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Abstract. In this article, a new technique for deriving integrable hierarchy
is discussed, i.e., such that are derived by combining the Tu scheme with the
vector product. Several classes of spectral problems are introduced by three-
dimensional loop algebra and six-dimensional loop algebra whose commutators
are vector product, and the six-dimensional loop algebra is derived from the en-
largement of the three-dimensional loop algebra. It is important that we make
use of the variational method to create a new vector-product trace identity for
which the Hamiltonian structure of the isospectral integrable hierarchy is worked
out. The derived integrable hierarchies are reduced to the modified Korteweg-de
Vries (mKdV) equation, generalized coupled mKdV integrable system and non-
isospectral mKdV equation under specific parameter selection. Starting from
a 3x3 matrix spectral problem, we subsequently construct an explicit N-fold
Darboux transformation for integrable system (2.8) with the help of a gauge
transformation of the corresponding spectral problem. At the same time, the
determining equations of nonclassical symmetries associated with mKdV equa-
tion are presented in this paper. It follows that we investigate the coverings
and the nonlocal symmetries of the nonisospectral mKdV equation by applying
the classical Frobenius theorem and the coordinates of a infinitely-dimensional
manifold in the form of Cartesian product.
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1 Introduction

It has been a hot topic in searching for new integrable systems. Since Magri [1]
proposed the Lax pair method for generating integrable equations, a lot of experts
and scholars have devoted them to this research field so that a variety of modified
methods have been developed in the past few years [2-8]. One of the most clas-
sical method [6] called Tu scheme by Ma [7] applies Lax pairs adjoint with finite-
dimensional Lie algebras to investigate integrable equations. Before we present the
scheme, a few of basic notations are first introduced.

Let G be a matrix Lie algebra over the complex field C' and G=G®@C(\,A~1) be its
loop algebra, where C'(\,A71) is the set of Laurent polynomials in A\. The gradation
of G is taken by deg(z@A\")=n,z€G. Let g€ G and 9=>_,9n, degg,=n, be its
gradation decomposition. Set g, =>" . ,gn, we consider the isospectral problem

0 =U(u,\)p,

with U=U(u,\) =eg(A)+uie;(A)+---+upe,(A), where u=(uy,---,u,) is a potential

function, eg(N),e1(A),---,e,(A)€G. Suppose eg,eq,---, e, are linearly independent and
e0>0, gg>¢;, 1=1,--- p; here g;,=dege;. The explicit steps of Tu scheme for generating
Lax integrable systems are as follows:

First, we take a solution V' =V () of the equation

Va(A)=[UA),V(A)].
Second, we search for A, €G so that, for V(™ = (A"V)4+A,, it holds that
VU, V™M) =Cey+---+Ce,.
This requirement yields a hierarchy of evolution equations

U, =V —[u,vm. (1.1)

n

Finally, using the trace identity

5 /. oU ) oU
N N\ )Y
(5ui<v’8>\> Ao <V’(9ui>

deduces the generalized Hamiltonian structure of (1.1), where (z,y)=tr(zy), z,y€G.
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By utilizing the scheme, many interesting integrable hierarchies of evolution
equations and the corresponding Hamiltonian structures were obtained [9-13]. Also
applying Lax pair method, Li Yishen [14,15] proposed a way for generating non-
isospectral integrable hierarchies, which means the spectral parameter A is given

by
A=)k (t)A™.
m=0

It follows that Ma and Qiao presented some nonisospectral integrable hierarchies in
the special case \; =M (t)A\™ [4,5]. Recently, many nonisospectral super or multi-
component integrable hierarchies were followed to produce in [16-20]. It follows that
some properties of integrable hierarchies and reduced equation can be discussed in
terms of the approaches introduced in [21-26] (such as Bécklund transformation,
Darboux transformation, symmetries and so on). More recently, Zhang et al. [27]
proposed a new technique to derive isospectral and nonisospectral integrable hier-
archies. Different from previous methods, the method mainly uses vector-product
loop algebra to introduce linear spectral problems. At the same time, the normal
zero curvature equation is replaced by the vector product zero curvature equation.

Here, it is quite necessary to recall the basic notations and computing formulae.

Definition 1.1. The outer product (also called vector product) of two vectors a and
b in the space R? is denoted by axb whose length is given by

jd@xb|=|al|blsin((@b)).

whose direction is required to be vertical to the vector a and l;, further satisfies the
right-handed coordinate system. For arbitrary vectors a, b, ¢, the vector product
possesses the following properties

(1) @xb=—(bxa),
(2) (A@)xb=\(a@xD),
(3) @x (b+&)=axb+axc, (@+b)xc=axc+bxz.

Assume €7, €; and €3 are unit coordinate vectors in the right-handed vectical co-
ordinate system {0;€;,8,,€3}, then for arbitrary vectors @=(ay,as,a3), b=(by,bs,b3) €
{0;€1,65,€3}, where a;, b; are coordinates of the vectors @ and b, respectively, the
vector product of the vectors a@, b is given by

— — —

€1 €2 €3
axb=det ay Qa9 as
by by b3
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Denote a vector space by &, that is
S =span{eé},és,85},

then arbitrary a row vector space VW with three dimensional is isomorphic to the
space §. Therefore, for arbitrary vectors a@,b€W, we define a commutation operation
by vector product

—

[@,b], =@ xb. (1.2)

It can be verified that W is a Lie algebra. That is,

Theorem 1.1. For three dimensional row-vector space W, if a,z?ew satisfy (1.2),
then W is a Lie algebra.

Theorem 1.2. For arbitrary vectors ﬁ,‘?,q?e W, suppose that

G, =Uxo, ¢=Vx¢, (1.3)

then the compatibility condition of (1.3) leads to a new form of zero curvature equa-
tion

U,—V,+UxV=0, (1.4)
which is also called a vector-product zero curvature equation.

The detailed proof of Theorems 1.1 and 1.2 has been shown in [27].

The aim of this paper is to generate new integrable hierarchies with the aid of vec-
tor product zero curvature equation and vector product loop algebra. To be specific,
by means of the Lie algebra S, we construct the isospectral and nonisospectral mod-
ified Korteweg-de Vries (mKdV) integrable hierarchies. Among them, the derived
isospectral integrable hierarchy is reduced to the generalized mKdV system (2.8).
Under specific parameter selection, the generalized mKdV integrable system is fur-
ther reduced to the mKdV equation (2.9) and generalized coupled mKdV integrable
system (2.10). In particularly, we discuss in detail the Darboux transformation for
(2.8) and nonclassical symmetries for (2.9). Meanwhile, the nonisospectral mKdV
integrable hierarchy is reduced to the nonisospectral mKdV equation whose nonlo-
cal symmetry are also presented. In the last section, the high-dimensional vector-
product Lie algebra G equipped with two loop algebras are applied to derived some
integrable hierarchies which can again be reduced to the mKdV equation and non-
isospectral mKdV equation which differ only in coefficients from those obtained in
Section 2.
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2 Isospectral and nonisospectral modified
Korteweg-de Vries integrable hierarchies

2.1 Isospectral integrable hierarchy

Firstly, we show a Lie algebra S=span{ei,és,€3}, where €;(n)=€;\", and along with
the commutators

