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Abstract. This paper is concerned with a C!-conforming Gauss collocation approxi-
mation to the solution of a model two-dimensional elliptic boundary problem. Super-
convergence phenomena for the numerical solution at mesh nodes, at roots of a spe-
cial Jacobi polynomial, and at the Lobatto and Gauss lines are identified with rigor-
ous mathematical proof, when tensor products of C! piecewise polynomials of degree
not more than k,k >3 are used. This method is shown to be superconvergent with
(2k—2)-th order accuracy in both the function value and its gradient at mesh nodes,
(k+2)-th order accuracy at all interior roots of a special Jacobi polynomial, (k+1)-th
order accuracy in the gradient along the Lobatto lines, and k-th order accuracy in the
second-order derivative along the Gauss lines. Numerical experiments are presented
to indicate that all the superconvergence rates are sharp.
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1 Introduction

The Cl—conforming Gauss collocation method, also known as orthogonal spline colloca-
tion (OSC) method or spline collocation at Gauss points, was first proposed and studied
by de Boor and Swartz [21] for solving two-point boundary value problems. Since then,
considerable advances have been made in the formulation, analysis and application of

*Corresponding author. Email addresses:  caowx@bnu.edu.cn (W. Cao), 11jia@sdnu.edu.cn (L. Jia),
ag7761@uayne.edu) (Z. Zhang)

http://www.global-sci.org/csiam-am 1 ©2024 Global-Science Press



2 W. Cao, L. Jia and Z. Zhang / CSIAM Trans. Appl. Math., x (2024), pp. 1-30

this method, especially OSC for partial differential equations such as elliptic equations,
initial-boundary value problems for parabolic, hyperbolic and Schrodinger-type systems
(see, e.g. [22,25,28-30]) and so on. Comparing with the counterpart C 1—conforming finite
element method, the most attractive feature of the C! collocation method is the simple
and fast calculation of the coefficients of the mass and stiffness matrices since no inte-
grals need to be evaluated or approximated, as well as its desired superconvergence phe-
nomena not shared by the C! finite element method. Compared to the CY type such as
finite volume methods (FVMs) and finite element methods (FEMs) or L? type such as the
discontinuous Galerkin (DG) method, the advantage of the Cl—conforming method lies
in the continuity of the first-order derivative approximation across the element interface
and the higher order approximation in the second-order derivative approximation, with
the same or less degrees of freedom.

There are some theoretical a priori results for the Cl-conforming Gauss collocation
method in the literature, we refer to [4,6,26,27] for an incomplete list of reference. In [4,27]
the authors analyzed the C!-conforming Gauss collocation method for two dimensional
elliptic equations on the rectangular mesh and established existence, uniqueness of the
numerical solution, and derived optimal error estimates in the H?,H' and L%-norms.
Meanwhile, superconvergence property of the method has also been investigated. It
was proved in [5] that the solution of the C!-conforming Gauss collocation method for
the two-point boundary value problem is superconvergent at nodes with an order of
O(h?2). As for two dimensional elliptic problems, it was observed numerically in [7, 8]
that the gradient value at the mesh nodes on rectangles has the same convergence rate
O(h?=2). However, a theoretical proof of this remarkable property remains open. Only
for a very special case, i.e. k=3 on uniform rectangular meshes, the authors in [3, 5]
proved a fourth-order accuracy for the gradient approximation at mesh nodes. Compar-
ing with other numerical methods such as FEMs (see, e.g. [2,9,23,24,31,33]), FVMs (see,
e.g. [10, 14,16, 19, 34]), DG methods (see, e.g. [1,13, 15, 18, 35]), spectral Galerkin meth-
ods (see, e.g. [36,37]) in the literature, the superconvergence study for the Cl—conforming
Gauss collocation methods is far from satisfied and developed.

The main purpose of our current work is to present a full picture for superconver-
gence properties of the C! collocation method for second-order elliptic problems in the
two-dimensional setting. We prove that the method achieves convergence rate 2k —2 for
both solution and its gradient at mesh nodes under quasi-uniform rectangular meshes
for piecewise bi-k polynomial space. In other words, we extend the superconvergence
results in [3, 5] from a special case (i.e. k=3 on uniform rectangular meshes) to a more
general case (i.e. any polynomial k >3 on non-uniform rectangular meshes). In addition,
some new superconvergence points and lines are discovered, which are identified as Lo-
batto and Gauss lines and roots of a generalized Jacobi polynomial. To be more precise,
we prove that the method is superconvergent with order k+2 at roots of a generalized Ja-
cobi polynomial for the solution approximation; with order k+1 at interior Lobatto lines
for the gradient approximation; with order k at Gauss lines for the second-order deriva-
tive approximation. As a byproduct, a supercloseness result of the numerical solution
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towards a particular Jacobi projection of the exact solution is derived in all H"-norms,
m=0,1,2.

