vary in the set {1,2,3} unless stated otherwise, and the summation convention
with respect to repeated indices and exponents are used in conjunction with these
rules. Boldface letters denote vectors, matrices, vector fields and matrix fields to
distinguish them from scalars and (scalar-valued) functions.

The Euclidean scalar product in R? and the Frobenius scalar product in R¥*",
k,n>1, are both denoted by - (a dot). The vector product in IR? is denoted by A.
The Euclidean norm of vectors, the Frobenius norm of matrices, Lebesgue’s mea-
sure and Haussdorff’s measure are all denoted by |-|. In particular, if () is a do-
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main in R? and T is a non-empty relatively open subset of its boundary I':=9Q),

then
|Q|:/ dx, yroy:/ dr.
0 To

Besides, S := {S € R"*";ST = §} and A" := {A ¢ R"™*";AT = — A} respectively
denote the space of all real symmetric matrices of order n and the space of all real
anti-symmetric matrices of order n.

A subset QO CR?,d>2, is called domain if it is open, connected, bounded, and
has a Lipschitz-continuous boundary in the sense of Adams [2], the set () being
then locally on only one side of I':= Q).

The gradient of a vector field u = (1;) : O C R? — RF is the matrix field Vu:
Q — R4 with the partial derivative du;/ dx; at its i-th row and j-th column.
When k=d,

div(u):=Tr(Vu),
Vst := % (Vu+(Vu)T),
Vau:= % (Vu—(Vu)T),

where (Vu)T denote the transpose matrix of Vu.

The notation L?(();R¥*") denotes the Lebesgue space of matrix fields from
a domain Q) C R? into the space R¥*" of k x n real matrices with components in
the usual Lebesgue space L?(Q)). The notation H!((;RF) denotes the Sobolev
space of vector fields from a domain Q C R? into R¥ with components in H' (Q).
The norms in these spaces are denoted and defined by

Al 2(q) == Al 22 VA= (a;)€ L2(C;RF*m),

1/2
, Yu=(u;)e H'(;RF),

2>1/2

Given any domain Q C R? and any non-empty relatively open subset Ty C T,
there exists a linear and continuous function (see, e.g. Adams [2])

el ey = (11 2 )+ 117 8] 22y )

where

) 1/2 ) 1/2 o
1

|Al:= (E |aij| ) ;o |ul= (2 |ui] ) | Vuli= (Z ox
0 i !

i,j

ue H' (R - ulr, € L?(Tg;RY),
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called trace operator, that extends the usual restriction operator u € C'(Q;RF) —
u|r, €CO(To;R¥) defined by (ur,)(x):=u(x) for all x €Tp. The kernel of this trace
operator is denoted

Ht, (O;R*):={ue H'(Q); u|r, =0}.

Since Q) is a domain, the space D(();R¥) of infinitely differentiable fields from Q)
into RF with compact support contained in () is dense in H%Q(Q;]Rk ). The dual
of the space H}(Q)):=HJ(Q) is denoted H~1(Q)).

Convergences in normed vector spaces with respect to the corresponding
strong and weak topologies are denoted respectively by — and —.

We conclude this section by stating five classical lemmas that will be used in
this paper.

Lemma 2.1 (Divergence Equation). Given any domain QCRY,d>1, there exists a con-
stant K(QY) with the following property: For every f € L*(Q) satisfying [ f(x)dx=0,
there exists a vector field u € H'(Q;R?) such that

div(u)=f in L*(Q),

ul;n=0  in L*(3Q0),
and

IV ullr2 ) <K fllr2(q)-

Proof. See, e.g. Acosta et al. [1], Amrouche and Girault [3], Bogovskii [4] or
Borchers and Sohr [5], Bourgain and Brezis [6], Ciarlet [9], Dacorogna [11], Da-
corogna [12], Galdi [16], Ladyzhenskaya [23], Temam [30]. ]

Lemma 2.2 (Poincaré-Wirtinger). Given any domain Q C RY, there exists a constant
W(Q) such that, for all u€ H (Q;R?),

u—ﬁ/ﬁu(x)dx

Proof. See, e.g. Adams [2]. O

<W(Q)||Vul| 20,
L2(Q)