—

é1(m)xéy(n)=e(m+n), éy(m)xés(n)=e(m+n), €3(m)xei(n)==ex(m+n).
Consider the following spectral problems
b =Ux0, U =28,(1)+qé5(0)+rés(—1)+s& (—1), (2.1a)
h=Vxo V=" (améi(—m)+bpés(—m)+cmés(—m)). (2.1b)

m>0

Solving the station zero curvature equation

V,=UxV (2.2)
yields
Az :qu—Tbmfl, (23&)
bime = —2Cmi1+T0p—1—5Cm_1, (2.3b)
Cmz =20m1+1— Q0+ 5by 1. (2.3¢)

Take by=co=0, ag=a(t), a3 =c; =0, then one has

2
«Q ar  og, «
b1:7q’ b2:07 02:7—%7 a2:—?q’ (24&)
«a o «a «
b3 = —Tp— —(py— — 3_ = 7 :()7 2.4b
3 4T g 16q TR (2.4b)
«Q Qo 3a «
= - T Tx TTT T 5 Ty 24
cs 16q r 4rs+8q 3" +16q +32q q +8(C18) (2.4c)
Aok+1=Cok+1 =0, bapya=0. (2.4d)
Note that

/) = (1 (— 1) +b () + e (—m) ) A" = NV =V

m=0

=\"V — Z M)+ @2 (—m) + C@3(—m)) A",

m=n+1
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then (2.2) can be broken down into
—XZ&ZE—FU’X‘Z@:(an))z—(jx\?_("). (2.5)

We find that the gradation of the left-hand side of (2.5) is more than —1, while the
right-hand side is less than 0. Therefore, taking the gradations 0 and —1 in (2.5),
one has

VI 4T XV =—rb, & (—1)+ (ray — s¢,)(—1) 4 5b, & (1)
—26n+1§3(0)+20n+152(0).

Hence, choose n=2k+1, the isospectral zero curvature equation

——u =V U x V=0 (2.6)

leads to the isospectral mKdV integrable hierarchy

q —2Cop42
U= T = —8b2k+1 . (27)
‘ 7bok11

When k=1, the hierarchy (2.7) reduces to

Qo o e} 3a o

2., @ o 2
Sy o= —(y o™ S Yrxx— T4 T T, T 2.8
@=gd TS oSt T — o4 164 = (as) (2.8a)
th—%mﬂ%%ﬁ%fﬁ%qsz, (2.8b)
st:%rrz—%qmr—%q3r—%qsr. (2.8¢)

Specially, set s=0, =0, (2.8) reduces to

«Q 3a

2
= S Yxxx— T4 T 2.9
G=—34 Tk (2.9)

which is modified mKdV equation.
Setting s=1ir, (2.8) reduces to generalized coupled mKdV integrable system

1, i, i 1 1 3 o 1
- 5 o T 7Yz T Sz T T4 T o 2.10
a a<8q I = e e g — 754 e 4 (47) (2.10a)

. . . .
T’t:a(_irrx+§szT+f_6q3r_zqu2)' (2.10b)
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2.1.1 Hamiltonian structure for isospectral integrable hierarchy (2.7)

The existing literature shows that the Hamiltonian can be furnished for the resulting
integrable hierarchies by applying the trace identity [6] and the quadratic-type iden-
tity [28,29]. In the section, we follow the idea for deriving the quadratic-form identity
to deduce a new vector-product identity for generating Hamiltonian structure of the
isospectral integrable hierarchies (2.10) obtained by vector-product equation (1.4).
Assume @,b,¢€W, a linear functional {&’,g}vz:&’FgT, where F' is a square matrix
with constant entries and the functional {a, g}v satisfies the following relations

{av 5}1/ = {ga C_i}z/a (2.11&)
{@[b,d, by ={[@.b],,c}. (2.11D)

Eq. (2.11a) requires that F' is symmetry, i.e., F'T =F. Since the vector product of @
and b can be written as

{Ei, E}V =ax g: (agb?, —a3b2,a3b1 —bgal,(llbg —b1a2>

0 —=bs by
:(al,ag,ag) bg 0 bl :C_L'R(b), (212)
—by by O

—

where d=(ay,as,a3), b= (b1,b2,b3). Therefore, (2.11b) requires that
R(b)F=—(R(b)F)". (2.13)

In terms of (2.13), a direct calculation produces
popop
F=1p p p |,
popop
where p is a constant. Noting

~ = s 1
V:(a,b,c), /\:<2_ﬁ707_§>7

- (OUY asp crp - oU | =, (0UY

then we have

L oU
{V7a}

9q
oU v\ " BYii o\ "
7, _or[oV) _¢r UL _pp(dY) _ap
{V’ar} —VF<(9T) A’ {v’&s} VF<85> A
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Substituting the above computations into the following vector-product trace identity

0 (o~ 0 B
i T\
5U{V’U’\}u A 6)\)\ {V’Uu}y
gives
bp
) asp crp 0 cp
— (2ap— =L _ P\ 7\
7 o= =50) 5 i |
By
where

a=> ap\" b= bpATT, =) e

m>0 m>0 m>0

Comparing the coefficients of A™"72, we get

) bn+1
E(Qanﬁ—san—rcn):(v—n—l) |- (2.14)
Qn

By substituting initial values of (2.4), one can find y=0 and thus obtain the Hamil-
tonian structure

b
0H, ZH oo 2019 —SAy —TCy
(5’U, - n ) n-—

n

—n—1

It follows that (2.7) can be written as

q bak+1
w=|r | =J| cu :J‘Sf?’“, (2.15)
S ‘ QAo u
where
d s -—r
J=| —s 0 0 ,
r 0 0

and J is a Hamiltonian operator.
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2.1.2 Darboux transformation for (2.8)

In this section, we shall follow Neugebauer’s scheme [30-32] to construct the N-
fold Darboux transformation for (2.8). Before that, the Lax pair for (2.8) should be
worked out. Based on the purpose, we consider the classical Lie algebra W={h,e, f}
that is isomorphic to S, where

0 0 0 01 0
h=[ 00 =1 ], e=[ 0 00}, f=[1
0 1 0 0 0

and
h(n)=h\", e(n)=eX", f(n)=f\"

By means of the Lie algebra W, the 3x3 spectral problem corresponding to inte-
grable system (2.8) should be expressed as

0 —rA\7! q
0e=Ul(q,r,5,\) o= A~} 0 —(2XA+sA7H |, (2.16a)
—q  224sA7! 0
a o«
(pt_V(QaT;Sa)‘)@_ gr gf]m A 0
2 4
o o o o o o
= )\2_ — T — — oy — — 3_ t)\S_i 2)\
54 <47‘ gz~ 164 4618> a(t)X’ =<4
X2, X3 @
2(1)\ T 8qma 67 1%
—a(t))\3+§q2/\ , (2.16b)
0

whose compatibility condition gives rise to (2.8). Consider a matrix 7" that satisfies
the gauge transformation

p=Te. (2.17)

A new spectral problem reads
P=Ugp, U=(T,+TU)T, (2.18a)
¢r=Vg, V=(T+TV)T, (2.18h)

where U and V have the same forms as U and V, respectively. Meanwhile, the old
potential ¢ and r in U and V' will be mapped into new potential g and 7 in U and V.
The process can be iterated and usually it yields a series of multi-soliton solutions.
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Let

e(A)=(01(A),02(A),03(A)7,
Y(A) = (W1(N), 2 (A), 95 (N)"
X(A) = (V),x2(A)xs(A)"

be three basic solutions of (2.16). Based on that, we define the following algebraic
system

n—1 n—1 n—1

Y+’ dSanj+al? Y ek =X, (2.190)
=0 =0 =0

n—2 n—1 n—2

D _anXjtaiy SamXital®y San);

=0 =0 =0

=Xy —af AT —a ), 1<j<3n, (2.19b)

n—3 n—2 n—2
Z a31 )\; + Oég-l) Z a32)\; + a§2) Z a33>\;
i=0 i=0 ¢

:—algi)\?_1+a13§)\” +oz( ag)\ —a; 2))\”—& 0,221>\n ! 1<5<3n, (2.19¢)

with
1 2 1 2
O 902+%(- )wznwj(- "Xz 2)  ¥3 +%(~ )¢3+7§ 'xs

oy =
2 ’ 2 >
solﬂf)@blﬂj( a7 e

1< <3n, (2.20)

where 7 ) and 7 are some suitable parameters, which ensure the determinants of
the coefficients for (2.19) are NONZero.
Thus, the transformation matrix 7" has the following form

n—1 . n—1 . n—1 .
A"+ Z au)\;- Z alg)\l Z CL13)\;
i=0 i O =5 i
n—2 . n—1 X n—2 .
T= —a121)\”_1+ > ag A AV 7 ag N ag3A"+ ) agz\' , (2.21)
n— i=0 1 i=0 1 n i=0 1
n—3 . n—2 . n—2 .
as A" —ais A"+ Y am At —aos AT+ Y azeAt AN+ ag AT 4 Y azsA;
n—1 n—2 i=0 1 n i=0 1 n—1 i=0 1
which can be rewritten as
n—2
T=T X"+ Ty A"+ T, A2+ > TN, (2.22)

1=0
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where
1
a11 a2 £0a23012
(1) (1) 0 n—1 n—1 2 n n—1
_ @23 _ —
Tn - n ) Tn—l - 12 a22 0 3 (223&)
n—1 n—1
0 —a923 1 1
n 5 230A12 0 22
2 n n—1 n—1
ailz a2 13 11 Aaiz2 i3
n—2 n—2 n—2 i i 7
_ a a a _ a a a i — e M —
Too=| G20 G2 Gz | T=| Gn G G35 | §=0,1,-,n-3. (2.23b)
—a13 Q32 A33 a3z; Qazz2 ass
n—1 n—-2 n-2 7 ( i

Egs. (2.19) and (2.22) implies that detT is the 3n-th-order polynomial in A, and A,
(1<j<3n) are all its roots. As a consequence, we have

detT(N) =T12, (A= X;). (2.24)

Substituting (2.22) into the first equation in (2.18) and comparing the coefficients
of AP A" \"~1 and \"~2 give rises to

J=q—2a12, T=r—2a13—0125, S5=5+0,—2a023—2a32, (2.25)
n—1 n—2 n—1 n—1 n—2 n—2
and
_ _ 1 _
—Tag3+qazs == (aa12),+qan —2a12, —2as+S5a30 =092 ,+2a93+5a23, (2.26a)
n n—1 2 a1 n—1 n—2 n—2 n n—1 n—2 n

_ _ 1
2a33+5=—as3 ,+qaia+2a0+s, Jai1—2ax =—(50a23012)s+7a3+qaz, (2.26b)

n—2 n—1 n—1 n—2 n—1 n—2 2 nn-1 n n—1
—cjalg —|—2&22 +s= 2@33+S. (2260)
n—1 n—2 n—2

Proposition 2.1. The matriz U determined by U=(T,+TU)T~! has the same form
as U, that is,

0 -7t q
U= #x! 0 —(20+37Y) | (2.27)
—q 22+t 0

where the transformation formulae from old potential into new ones are given by
(2.25).
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Proof. Define
©11(A) O12(A) O13(A

(
(T,+TU)T =] O21(A) ©O22(N) Oa3(A
O31(A) Oz2(A) O33(N)

We conclude that ©,;(\) are (3n+1)-th-order polynomial

(2.28)

and notice that T—!=
in A
By means of (2.16) and (2.17), direct computation gives

dtT’

1):7“)\ L2 4s27h) 52 —(- 7“)\_104 )+qa(2)) ) (2.29a)
(2):_q_|_(2)\+5)\ ) (1) —(=rA” 1a( )+q&( )) (2)7 (2.29b)

Eq. (2.29) implies that A\; (1<j<3n) are the roots of ©;; (i,j=1,2,3) and ©;; may
be divided by detT', which illustrates (T,+7TU)T " is a first order polynomial in A
with matrix coefficients. Thus, we let

T,4+TU = (U A+ U+ U AT (2.30)

with the matrices U, (x,t), Uy(z,t) and U_;(x,t) independent of .
We denote U=U;\+Uy+U_;\~! with

00 0 0 0 ¢ 0 —r 0
U1: 00 -2 y UOZ 0 00 y U,1: r 0 —S . (231)
02 0 —-q 0 0 0 s O

Via (2.25) and comparing the coefficients of A" A" A"~! lead to
e The (n+1)-th coefficients implies T,,U; =U,T,, from which we have

. 00 0
=00 —2|. (2.32)
02 0

e The n-th coefficients implies T,,Uy+T,,_1U; —i—Tn,x:UlTn_ﬁ—UoTn, from which
we have

0
Oo=| 0 (2.33)
—q
B ® Thei(n—l)—th coefficients 1mphes TnU,1 —|—Tn,2U1 +Tn71UO+Tn71,z:UlTn72+
UoT,,—1+U_1T,, from which we have

o O O
S O Q)

o
|
=
o

U = 0 -5 |. (2.34)
S

S



H. Lu, X. Ren, Y. Zhang and H. Zhang / Ann. Appl. Math., 40 (2024), pp. 1-34 13

We emphasize that ¢, 7 and § shown here are defined by (2.25). The proof is
completed. O

Proposition 2.2. The matriz V in (2.18) has the same form as V under the trans-
formation (2.17) and (2.25).

Proof. Similar to Proposition 2.1, we can prove that (T,+7V)T~! is a three-order
polynomial in A with matrix coefficients, that is

To4+TV = (VN + Vo X2+ VAT, (2.35)

with the matrices Vs, Vs, Vi, and Vj independent of \.
We denote V =Vs 3+ N2+ Vi A+ V, with

«
0 0 0 0 0 3¢
Va=| 0 0 —a(t) |, Vo= o o0 0 |, (2.36a)
0 o) 0 _gq 0
2
8] (6%
i=| %,_¢ «2 |, (2.36b)
2T 4(1x 0 8q
0]
0 ——q> 0
54
(0% (0% (0} (0%
0 - lx T~ T4 3 —
PR T R
Vo= 0 0 0 . (2.360)
(®, e a3 @
<4m— g Lo =764 4q8> 0 0

With the help of (2.25) and comparing the coefficients of A"3 "2 \"+1 A" Jead
to

e The (n+3)-th coefficients implies T}, Vs = V5T, from which we have

0 0 0
Vs= 0 0 —at) |. (2.37)
0 a(t) 0

e The (n+2)-th coefficients implies T, Vo+T},_1 Vs =V3T,,_1 +V5T},, from which we
have