Lemma 2.3 (Poincaré). Given any domain QCIRY,d >2, and any non-empty relatively
open subset Ty of the boundary of Q), there exists a constant P(Q,Tg) such that, for all
ueHp ((UR?),

[/l 200y < P(Q,T0) [Vl 12(0y)-

Proof. See, e.g. Adams [2]. ]
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Lemma 2.4 (Trace Operator). Given any domain Q CR and any non-empty relatively
open subset Ty of the boundary of Q), there exists a constant T(Q,T¢) such that, for all
uc H' (Qu;RY),

aero |2 (rg) < T(Q,To) [l 1)
Proof. See, e.g., Adams [2]. O

Lemma 2.5. Let X,Y €S be two symmetric matrices with eigenvalues —oo < x1 < xp <
e <xg<ooand —co <y <yp<---<yy<oo. Then

XY > x1yg+x0yq-1+- - +Xay1-
Proof. See Mardare and Nguyen [25]. O

3 Inequalities of Korn’s type in curvilinear
coordinates for shells

The objective of this section is to establish inequalities similar to Korn’s scaled
inequality (1.1) mentioned in the introduction, but for vector fields defined on
the “original” shell with thickness 2¢, instead of the “scaled one” in (1.1). Then
inequality (1.1) will be recovered from one of these inequalities in Section 4.

A shell is a three-dimensional domain Qf CIR that lies within a given distance
¢>0 from a given (two-dimensional) surface SCIR3. More specifically, this means
that

Ofi={2= (%) eR%; 2=6(y) +x5a3(y), y = (y1,42) €w, 5 € (—&6) },

where S=0(w) is a surface in R? defined as the image of a domain w C R? by
an embedding 6 € C3(w;RR?) and

a1 /\ay

P8 = lai A ay|

cC (w;R%), ay:= 9% €C*(w;R3).
Y

Note that the assumption that 8 be an embedding, hence an immersion, from
@ into R? implies that the two vector fields a, are linearly independent at every
point of @, which in turn implies that the vector field a3:w — R is well defined
and coincides with the positively-oriented unit normal vector field to the sur-
face S. Note the difference of notation between the variable x§ € (—¢,¢) used in
this section and the variable x3 € (—1,1) used in Sections 1 and 4, and the differ-
ence between the sets O)f above and O below.
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Remark 3.1. We assumed for simplicity that the surface S is defined by a single
local chart 8 and that the shell has constant thickness along S. The more general
case of shells with variable thickness and with a middle surface S defined by
several local charts can be considered as well by extending the arguments in this
paper as in, e.g. Busse [7] and Mardare [26].

As proven by Ciarlet [8], the assumption that 0 is an embedding of class C3
from @ into R® implies that there exists 9 = ¢o(w,0) >0 such that the mapping
0:w xR — 1IR3, defined by

O (y,x5) :=0(y) +x5a3(y)

for all y= (y1,12) € @ and all x§ € R, becomes an embedding when restricted to
the subset w x [—¢g,&0] of w x R. Since a shell must satisfy the impenetrability of
matter axiom, we assume in all that follows that

0<e<egy.

It follows that the restriction of @ to @ x [—¢,¢] is an embedding of class C?, so
that, for each ¢, the set
Of:=0(QF), where Qf:=wx(—¢ze),

is a domain in R3, that is (the definition of a domain is given in Section 2), QF is
bounded, connected, open, and its boundary is Lipschitz-continuous. This im-
plies that the following inequalities of Korn's type hold in ()°.

Lemma 3.1 (Korn’s Inequalities in Cartesian Coordinates). Given any domain w C
R?, any embedding 0 € C3(w;R3), and any ey = eo(w,0) > 0 such that the restriction
of © to w x [—eq,eg| be an embedding, define for each 0 < e <eg the set

(= {0(y) +25a3(y), y €, B € (—e.¢) ).