Q _
5 q
0 (2.38)
0

N
|
]|
o O O
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@ The (n+1)-th coefficients implies T,,V; + T Vot T oVa=VaTy o+ VT, 1+
ViT,,, from which we have

Vi = e 72 . 2.39
1 27" 4(]:0 0 8q ( )
«
0 ——q° 0
8q

e Thein—th coe:fﬁcients implies T}, , +T,Vo+ 1,1 Vi+T,_2Vo+ T, _3V5= Vol s+
Vo, o+ Vi1, _1+VoT,, from which we have

« (0% (0% (07

g ——g3—"gs
0 0 JTa=gle =150 — 705
Vo= 0 0 0 . (240)
a_ o a g o
(47:@ gdae— 164 4618) 0 0
where ¢ and 7 are defined in (2.25). This completes the proof. O]

Propositions 2.1 and 2.2 show that both Lax pair (2.16) and (2.18) can lead to the
same integrable system (2.8). Thus, we call the transformation (2.17) and (2.25) a
Darboux transformation of the integrable system (2.8), by which the solution (g,r,s)
of the integrable system (2.8) are mapped into its new solution (g,7,3).

2.1.3 Nonclassical symmetries for (2.9)

There are large PDE systems for which it is difficult to determine their nonclas-
sical symmetries due to the limited memory of the system on which the symbolic
manipulation program runs. But recently, Nicoleta Bl14 and Jitse Niesen proposed
a new approach which overcomes the previous difficulties [33]. Starting from the
PDE system, the standard procedure introduced by Bluman and Cole is analysed.
The system is augmented with the invariant surface conditions, representing the
characteristics of a fixed but arbitrary vector field X. Then the classical Lie method
is applied to the augmented system. If this results in the same vector field X as is
used to define the invariant surface conditions, then X is a nonclassical symmetry
of the original PDE.

As an example, we are committed to searching for the nonclassical symmetries
related to Eq. (2.9). In order to apply the nonclassical method, consider a one-
parameter group of transformation generated by the following vector

Y:é'(ff,t,U)am +77(x,t,u)8t+qb(x,t,u)8u
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If we seek symmetries with n=1, then the invariant surface condition
p—1
ug:_zcj<x7u)u?+¢a(xau)
j=1

turns into
U =) —CUy.
Substituting (2.41) into Eq. (2.9) results in

a 3o,

—QUzze— TLUU
8 16

Meanwhile, the following relation

an 7% O
ZLJ aﬁZM Duo

a=1

Y [y( ZLJ )JrZLJ ] o0

—¢+Cu, =0.

a=1 T
O,
_;XI: [Dr(LPub)—LPus,)] ot

can be simplified to

RN L VAL +(Dy(M — Luig) + Lty o

ox ot ou ou,
+(D3(M — Luy)+ Lu )8—9—0
T T TTTT 8“9390;5_ )
where 3
o o
Q=—— zrer 5 A Uy — -
gU 16u Uy —P+CU

15

(2.41)

(2.42)

(2.43)

(2.44)

If we substitute L=, K=1 and M =¢, =16 into (2.44), we get the nonlinear

PDE system

Cuuu = 07 3Cxuu - ¢uuu - 07

- th - ngbu - 3U2¢$ - 2¢zma: +6Cw¢ = O’ _9C<u+27<uu2 +6C33uu - 6¢$zu = 07

- 6¢u+21gxu2 +9Cu¢_ 3¢uu2 +<t +§¢u _4¢x:pu +2mez - 6<Cx = 07

(2.45a)
(2.45b)
(2.45¢)

which represents the determining equations of the nonclassical symmetries associ-

ated with (2.9).
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The general solution of the nonlinear PDE system (2.45) is
(=c1, ¢=0, (2.46)
where ¢; is a real number, and
(=3u?, ¢=0. (2.47)

As we can see, the case (2.46) corresponds to the classical operator ¢; X;+Xs. At
this stage, we do not get all the classical operators, since we assumed that the
coefficient of 9; is 1. We can retrieve all the classical operators by using that any
mutiple of a nonclassical operator is again a nonclassical operator.

From (2.47) we get the nonclassical operator

Y =3u?0,+0,.

2.2 Nonisospectral integrable hierarchy

Under the time evolution

A=) Kn(HA™,

m>0

the resulting nonisospectral zero curvature equation

L - o OU
Ve=UXV+—A\ 2.48
o (2.48)
leads to
U = QCrn,— 1O 1 + 2K, (8) — S Ko (1), (2.49a)
bz =—2Cm11+7Am—1—5Cm-1, (2.49b)
Cmp = 2bimt1 — Qa4 8bp 1 — 1 Ko (). (2.49¢)
In terms of (2.49), one gets
bOZCOZO, GOIOé(t), CleClzo, blz%, (250&)
b2:0, 62:%—%, K[):Kl:(), KQZBQ, (250b)
2
aq (6% (0% o 3 O
a2 ] + 62337 b3 4rx SQxx 1661 4q8+ﬁ2xQ7 C3 Oa as 07 ( 500)
+5m_%_52;%7..., (2.50d)

2m41=Com41 =0, bopi2=0, Kopy1=0. (2.50e)
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Denoting

Aﬁ"j_ZK DA = AN = A = A, — ZK HA™,

m=n+1
then (2.48) can be broken down into
7 (n 7 vr(n 8U n) 7 (n 7 1r(n aﬁ n
VLT XV +a—/\)\ = (V") =0 x V! )—mxgl

By taking these terms which have the gradation 0, —1 and —2, we further get

L) s e OU
—V LT x v +5A

=(—=rb,—sK,_1)é1(—1)+(ra,—sc,)é(—1)+(sb,—rK,_1)e3(—1)
—SKngl(—2> —TKngg(—2> —2bn+1€3(0)+20n+1>52(0).

Choose n=2k+1, one can find A, =0 so that Vi V ) the nonisospectral zero

curvature equation

17

ou  aU oy s
5 ut+aAt—V(”)+U><V(”) =0 (2.51)
leads to the nonisospectral mKdV integrable hierarchy
q —2Cok+2
w=1\ r =| —sboypi1+rKo |. (2.52)
bog11+ Koy

t

When k=1, the hierarchy (2.7) reduces to

= 2P S Sgst Sy — _dap
«Q
_Z(qs) — 28221+ Boq+ a4y, (2.53a)
T ers—i—gqms—irl—ﬁq s+4qs — Baxqs+ [ar, (2.53b)
o «Q «
St:Z’I"TJ}—gqxIT—Eq T—ZQST‘{‘BQQZQT‘I'BQS- (253C)
Taking r=s=0, (2.53) becomes
a 3
qt:_§Qxa:x_1_6q2(.h+ﬁ2x%e+ﬁ2% (254)

which is nonisospectral mKdV equation.
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2.2.1 Covering and nonlocal symmetries for (2.54)

In this section, we consider a differential equation % and its covering .. In (34,
35], Krasilshckik and Vinogradov introduced a direct and effective technique, which
overcomes the shortcomings in [36], to construct nonlocal symmetries of a system
% of differential equations. It turns out that the nonlocal symmetries of differential
equations are determined by their generating functions, which are intego-differential
type operators.

Given an infinitely-dimensional manifold Y. equipped with an n-dimensional
integrable distribution. This implies that in the tangent space Y, (%), which is
infinitely-dimensional, at any point y € %, an n-dimensional subspace jy ETy(@;o)
is determined and that the system {jy} of these subspaces satisfies the condition
of the classical Frobenius theorem. At the same time, if there is a regular map 7
from %, onto % introducing an isomorphism of jy and 2 € Tr(y) (%), then
we say that @ is the covering of the equation % . This means that any integral
manifold U €%, (i.e., such a manifold that T, (U)=.%, Yy cU) is mapped by 7 onto
an integrable manifold V =7(U) € #,.; that is onto a solution of the equation % .

We firstly illustrate the related coordinates and notations. Let WeRY, 0<N<oo,
be a domain in R™ and wy,ws,--- be the standard coordinates in W. Every manifold
?!700 can be represented locally as the Cartesian product 6’700 =% xW and the
mapping 7 is defined by the natural projection from ., x W to %,,. It is introduced
in [34] that a transformation f - — W s said to be a nonlocal symmetry of % if
and only if it preserves the contact structure on @NOQ . In other words, f is a nonlocal
symmetry when f,(.Z,) =2}, for any point # € %,. The contact structure on %,
is determined by system consisting of n vector fields D; and D; is the restriction of
the total derivative operator on %,. Furthermore, the equalities [D;,D;]=0 hold.
Then an n-dimensional contact structure on @, =% x W may be determined by a
system of vector fields D;=D;+X;, i=1,---,n, where

0 o
Thus, the Frobenius conditions can now be replaced by [Di,Dj] =0, which can be
expressed in the following equivalent form
[Dy, X;]+[X;, Dy]+ X, X;] =0. (2.55)

Relation (2.55) describes all the coverings of the equation % with the fibre W, where
the coordinates w; and the operators D; are regarded as “nonlocal variables” and
“total derivatives”, respectively.
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The Lie factor algebra R
Dy (%)

LD(%)
is said to be the algebra of nonlocal symmetries of the type 7 for the equation %/
Here Dy (%) consists of such fields S on %, that [S,.2D(%..)] € £ D(%,), while

Sym, ¥ = (2.56)

L D(F) = {Xn:%ﬁi | o5 e.,%oo(@%o)}.

i=1
The elements of Sym,?%  can be identified with vector yields S on %, such that
[S,D;]=0, i=1,---,n, (2.57)

and S(p)=0, for any p=p(z).
Now we return to the nonisospectral MKdV equation

3
@:{ut:—%umm—%u%x—i-ﬁgxum—kﬁw}. (2.58)

Taking a=16, (2.58) can be we rewritten as the following form
P2=—2p(3) —Sp%o)pu) +Baxp(1)+ B2p(0)- (2.59)

Denote Dm =D+ X, Dt =D;+T, where

X= }:X -, T= E:ﬂgw, X, T; € L°(%s).

i>1 7>1

Thus, (2.55) can be transformed into

[D,,T]+[X,Di]+[X,T]=0, (2.60)
where
D —£+p 0 +p 0 +otp 0 +
2= Or (1) ap(o) (2) ap(l) (k+1) ap( )
0 o 3a 0
D —
¢ = 8t+( 810(3) 1629(0 1)+521:p(1)+52p(0)) )
« 3o 0
Dy —=pa— =
+ < 8]?(3) 1617( p(1)+52$]?(1)+52p(0)> 0p(1)+
o 3a 0
DF [ —Zpia — =
+ z( 8p( ) 1617( p(1)+52l‘p(1)+52p(0)) ﬁp(k)+
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We shall find all the solution for which the function X;, 7; only depend on the
variables p(o), p(1), P2)- A direct calculation gives

O o I iy 0T (Cop a2 o+ ) 25
p p p —\74P3) —9P)P D rp A
(1)8]9(0) (2) ap(l) (3) ap(g) (3) (0)(1) T F2£(0) T F2LL(1) ap(o)

0X

ap(l)

—(—2pay— 319?0)]?(2) - 6]??1)1?(0) +Bop(1)+ B22p(2) )

= (=2 = 6p0)P)P2) ~ 3P(0yP3) ~ Py~ 12P0)P(1)P(2) +Pap(a) F+ B2p3)) e
+[X,T]=0. (2.61)

Setting the coefficients of p(s), pu), p3) to be zero, we have

0X 0X oT 0X

) _07 —0, 262
Op(2) Ipq) dpe2) O (2.62)

which implies that the function X do not depend on p(), p2) and

T'=—2p) +R(p0),pa))-

Ip(o)

Substituting the derived results into (2.61) yields

o Py OB OR 3 o B a2
- Poyma5—TP p —\=9P)P D rp
PO g P gy TP By P FBapo)+oep) g
0X
+ X, —2p) +R|=0. (2.63)
Ip(o)

Assume that % does not depend on p(1), then the coefficient of p)p(2) vanishes,
that is )
0°X
=0 = X=poA+B, (2.64)
IPio)
where the coefficients of the field A and B depend on the variables w; only.
Substituting (2.64) into (2.63) yields

) oR  OR
D ope, P,
+ [p)A+B,—2p@A+R] =0. (2.65)

— (=3poypa)+ Bap(0) + B2zp)) A
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Equating the coefficients of p(y) to zero, we get

OR
a1’(1)

—2[B,A]=0 = R=2pu)|B,A]+S5(p()), (2.66)

substituting it into (2.65) leads to

oS
P 8p(0)

— (=3p{oyp)+P2p©) +P2py) A+ [p0) A+ B, 2p) B, A]+S] =0.  (2.67)

As S do not depend on p(y), the equation is equivalent to the following system

oS
—3]?(0) +3P%O)A—521’A+ [p(O)A+B,2[B,AH =0, —ﬂQp(o)A—l— [p(O)A-i-B,S} . (2.68)

It follows from the first equation that
S=—ployA+ Bz Ap) — o) [A,[B, Al - 2p(0) [ B, [B, A]] + C. (2.69)
Meanwhile, the second equation in (2.68) transforms into

_ﬁ2p(0)A_pz()’0) [Aa [Av [BvAm - 2p(20) [A7 [Bv [B7Am +P(0) [A’C] _pz(l)o) [BaA]
"‘ﬂpr(O) (B, 4] _p%o) [B,[A,[B,A]]] —2p(0) [B,[B,[B,A]]]+[B,C]=0. (2.70)

Equating the coefficients of all powers of p( to zero, we get the system in the
following

[A,[A,[B,A|||+[B,A]=0, [A,[B,[B,A])]=0, (2.71a)
— By A+[A,C)+ Box| B, A —2[B,|B,[B,Al]] =0, [B,C]=0. (2.71b)

Thus, one has

Theorem 2.1. Any covering of the nonisospectral mKdV equation in which the
coefficients of the fields X and T only depend on py, pa), p), are determined by
the field of the form

D,=D,+poA+B, (2.72a)
Dy= Dy —2p2) A+2p)[ B, Al —ploy A+ Ba Apo) —ploy [A, [B, Al

where A, B, C satisfy (2.71).
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Subsequently, we focus on calculating the nonlocal symmetries of (2.54) with the
aid of the covering described in Theorem 1.1. We identity the elements of Sym,%
with fields S on %, such that S=P+®, where

0 0 ~
p:§ P— @:E b, — d D) =15,D|=0.
8p(l) i>0 ’ aw] o [S ] [S t] 0

1>0

Taking (2.72) into consideration, one gets

5,5, =Y (Prar = Du(P)) 5+ oA+ [8,D,] =0 (2730)