(a) For each 0 <e<gy, there exists constants C1 (€),Ca(€) and Cs(e) such that, for all
e H (QF;R3),

HﬁHHl(@e)SCl(S)WsﬁHLz(@e)+Cz(€)||ﬁHLz@e), (3.1)
inf || =2 1m0 <C3(e) | Vst 2/m01, 3.2
ifeRig(QS)H ||H1(Q) 3( )” s ||L2(Q) ( )

where @sﬁ denotes the symmetric matrix field with components (91l; / 832]' 401 j /0%;)/2
at its i-th row and j-th column, %; denoting the Cartesian coordinates in the space R3
containing C¥¢, and

A

Rig(Q)):={#€ H'(QO5R?); Vst =0a.c. in O }.
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(b) Given in addition any non-empty relatively open subset -y, of the boundary of w,
for each 0 < e <egg, there exists a constant Cy () such that

18] 1 aey < C4(5)||vsﬁ”L2(()s) (3.3)
for all #v=(11;) € H'(O)¢;R3) that vanish on the subset

Fo=={0(y)+25a3(y);y €0, 56 (—) }
of the boundary of QOF.

Proof. See, e.g. Duvaut and Lions [13], Fichera [14], Friedrichs [15], Gobert [17],
Hlavéacek [18], Hlavacek and Necas [19], Horgan [20,21], Kontradev and Oleinik
[22], Mardare and Nguyen [25], Miyoshi [27], Mosolov and Myasnikov [28], Nit-
sche [29], Temam [30]. O

Remark 3.2. A classical infinitesimal rigid displacement lemma for open sets (see,
e.g. Ciarlet [8]) shows that

Rig(Q)F) =i(R®x A3),

where i:IR®x A3 — H'(Qf;R?) is the function defined for each (a,B) €R3 x A3 by
(i(a,B))(%):=a+B% for all £€Q)¥, so that Rig(Q)) is a finite-dimensional subspace
of H1(O)%;R3).

Note that inequalities (3.1)-(3.3) of Lemma 3.1 estimate the partial derivatives
of the Cartesian components #; of 1 with respect to the Cartesian coordinates £;

of a point £ € . This is not good enough in shell theory since the relevant
unknowns are defined in the curvilinear coordinates along the middle surface S
of the shell and across its thickness, and since the (covariant) components of the
symmetric part of the gradient are of different orders of magnitude with respect
to the thickness of the shell depending on whether they are tangential or normal
to S. So the objective of this section (which is achieved in Theorem 3.1 below) is
twofold: to show that inequalities of Korn’s type similar to those in Lemma 3.1
hold as well in curvilinear coordinates, and to estimate the order of magnitude of
the constants in these new inequalities with respect to e. These are precisely the
inequalities used in shell theory to model the behavior of elastic shells.
The curvilinear coordinates used to describe the shell ()¢ are thus

(y,x5) € QfF:=w x (—¢,¢),

where y = (y1,12) are the curvilinear coordinates along the surface S=60(w) and
x5 € (—¢,¢) is the abscissa along the normal line to S each point 8(y) € S.
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Let (y,x5) € QF be any point in ¢. Since ©:0f —R? is an embedding (remem-
ber that e < ¢y as mentioned above), the three vectors

3 00 € saa3
L(wx5) = =—(y,x5) =au(y)+x ,
8 (y 3) aya(y 3) (y) 38y“(y)

20
85 (y,x5) == ot (v,%5) =a3(y)

form a basis of R3, the three vectors gi (v,x5),i€{1,2,3}, defined by the nine rela-
tions ’ ’

8 (v.x3)-8;(v,x5) =9,
where 5; denotes Kronecker’s symbol, form its dual basis in R3, and the nine
matrices ’ ’ ’ . T

8'(vx5) 08 (v,x5) =g (v.%5) [/ (v.%5) ]

form a basis in R¥*3 (Note that g'(y,x5) is a column vector in R®. Consequently,
g (y,%5) (g (v,x5)]" is a 3x 3 matrix). The basis formed by the vectors g;(y,x5) is

called the covariant basis, while the basis formed by the vectors g’(y,x5) is called
the contravariant basis, of R? induced by © at the point (y,x5).

The (covariant) components of the vector field &t € H' (Q)f;R%) associated with
these curvilinear coordinates are the functions

uji=u-g; € H (Q¥),

where
u:=a00c H' (QfR?),

the (covariant) components of the matrix field Vi are the functions

ou aui

L _ k 2
= 6= T (),
where x§: =y, and

0’0 ae
1—‘].(.:: . k CO QS 7
T o 8 C ¥)

and the (covariant) components of the matrix field Vit are the functions

1/ ou u
eij(u):= 5\ 5pt it 5 8
] 1
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]. aui au] k
=2 (g+$) —Lijite
_1 . 1) e L2(0OF
—E(uz|]+u]|z)€ Q).

Note that the above covariant components of the fields &, Vit and Vit are related
to their Cartesian components with respect to a Cartesian basis &;,i € {1,2,3}, in
IR3 by the following relations: At almost all points of (),

uig' = (1;00)e;,

/a0
ui|ig'®g = <a—£l,o®) e,
]

. 1 /o o1l
eii(u)g' ®g == =+00 Lo@ |2;me;.
ij(u)g'®g 2(8@ +32, Q8]
We are now in a position to state the main result of this section. Note that the
assumption about 6(7() can be omitted in the statement of the theorem below at

the expense of replacing 1/¢ by 1/¢? in the right-hand side of the last inequal-
ity (3.7).

Theorem 3.1 (Korn’s Unscaled Inequalities for Shells in Curvilinear Coordinates).

(a) Given any domain w C R? and any embedding 0 € C3(w;RR®), there exist two
constants eg = eg(w,0) >0 and Co= Co(w,0) such that, for all 0 <e < ey and for all
(u;) € HY(Q5R3), OfF :=w x (—¢,¢),

1
(i) [[ 110y < Co <|| (i)l 2 o) +2 | (eij(m)) HLZ(Qg)) , (3.4)
b e 1) = i)l ey = =7 (i) [ 2y (3.5)

where

1 1/0u; Ou; r
€ij(”)1=§(ui|j+”j|i)=§(a—x;“'a—xf — it

Rig(Q¥):={(r;) € H (Q5R?); e;i(r) =0 a.e. in Q°}.
(b) Given any domain w CIR?, any embedding 0 € C*(w;R®) and any non-empty rel-
atively open subset vy of the boundary of w such that 6(7yo) is not contained in a straight

line, there exist two constants ey =¢o(w,0) >0 and Cy= Co(w,7y0,0) such that, for all
0<e<eg and for all (u;) € H (QF5R3) that vanish on T§:=yy x (—¢e),

1) ey < 2 ) 2 ey (67)

(3.6)
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Remark 3.3. A classical infinitesimal rigid displacement lemma in curvilinear co-
ordinates for open sets (see, e.g. Ciarlet [8]) shows that

Rig(QF):={(r;) e H (Q5;R%); ,¢' =a+ B®|: for some acR* and Be A%},
so that Rig(Q)¢) is a finite-dimensional subspace of H!(Qf;R3).
Proof. The proof is divided for clarity into five parts, numbered (i) to (v).

(i) That 0 is an embedding implies that there exists a constant eg =¢o(w,0) >0
such that, for every 0 < e < ¢, the set Of = O()) is a domain in R3. Then
Lemma 3.1 shows that there exit constants Cy(¢),...,Cy(€) such that, for all @ €
HY(O5R3),

[t 1 eye) < Ca (&) Vol 2 eye) + Ca(e) ]| 2 ey (3.8)
nt 18l ) SColo) 5l 69)

and that, for all 1= (11;) € H%B (OF;R3),

[t 1 eye) < Cale) | Vol 2y - (3.10)

Besides, the above inequalities hold with the following explicit constants in their
right-hand sides (cf. Mardare and Nguyen [25]):

3 ()]
Ci1(e) =1+ (AB+4v3Ke) | oL
1(8) =14+ (AB+4V/3K,) 0(Bx.)]
Co(e)=1+A2B <C1/2+8D1/2E1/zl> 0()]
R ’®(BR,8)’ (3.11)

Cs(e) = (1+ W) (1+2V/3K,),
_ 318(x)]
Ca(e) = (1+P) (14+2V3Ke) <1+TS(1+WS) o )

where the constants K¢ :=K(Q)F), W :=W(Qf), P := P(QF, ) and T, :=T(QF,T%)
are those appearing in Lemmas 2.1-2.4, the constants pj and p5 denote the two
smallest eigenvalues of the symmetric matrix

) =—— [ %dI¥,
5 5] /15
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R=R(w) >0 is the radius of any fixed open ball wg contained in w, Bg ; := wg X
(—¢e), and A, B,C,D and E are any constants such that, at every point of ()¢,

Ve <4, (VOe)™'[?<B,

20 |?
; E)xfax}“:

(Ve)™! <C, D '<|detVO|<E.