D)

i

~ o /- .
(5. D= (ZP Fope <D'£ (=2p@ =30y +B22p) +52p<o>)> —Dy (m)))

i k a]9(1')
—2PyA+2P[B, A]—3p{y) Po A+ B2z APy —2p(0) Po[ A, [ B, A]]
—2P[B,[B,A]]+[®,D,] =0. (2.73b)
In terms of (2.73a), we get
P1=D.(P), i=0,1,--, = P=D!() =P, (2.74a)
PyA+[®,D,]=0. (2.74b)
Denoting
5w=zk:[7'§(¢)a§(k),
then (2.73b) yields
(‘%OD;) (—2p@) —317%0)]9(1)+52$p(1)+52p(0)) = (DtOD;> (¥), (2.75a)
[®,D;]—2P, A+2P; [ B, A]—3p(y, Py A+ oz APy
—2p0y Po[A,[B,A]—2P,[B,[ B, A] =0. (2.75Db)

From (2.75a), we get
Ey(—2p(3) —3p{oyp) +Bep1) +Bap(0)) = Di (),

which is equivalent to
—2D3(4) = 3pfoy Do () —6p(oypy ¥ +Bavo+ S Do (1)) = Dy (). (2.76)
Note that (2.75b) can be rewritten as [p(¥) =0, when
F=—2pga) — 3])%0)1?(1) +Boxp(1y + Bap(0) —P2s

which is nonisospectral mKdV equation.
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Proposition 2.3. Any nonlocal symmetry of Burgers’ equation in the covering
(2.72) is of the form S=£&,+®, where

0
- (bz Y R q)z o 00 )
v=3 ( aw,) cC* ()
® and 1 satisfy the system of the following differential equations

Y A=[D,,®]—2D2(t)) A+2D,(¥)[ B, A] - 3p%) 1 A+ 3 Av)
—2p(o)[A,[B, Al =2[B,[B, AJ¢= Dy, P, (2.77)

lp=—2D3(v) —3p(oy D (V) —6p0yp(1)t+Batb+Bar Dy (1) = Dy(¢h) =0.

When A=B=C=0, the covering is trivial and the first two equation in (2.77)
are satisfied in a trivial way. As a consequence, this system Ip=0. Thus, the local
theory of symmetries is a natural part of the nonlocal one.

Now, let’s talk about A,B and C' in a few cases.

(I): A=0, B:)\%, C:u%, A, pu=const. In this case we have
~ 0 ~ 0
Dy= Dyt A, Dy=Dy+p—.
+ ow ! t+u8w
Suppose v=w—Ax—ut, then f)x(v):f)t(v):(). Hence, in v,2,t---,p),---, coordinate
system the equalities D;E:Dx, f)t:Dt hold.
(IT): A:a%, B:ba%7 C:ca%, b=c=const. In accordance to (2.72), we have
D,=D,+( +b)i
z = Lz T\P(0) ow’
N 0
Dy =Di+(—2p(2) —p?o) +Boxp(0)+c) EIE

Using the coordinate v=w—bx—ct instead of w, we get

Dx:Dx+p(0)a_w7

~ 0
Dy=Dy+(—2p) —p‘z’o) + Bap(0y) v
(III): A=:2  B=0, C=0. In this case (2.77) transforms into

v=Dy,(p), —2D2(\)=3plp+Brb=Dy(p), Ip(1h)=0, (2.78)
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where ®=¢(:2). Note that the third system in (2.78) is the consequence of the first
two and so it can be transformed into

—2D3() = 3p{o) De () + B2 Da () = Di( ). (2.79)

Denoting v = p(_1), then the second the relations (2.79) is of the form Iz(p) =0,

where G'=—20,,, —v3+ Bowv, —v;. This gives an idea that the manifold %, is of the
form @O/o, where %" is the equation v; =—20,,, — v+ Bozv,. In fact, we can identity

%! and %, together with respective contact structures by patting x =21/, t =1,

P(k) = p’(k +1)y V= pl(o), where 2/, t/ ,p’(k) are the standard coordinates on %, . Then it

follows that Sym,% =Sym%" . The algebra Sym% " can be calculated by the same
scheme as was used in [36].

(IV): A=a(w):Z, B=0, C=0, then in the case considered, (2.77) transforms into

1 - . .
¥=—(Da(p)=P0)a'¥) —2D3 () +6pya’ D2(0)+(6paya’ —6piya”+6pfa’a
I/ 2 m

_310%0)+5213)[7x(<ﬁ)+(419(0)17(1)@/'&—6]?(0)]9(1)&'2—417?0)@@ a"+2ply,a’a
+2p(oya” +2p(g 0" ) o =Dy (). (2.80)
When o’ =1, the second equation in this system (2.80) reduces to
—2D3()+6p(0) D7 () +(6p(2) — 9pfo) + F22) Da(0)
+(=6p)p(1) +4p{0)) ¢ = Di(9), (2.81)

which is also the determined equation for the nonlocal symmetries of (2.58).

3 A high-dimensional vector-product Lie algebra
and its application
In this section, we enlarge the vector-product Lie algebra S to a six-dimensional

case. In order to conveniently write, we omit the symbol “—” upper every vector,
for example, the vector E; is simply written as E; (i=1,2,---). Denote by

G:SPCLn{El,EQ,Eg,E4,E5,E6}, (31)
which is a Lie algebra along with the following vector-product relations

EyxEa=F3, EyxFE3=FE), FE3xEi=FE,, EixE4=EFs, E\x BEs=—FE,,
E1XE6:O, EQXE4:O, EzXEg,:Eg, EQXE6:—E5, EgXE4:—E6,
E3XE5:0, E3XE6:E4, .E4><E5:.E17 E4><E6:—E3, E5XE6:E2.
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Assume that
G:GI@G27 Glzspan{E17E27E3}a GQZSpCLn{E4,E5,E6},

then we find that
Gl gS,GlXG2CG2, GQXGQCGl,

which implies that the Lie algebra is a symmetric Lie algebra of reductive homoge-
neous space. It is remarkable that the relation has Lie bracket computation, while
here GG possesses the vector products.

In the following section, we aim to introduce the linear spectral problem with the
aid of two loop algebras corresponding to the Lie algebra G, The first vector-product
loop algebra is given by

G=span{E;(n),Ey(n),Es3(n),Ey(n),E5(n),Es(n)}, (3.2)

of which E;(n)=F;@\", neN, i=1,2,---, degFE;(n)=n, equipped with the following
operation relations

Eq(n) x Ex(m) = Es(m+n), Es(m) x Es(n)=Ey(m-+n),
Es(m) x Ei(n)=Es(m+n), Ey(m) x E5(n)=—E4(m+n),
Ey(m)x Eg(n)=0, Es(m)x Ey(n)=0,

Es(m) x E5(n)=Eg(m+n), Es(m) x Eg(n)=—FEs(m+n),
Es(m) x Ey(n)=—Eg(m+n), Es(m)x E5(n)=0,

Es(m) x Eg(n)=E4y(m+n), Ey(m)x Es(n)=E(m+n),
E4(m)x Eg(n)=—FE3(m+n), E4(m)x Eg(n)=—FE3(m+n),
Ei(m) x Ey(n)=Es(m+n), Es(m) x Eg(n)=Ey(m+n)

The first vector-product loop algebra is applied to introduce the following spectral
problem

Go=U X, (3.3a)
U=2E1(1)+qE(0)+7E5(—1)+sEy (—1)
+U1E4(—1)+UQE5(O), (33b)

=V X, (3.3¢)
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where
‘7 - ‘71 +‘727
Vi=> 01:B1(—i) 405, Ey(—i)+05,; E3(—i) + 04, Es(—i)
>0

+95,iE5(—i)+86,iE6(_i)a
‘72 :20_17]‘E1(_j)+0_27jE2(_j)+€_37jE3(_j>+0_47jE4(_j)
7=>0
+05;E5(—j)+0s Es(—J),
o\ i
M= =Y KA.