It is clear from the above definitions that the constants A,B,C,D,E and R are
independent of ¢ and that the quotient |@(Q)°)|/|®(Bgr,)| is also independent
of e.

Since () =@ (w x (—¢,¢)) is a (curved) cylinder with thickness 2e, there exists
a constant Cp = Cy(w,0) such that, for all 0 <e <¢, the constants appearing in
Lemmas 2.1-2.4 satisfy (see, e.g. [2,16,24])

KSS%/ WESCOI PESCOI T(s)SCO

Therefore, there exists a constant Cy =Cy(w,0) such that, for all 0 <e<¢,

GEe<L Glo<a Glo<D (3.12)

The remaining constant Cy4(¢) is estimated below.

(i) Since p] and p5 are eigenvalues of the matrix M*, which is symmetric, there
exist two unit orthogonal vectors v; € R? and v, € R? such that

M0y, =piv,.
Let

1
920::7/ 2d4eR?,
10(v0)[ Jo(v0)

where d4 is the unit length along the curve 4:=0(7),y:=0dw, and |0(yo)| :=
Jo(yy) d7- Note that £ is independent of ¢, by contrast to £j defined in part (i)
above.

Since the set 8(7p) is not contained in a straight line, there exists a unit vector
v:=A101+ A0 ER3,A1,A; €R, and a point £; € 8(7yg) such that (£;—%£)-v #0.
Consequently, since the function 0 is continuous and ¢ := |(£; — %) -v| >0, there
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exists a non-empty relatively open subset (1 of g such that

so that, using that
151/ =10(70,1)| (2e+€0(1)) when & — 0,
5

=16(70)| (26 +20(1))  when & — 0,

1 . P
51 hy O Tt 7]
ol7+o (70)

there exists an ey =¢((w,0) > 0 such that, for all 0 <e<eg,

5%|6
,UTMS,UZ |(g0,1)|€,

|25 —%0| = 0(1) - 0 when & — 0,

on the one hand.

Since v =A1v1+A2v;2 and (Aq)?+(A2)?=1, we have, for all 0 < e<¢,
v Mo = (A014+A0)7 (A1 pio1+A2p507)
=pIAT+P5AS <5 (AT+A3) =15,
on the other hand. Therefore, for all 0 <e<g,
52
pEZvTMevZ |6(2r)/0;1)|8
Note that the above estimate implies that, for all 0 <e<gy,

O] /e\/ X)X yE|

P1+Pz P5 _52|9(701)|
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Consequently, using in addition the estimates for the constants K, W, P; and T
obtained in part (i), we deduce that there exist two constants ¢y =¢p(w,0) >0 and
Co=Co(w,70,0) such that, for all 0 < e <eg,

Cule) < =2, (3.13)

As a consequence of the estimates (3.12) and (3.13) of the constants appearing
in inequalities (3.8)-(3.10), we just proved that, for all &€ H'(Q¢;R3),

N . 1, .« .

[ <o (I8l + ¥l ). (.14)
. A Coe -
inf ||u_r||H1(Q€)S?HVSuHLZ(Qs)/ (3.15)

#€Rig ()
and that, for all i1 € H! ((A)g ;R3) that vanish on fg,

C
%WMWW (3.16)

el 103y <

It remains to estimate the left-hand sides and the right-hand sides of these
inequalities, respectively from below and from above, in terms of the covariant
components (u;) and (e;;(u)) of & and Vit

(iii) Let g;j:=g;-8;€C 1(O%0) and ¢':=g'-g/ €€ C1 (%) respectively denote the
covariant and contravariant components of the metric tensor field associated with
the immersion ®: ()% — R?, and let C:=(g;j) € C'(Q%,5%). Then C~'=(g") and
¢:=det(C)=|detVO|>.

Givenany 1€ H'(QO%R?), let u:=i1o®@ € H'(Q%;R3) and let u;:=u-g,€ H' (QF).
Then u=1u;g" in O, so that

di= [ (ug)-(ug)ygd
:Aﬁ%%ﬁw
— (C_lu)-u\/gdx.