Jj=20
The compatibility condition of (3.3) presents

ou U . o o o o

which can be decomposed into the following form

U A, & ~ o o o
%Ut‘km)\t—v&@‘{‘[]xVvl—‘/Q,x—l—UX‘/Q:O (35)

Then the stationary zero curvature equation

. 3.6
generates
01i0=q0s5; =102, 141105, -1 —us04;, (3.7a)
0250 = —203 541 +701 ;-1 —503;_1+u20 ;, (3.7b)
Osi0=209,11—q01;+503,;_1—u106,_1, (3.7¢)
01 0=—205i41+706;-1—505;_1+u20 ,, (3.7d)
Os,i0=204,11—q06;+504,—1—u101 1, (3.7¢)
0650 =05, — 1041 +u103,;,_1 —usls;. (3.7f)
Under the time evolution \;#0, the resulting zero curvature equation reads
Voo =UxVot—=\, (3.8)

O\
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which leads to

9_1,]'@ = q9_3,j —7"0_2,]-_1 +U10_5,j_1 —U29_47j +2KJ _SK]‘_Q,
02,0 =—203 11 +701 j_1 — 503 j_1 +usbs ;,

0_3,j,w = 29—2,j+1 —QQ_LJ‘ +8§2,j—1 _U10_6,j—1 —TKj—27

6_4,j,:v = —255,j+1 +T§6,j—1 —555,]'71 +U29_1,j —u Ko,
05,0 =204 41— q06 j+ 504 j1 —u101 1,

96,;‘,:5:6]9_5,]‘—7”9_4,]‘—1 +urts ;1 —uzbs ;.
In terms of (3.7) and (3.9), we take initial values

a0 =030="040="050="060=0, b10=a(t),
O20="030="050=010=0, bro=a(t), Ky=pa(t).

Then one has

e o
«9271:§q, 95,1=§u2, 051=0, 011=0, 0;2=0,
« « « ar « «
040=—Uop+— O30=——qu+—, O1o=——q"——u’,
1,2 2U2 +2U1, 3,2 4(] + 5 b2 4q 4U2
« @ « @ « « « « «
‘92,3:_ZQmm+ZTx_§q3_§qu§_qua 95,3:—§Q2U2—§Ug—zuzs—zu2,m
o « o 1o} 1o} o
96,3:—ZQU1—ZU27‘+/961377 @:ZQazxuz—Zuz,mq—Zqul—ZUQ,xT>
By a=— 2P — L2 L Lo — Lquits— L+ L gren— Lot ok
3.4 — 8q ] 2 4% 4 8(1 142 ] 2 8qgcxm 8 Tx 16q Qx
«Q Qo Us 52
—i—E(qu%)x—i-g(qs)x—l—?/@dx%—ﬁgxr—?(xq)x,
o a o o 1o} o o
Opa=—— 2 T T4 5 [ c S U2 xxx T S zr T T, 20y — —u
4 16(q us) 16(u2) 8(U2$) gz g ULas = 0 U1 — S Ul
—%qrm—%ums—%uls—i—g/@dx—i-ﬁgxul,
91,20+1 = 03,2o+1 = 94,20+1 = 07 92,20 = 05,20’ = 66,20 = 07
~ o — « _ _ _
92,125617 95,125162, 051=0, 011=0, 0;2=0,
— 0] (0] — Q ar — 0% (0]
040=—Uop+— O30=——qu+—, O1o=——q"——ui+2px,
4,2 2“2 +2U17 3,2 461 + 5 1,2 4(1 1 B2
— o « oY Q o
92,32—qu—l-zm—gqs—gqug—ZQSﬂLﬂﬂq,
— o o o o «
95,3=—§q2u2—gug—ZU2S—ZU2,m—ZU1z+52$U2,

27

(0%

— Uiy,

4
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963——%qul——U2r+/@dx @Izqmuz ZUszq qu«ul—%umn

0, ——= T—gu2r—|— @ g UL U —au27’+g —gr —1—3—@ 2

3,4— 8q ] 2 4Q:c 4 8q 1U2 S 2 8Qm:m: ] T 16qq
—i—%(qu%)x—f—%(qs)gc—l—%/@dm—i—ﬁgxr—%(xq)x,

- « « o o « o o «

94,4:_E(q2u2)x_1_6(u%)x_g(UZS)x_gumec 8U1m—zq2ul—§ugul—gqm2

— o U2aS Zuls—l— /@dx+ﬁgxu1+62 (zu2).,

019511 =032601=0s0501=0, Oo05=0595=0595=0, Kos41=0.
Note that

n

‘_/'1(:) :Z(QLZEI (n—z) +82’7,E2 (n—z) +03,zE3(n_2) +84,1E4(n_7’)

1=0

+05.:E5(n—1)+05;Es(n—1i)) = AV, _‘71(7@’

Vot = (01, By (m— ) +02,; Eo(m— ) + 05  Es(m—j) +04 B4 (m—j)
=0
+05, Bs(m— ) +0 j Bs(m—j)) = \"Va— V™,
A direct calculation yields
. oo R oU
~ (Ve t Ux VD = (D)t Ux V4 SN
:(—r027n+u105,n—T92,m+u1957m— m_ls)El(—l)—KmSEl(—Q)
(Teln_sei’»n‘i"re_lm S§3m)E2< 1)
(392n—U196n+892n—u196m)E3( 1)—Km7’E3(—2)—U1KmE4(—2)
+(r06n 305n+T06,m_805,m_ m—lul)E4(_]-)
+( 91 nU1+594 n 9_1 mU1+S§4’m)E5(—1)+ (63’nul —T947n+9_3,mu1 _T§4,m>E6(_1)
— (202,11 +20, m+1)E3(0)+ (205,41 +2§3,m+1)E2(0)
—(294’,14_1+294,m+1)E5(0)+(2057n+1+2957m+1)E4(0). (3.10)

Choose n:2g+1, ﬂ}z%_—j—ls We_’ﬁnd that the modified term A,, and A,,, are taken
as 0 so that V1(,1) =V™), V;}T =V™_ Then

F(n 7 F(n m m) 8U
U R L A U P A

=(—10220+1+ U105 2541 —7“92,25+1 +U105,5+1 —Kys58)E1(—1)
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+ (802,20 11— 106 2011+ 502,95 41 — U106 2511 ) E3(—1)
+ (106 2041 — 505 2041 +706 2541 — 505 2541 — Kasur ) E4(—1)
+(203 25124203 2512) E2(0) — (204,20 4+2 4204 2512) E5(0). (3.11)