Q€

NI o ~
#1220 = [

Consequently,

IKme<Mmm_ M)Mm (3.17)
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where
M :=xi€n££/\1 (C(x)), Az:= xien(fzs/\3 (C(x)),

A1(C(x)) and A3(C(x)) denoting respectively the smallest and the largest eigen-
values of the matrix C(x) (remember that 0<D <E are constants such that D-1<
|det(VO(x))| <E for all x € ()%0).

Let u;|j:=0u; /9x; —Ffjuk € L2(Q)¢) denote the covariant derivatives of the func-
tions u;. Then (Vyit)o® = ui|jgi®g7 in O)f, so that

IVl 0= [, [GaPdi= | (ulg'eg")- (g o) vgdx
= Qggijgklui|kuj|l\/§dx.

Thus,
IVl 0= [ (€7-5)ygdx,

where C™1 = (¢') €C1(O%,9%) and S € L?(QF;S%) is the matrix field with compo-
nents [S;;:= u;|xg"'uj|; at its i-th row and j-th column. Note that S=UC U,
where U € L?(OF;R**3) denotes the matrix field with components [U];; =u,]; at
its i-th row and j-th column.

The matrix field C™! is symmetric and positive definite, so its eigenvalues
are positive. The matrix fields S and UTU are both symmetric and semi-positive
definite, so their eigenvalues are non-negative. Then Lemma 2.5 implies that, at
almost all points of ()¢,

cl.s> Tr(S) Tr(uc—tu’)

As(C) T Aio
= /\32C)Tr(c_1UTU): )\32C) c . (uTu)
> 7(/\3(1C))2Tr(UTU) :7@3(1(:))2 up

>

i,j

which combined with the previous in equality yields

. 1
\|Vu||§2(mEW/QL(uiyj)z@dx
L]
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> D

Aszz/s{ (aul) (Fﬁ‘juk)z}dx.

Since I“i-‘j =gr-0’e/ (9x;0x7) in Qfo, we have
, %@ |?

V®) E)xfax}“:

ZZ =L

i

17

in % (thanks to the definition of the constant C in part (i) of the proof). Then the

above inequality implies that

D! (au.) 2 CD~!
Vit o> ||| = u ¢
IVl 2 3007 (3 ) |y~ O 104 N
then that, in view of inequalities (3.17),
ou
1) oy = BW'KZ)
L2(0®)
<) 172 +2D (A3 21 Varl|Z2 ) +2C1 i) 12
< (142C)A3D ][ ey 72D (A3) 2 [ V| 7
SFHuHHl(QE)I

where
F::/\gDmax{l—i—ZC, 2)\3}.

(iv) Givenany @1 € H! (QE;I[{3), let
=710@c H'(QF5R?), ui=u-g; € H (QY),
ou; 1
g—TkukGLz(QE) eij(u) = 5 (uil j+ujl;).
j

Mi|j1=

(3.18)

Then (Vsit)o® = ejj(u) g'®gl in QF, so that, by a series of computations similar to

those in part (iii) of the proof, we obtain that

¥, )= [ &8 eic(meq(n) ygax
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E

= )2

[ (i) 220 (3.19)

where E is the constant defined in part (i) of the proof.

(v) First, using estimates (3.17)-(3.19) in inequality (3.14), we deduce that, for
all (u;) € H'(O5R3),
1) ey S 21 g e
<FYV2Co (1] 2 & 15l 2
Fl/ZCOEl/Z 12 .
< (A2 )l iz e i) )
which is precisely inequality (3.4) of the theorem.
Second, using estimate (3.19) in inequality (3.15), we deduce that, for all (u;) €
H'(OF5R?),

Co CoE/2

Vst 12(qe) < o e[ (esi(u) HLZ(Qﬁ)’

inf in—7 A
rerigi 00 =7

on the one hand.
The space Rig(€)f) being finite-dimensional, there exists § = (i) € Rig(Q))
such that

inf in—7 N Y Ay .
remg(ﬂs)ﬂ HHl(Q) I qHHl(Q)

Then estimate (3.18) implies that

. NP R 1/2 .
reRliIgl(st)“u 1"||H1(Qs)—|| ||H1 )>F ||( q1)||H1(Q€)’

. Noting

where ui::u-giEHl(Qe),u::ﬁOQ, and q;:=q-g; € e H! (Q) q:=§00.1
=eij(q)g' ©g/ in ¥,

that § €Rig(Q)¥) implies that Vs =0 in Of, and that (Vs§)c©®
we deduce that
61](11) =0 in QS,
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which next implies that (g;) € Rig(Q°). Hence,
inf ||l —#(| ga ey > F V2] (i — g ‘
reRig(QS)H ||H1(Q )= | (ui qz)HHl(Q )
>F_1/2 i f Iy IV
= (ri)ellgg(ﬂs) | (ui rz)HHl(Q )
on the other hand. Therefore, for all (;) € H' (QF;R3),

CoE!/?

(ri)eg}g(()ﬁ) || (ui) - (7’1‘) ||H1(Qs) < A g1 H (eij(”)) HLZ(Qs)/

F—1/2

which is precisely inequality (3.5) of the theorem.

Third, using estimates (3.18) and (3.19) in inequality (3.16), we deduce that,
for all (1;) € HY(QF;R?) that vanish on I'§,

. Co e o
(i) | g1 e SFl/ZH”HHl(Qs) = Fl/Z?HVS”HLZ(QS)

Fl/ZC E1/2 B
§A7?8 e @) 200y

which is precisely inequality (3.7) of the theorem. O

4 Korn’s scaled inequalities in curvilinear
coordinates for shells

We proved in the previous section that the constants appearing in Korn's inequal-
ities in curvilinear coordinates on a shell-like domain with thickness 2¢ >0 are of
order 1/¢e. But the norms appearing in these inequalities are defined by means of
integrals defined over the domain ()° :=w x (—¢,¢), so they themselves depend
on e. This is why it is necessary, in view of their applications in shell theory, to
transform these inequalities into inequalities defined over a fixed domain (that is,
a domain independent of ¢).

To this end, assume without losing in generality that the constant ¢y appearing
in Theorem 4.1 is equal to one, let

Ol:=wx (-1,1),
and, for each € >0, let 7t : Q! — QFf be the function defined by

e (y,x3) = (y,ex3), V(y,x3)€Ql.



20 C. Mardare and T. H. Nguyen / Commun. Math. Anal. Appl., x (2024), pp. 1-25
Generic points in Qf and Q! are respectively denoted x*= (xf) €Q)f and x=(x;) €
QO!, so that x¢ = 7r¢(x) if and only if there exists y = (y,) € w such that

Xy =Xa =Y, X5=€X3.

Note that Q! is a domain independent of ¢ and that 7t allows to associate with
each function or field defined on )f a function or field defined on Q! by function
composition. Thus, given any #t€ H 1 (O)F ;IR3), we associate with the vector field

u:=io®c H'(OFR3)
the “scaled” vector field
u(e):=uom’c H(QOL,R?);

with the covariant components

20
up=u-g €H(QY), gi=5-
1

of i1, we associate the “scaled” covariant components
A e 1 1.
uj(e):=ujor*c H (Q));

and, with the covariant components
1/ ou ou 1/0u; du; K 2
eij(u):= 5 <$ 8itow 'gj) =5 (a—xéJrﬁ) —Tjup € L7(€Y°),
] ! ] L

rk.— agi. k

of Vit, we associate the “scaled” covariant components
ejj(e,u):=ejj(u)orme € H'(O).

Note that the above definition of the functions e;j(e,u) is equivalent to the
following relations:

coplent) =5 ()-8p(6)+ 500 5,0))

d
=2 o) Tom
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a3 e, 4) = e, ) = (a”( 9 gy(e) + 1248 -ga<e>)

dy e 0x3
1 duz(e) | 10uy(e) B
_§< Y4 te 0x3 Taa(&)upe),
1du(e 1dusz(e
exs(en) = ) g (0)= L 22D,

where g;(¢) :=g;07, and I“fj(e) = l"i.‘]- O TTe.
We are now in a position to establish inequalities of Korn’s type similar to
those of Theorem 3.1, but this time with norms independent of e:

Theorem 4.1 (Korn’s Scaled Inequalities for Shells in Curvilinear Coordinates).