Hence, the compatibility condition (3.4) of the spectral problem leads to the Lax
integrable hierarchy

q —(293,2a+2+2§3,26+2)

r —(=1bs2541+u1052041— 7’52,25+1 +U19_5,5+1 —Kys5)

S = —(802,20+1— 1106 2041 +59_2,25+1 — u10_6,26+1) ) (3.12)
(1 — (106 20 11— 5052011+ 7052511 — 5052541 — Kostz)
2 to,s 294,2a+2+29_4,26+2

When o=1, §=0, (3.12) reduces to

« « o
qe1,0= Zq 7’+4u§r 2qzs+2rs+4qu1U2+4u2 4sz+4rm+24qm
3o o ar
—ngqx—g((] u3)q _Z(qs)x—U2/@d$—232$7’+52(35®x—277 (3.13a)
T S 7“—|—gr T—g 37"—% ru2—g sr—i—g 2uyu +gu3u
$,1,0 = 4%;35 4@ 8q 8q 2 4({ 8_61 1U2 g U2 1
+%u1U2s+%uluz,m+%u1ulx+%qr—%um, (3.13b)
s . s—gr s+g 38+g suz+g sg—g UQ—EUJ UgT
t,1,0—4qzx ik 8(1 8q 2 4q 4(] 17 1U2
—|—u1/@dx—gqs, (3.13¢)
u17t7170—jqru1+ju2r —T/@dx—I— 2u28+52u1—§q uzs—%ugs
—%u252—%u27m5—%u1x5, (3.13d)
U2,t,1,0:—%(q2uz)x—%(Ug)x—%(uzs)x—%Uzzm—%Ul,m—%q%l—%ugul—%Q’f’uz
—%ums—%uls+q/@d$+ﬁzxul—g(QQUz)x—%(Ug)x—%(UzS)x
@u @u —g 2u —gu2u —g U —gu s
4 2, xxr 4 1l,xx 261 1 4 2 W1 4(] 2 9 2.

—%uls+q/@dx+252xu1—h@g(xug)x. (3.13e)
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We still set r=s=u;=us=0, (3.13) becomes again the same modified mKdV equation
(2.9) except for their various coefficients. Similarly, when =0, 6=1, (3.12) reduces
again to the nonisospectral modified mKdV equation (2.54) except for their various
coefficients.

The degree distributions for the second vector-product loop algebra are as follows

Ei(n)=E,@\", Ey(n) =E,@ ", Es(n) = Es@ ",
Ey(n)=E;@\*", E5(n)=Es@\*", Eg(n)=Es@ "1,
The resulting vector-product computations are presented in the following
E1(n)x Ey(m)=E3(m+n), Es(m) X Es(n)=FE;(m+n+1),
Es(m)x Ey(n)=Es(m+n), E\(m) x Ey(n)=E5(m-+n),
Ey(m)x Es(n)=—E;(m+n), Ey(m)x Eg(n)=0,
Es(m) x Ey(n) =0, Es(m) x E5(n) = Eg(m-+n),
Es(m) x Eg(n)=—Es(m+n+1), Es(m) x Ey(n)=—Eg(m+n),
E3(m)x Es(n)=0, E5(m)x Eg(n)=Ey(m+n+1),
E4(m)x Es(n)=FE1(m+n), Ey(m)x Eg(n)=—FE3(m+n),
E4(m)x Eg(n)=—FE3(m+n), Ey(m)x Ey(n)=FEs(m+n),

Es(m)x Eg(n)=Ey(m+n).

Via the second vector-product loop algebra, we consider the following spectral prob-
lem

U = E5(0)+qFE1(0)+7E4(0)+uFs(—1)+vEg(—1), (3.14a)
V =y By (=) + by By (—m) + ¢ B (—m) +dp By (—m)
Then the stationary zero curvature equation (2.2) generates
am,z:_bm—l-l +Tem_me7 bm,m:_qcm+am+uam—1_vem—lv (315&)
Cmz=qbm =7 frn+vdp, iz = frnt1—qCm+Ufr—0Cp, (3.15b)
em,z =y, — 70+ Vb, fre=—dm+rcy—udy,_1. (3.15¢)
Denote

Vi = > (amEr(n—m)+by Ey(n—m)+coEs(n—m)+dyEs(n—m)

m=0

+emE5<n_m) +me6(n_m>>
=\ -y,



H. Lu, X. Ren, Y. Zhang and H. Zhang / Ann. Appl. Math., 40 (2024), pp. 1-34 31

A direct calculation reads
RN
=(ua, —ve,)Ey(—1)+vd, 1 E3(—1)—ud, Fs(—1)
+0,11E1(0)— frr1E4(0). (3.16)

Taking

—

1 v
An:_ n — UCn Es(—1 - n— Utn Es(—1 5
q(ua ven)Es( )+qu(ua ve,)Eg(—1)

so that V(™ :17+(")+&n, a direct calculation gives

N ) L2

_ <(W)x_g(uan_ven)m%wﬁ(—l)

qu
Uy, —Vey, ur
_((T)x—kq—u(uan—ven)—vdnH)Eg,(—l). (3.17)
Thus, the zero curvature equation (2.6) admits
_bn—i-l
f —ﬁ(ua —vey,)
Qs n+1 qu n n
Tt _ U, —Vey, ur
T (T)x+q—u(uan—ven)—vdn+1 ' (3.18)
Uy _
qu )

Remark 3.1. Similar to the previous step, by taking initial values for (3.15), we can
also concretely find the values of a,,, by, ¢, dm, €, and f,, so that the integrable
hierarchy (3.18) can also be reduced to some concrete equations. Here we omit it.

4 Conclusions

Consideration of vector-product zero curvature equation instead of normal zero
curvature equation led to some generalized integrable hierarchies. Starting with
three-dimensional Lie algebra and its loop algebra, we derived the isospectral and
nonisospectral mKdV integrable hierarchies which were reduced to the mKdV equa-
tion, coupled mKdV system and nonisospectral mKdV equation, respectively. It
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is significant to point that we made use of the variational method to create a new
vector-product trace identity for which the Hamiltonian structure of the isospectral
integrable hierarchy was worked out in Section 2.1.1. In Section 2.1.2, we con-
structed the Darboux transformation of the integrable system (2.8) which change
the old solution into new solution. Note that the determining equations of nonclas-
sical symmetries associated with the mKdV equation were introduced in Section
2.1.2. It follows that we emphasize that a nonclassical operator whose multiple is
still a nonclassical operators after a complex calculation. Subsequently, we turned
the problem of nonlocal symmetry of the original equation into the problem of local
symmetry of corresponding covering equation so that the determining equations as-
sociated with nonlocal symmetry of nonisospectral mKdV equation can be singled
out. In Section 3, a new vector-product Lie algebra of a reductive homogeneous
space was constructed for which two corresponding loop algebra were followed to
presented. It follows that two integrable hierarchies of evolution equations were
obtained. Under the choice of specific parameters for equation hierarchy (3.12), we
again derived the mKdV equation and nonisospectral mKdV equation which differ
only in coefficients from those obtained in Section 2. In the future work, we plan
to generalize the method introduced in this paper to generate high-dimensional in-
tegrable systems by following the ways in [37]. Then, the corresponding covering,
nonlocal symmetry, and recursion operator of the reduced high-dimensional equation
can all be worked out [38,39].
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