(a) Given any domain «w C R? and any immersion 0 € C*(w;R>), there exist two
constants ey =¢eo(w,0) and Cy= Co(w,0) independent of € such that, for all 0 <e <egg
and for all u € H'(QL;R3), Q' :=w x (—1,1),

1 E)(ul-) 1
< ; .
[ () || pn Ql)+ 9% Lz(Ql)_CO(H(“z)HLZ(Ql)‘i‘sH(ez] &u )HLZ 01)) (4.1)
|| o(ui—ri) Coyr,
o <”( il “lﬁeHTg Lzml)) < Ieilem) | 2ny 42)
where 1/3 3
1(9Ua  OUBN 1k
etxﬁ (5 u) 2 <ay'B + ay“) Faﬂ(g)uk/
dus 19u,
6“3(8,14) —63,;((8 u) (ayi +E aX3) 1—'/3 ( )”ﬁ' (43)
10u
ess(gu):= Ea—xz’
and

Rig(Q'):={(r;) e H'(Q};R?); eji(e,r) =0 ae. in Q' }.

(b) Given any domain w CIR?, any embedding 0 € C*(w;IR®) and any non-empty rel-
atively open subset vy of the boundary of w such that 6(7yy) is not contained in a straight
line, there exist two constants eg =¢€p(w,0) and Co= Cy(w,0,70) independent of € such
that, for all 0 < e <egq and for all (u;) € H'(Q;R3) that vanish on T1: =y x (—1,1),

d(u;)
aX3

1
1) [ oy + 3

C
< :H(ew &) || 2

(4.4)
12(Q1)
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Proof. Given any vector field (u;) € H' (Q;R?), let ut :=u;0(rrf) "1 € H'(QFf) and

1 1 /0ut ou§
ez‘f(”g):g(”ﬂﬁ”ﬂi)=§<a—xé+f) —Tup e L2 (), (4.5)
] 1

where Fk = (0g;/0x¢ ) .g¢€C%(QF). Then Theorem 3.1 shows that, for some con-
stant Cy 1ndependent of g,

1
1) iy < Co 106 sy £ 165 s ).
: € € G
(rf)ellg}g(m (ui)_(ri)HHl(QE)g?OH(el] )HLz Q) (4.6)
C , .
H(L‘f)HHl(QE)S gOH(el] HLZ o if ;=0 on 70X (—€8).

Since u; =ufos®in 0!, we have (remember that x& = x, =y, and x5 =ex3)

du; o

Oy e i _ O
TR ay,x

L a—lon'e in Q! (4.7)

so that, by using the change of variable x* = 7t(x) in the integrals below,

_ 2
[ it Pdr=et [ fus(x) P

TN PR I 7
/Ql %(X) =E£ /()s %(X) dx,
aul _ auf € 2 e

/Ql ax?’(x) dx—e/ﬂg a_xg( )| dxf,

on the one hand.
Definitions (4.3) and (4.5) of the functions e;j(e,u) and e;;(u®), combined with
relations (4.7), imply that e;;(e,u) = (e;j(u®)) o 7r° in O¢, so that we have

/ | (eij(e,u)) ( ‘clx—e1
QS

on the other hand.

(eij (1)) () A,
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Consequently,
16 sy = 10wy = ey =) sy
H(eZ] HLZ ) ZHeU HLZ(QE ZEHeU € u)HLz al) (4.8)
ij
2
=5H(eij &) |2y
and
H HHl Qf) ZH“ HHl Q)
out 2 ous 2
= u? 2 e + — Ew
ZH HLZ(Q) g ay[x 12(0) 8x§ L2(Q)
2 ou: I
_ + +Y et 5=
Zs\lquLz an ZE a}/zx L2<Ql> i %3 |2 ()
2 2
=) Sk
a}/zx LZ(Ql) 0x3 L2(O1)
-1 a(ui) )2
7 . (49
= 3 (H aytx 12(Q1) 8x3 L2(Q1) ( )

Besides, the last inequality also holds with () and (u;) replaced respectively by
(ué+7%) and (u;+7;), where ¢ :=r;0(7¢)~! € Rig(Q)F) for any given vector field
(r;) ERig(Q).

Then inequalities (4.1), (4.2) and (4.4) appearing in the statement of the theo-
rem are deduced from inequalities (4.6) established above by using relations (4.8)
in their right-hand sides and the lower bound (4.9) in their left-hand sides.

The proof is complete. O
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