To establish the superconvergence results for the C!-conforming Gauss collocation
method, we first construct suitable basis functions (i.e. a special class of Jacobi polyno-
mials) for the tensor product C! piecewise polynomial space. With the help of the special
Jacobi polynomial, we then design a special Jacobi projection based on the truncated Ja-
cobi expansion of the exact solution. Finally, we adopt the idea of correction function to
prove that the numerical solution is superconvergent to this particularly designed Jacobi
projection and thus shares the same superconvergent results with it. The key ingredient
of our superconvergence analysis is the correction idea, which is motivated from its suc-
cessful applications to FEMs, FVMs, and DG methods (see, e.g. [15-17]). However, due
to the difference among these numerical schemes and different choice of approximation
spaces, the correction function for the C! collocation method is very different from its C°
counterpart methods in [15-17].

The rest of the paper is organized as follows. In Section 2, we present a C!-conforming
Gauss collocation method for two-dimensional elliptic equations over rectangular me-
shes. In Section 3, we prove the existence and uniqueness of the numerical scheme.
In Section 4, we construct a C!-conforming Jacobi projection of the exact solution and
study the approximation and superconvergence properties of the special Jacobi projec-
tion. Section 5 is the main and most technical part, where optimal error estimates and
superconvergence behavior at the mesh points (function and first-order derivative value
approximations), at interior roots of Jacobi polynomials (function value approximation),
at Lobatto lines (first-order derivative value approximation) and Gauss lines (the second-
order derivative value approximation) are investigated. Numerical experiments support-
ing our theory are presented in Section 6. Some concluding remarks are provided in
Section 7.

Throughout this paper, we adopt standard notations for Sobolev spaces such as
W"P(D) on sub-domain D C () equipped with the norm ||-||,;,,;,p and semi-norm |- |, p.
When D=0, we omit the index D; and if p=2, we set W"?(D)=H" (D), || ||m,p,0=1|*|lm,D.
and |-|,p,p = |-|mp. Notation A B implies that A can be bounded by B multiplied by
a constant independent of the mesh size h.

2 A Cl'-conforming Gauss collocation method

We consider the following convection-diffusion problem:

Lu:=—V-(aVu)+B-Vu+yu=f in Q=(a,b)x(cd),

2.1
u=0 on 0Q), @1)

where a>w>0,7—V-B/2>0,7>0,8=(B1,B2),7EL*(Q), and f is a real-valued function
defined on Q). For simplicity, we assume that a, 8,7 are all constants. The analysis can be
generalized to the variable coefficient cases without any difficulty.
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Leta=xy<x;<---<xy=band c=yy<y; <--- <yn=d. For any positive integer r,
we define Z,={1,2,...,r}, and denote by 7}, the rectangular partition of (). That is

771 = {Ti,j: [xi,l,xi] X [yjfl,y]] : (Z,]) €2y XZN}.

For any T € Tj,, we denote by K%, 1’ the lengths of x- and y-directional edges of T, respec-
tively. /1 is the maximal length of all edges, and hipin = minr(h’r‘,hg). We assume that the
mesh 7, is quasi-uniform in the sense that there exists a constant ¢ >0 such that

h < Chmin'

We define the C! finite element space as follows:

V= {UG Cl(ﬂ) : U|T EQk(x,y) :IPk(x) XPk(y),TG'ﬁl},
where IP; denotes the space of polynomials of degree not more than k. Let
V;? = {U eVy,: U|aQ :0}.

Define reference element = [—1,1] x[~1,1] and let G;,j € Z;_; be Gauss points of
degree k—1 (i.e. zeros of the Legendre polynomial L;_1) in [—1,1]. Then gfj =(G;,G;j),
i,j € Zy_1 constitute (k—1)? Gauss points in . Given T € Ty, let F; be the affine mapping
from t to 7. Then Gauss points of degree k—1 in T are

Gr={gi;:8ij=F(Gi,G)), i,j € Zx1}.
The Gauss-collocation method to (2.1) is: Find a uj, € V}? such that
(=V - (aVu)+B-Vup+yuy) (85) =f(8;), (0f) €EZx1XZx1, YTET,  (22)

To end with this section, we would like to relate the above equation (2.2) to its equiv-
alent bilinear form, which serves as a basis in our later convergence analysis. For any
T€ Ty, denote by wl-T]- the associated Gauss weights corresponding to the Gauss points g/ i

and (+,-), r the discrete inner product over 7, i.e.

k—1

(1,0)4c=Y (u0) (si;)wi, Yuu.
ij=1
We define -
()= ) (U,0)sc= ) Z (o) (g1;)wi )
€T TE€Ti,j=1

and the bilinear form

k-1
a(uo):= Y Y (=V-(aVu)+p-Vu+yu) (gz]-)v(gflj)wzj:(ﬁu,v)*. (2.3)

T€Tyi,j=1
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For any v € Qx_,, we multiply v(g] ]) - in both side of (2.2) and sum up all elements to
obtain

a(up,0)=(f,0)=) Zf(gl]) (8i;)wi, YveEQia. (2.4)

TETYi,j=1

Similarly, if we choose v € Qx_, to be the associated Lagrange basis function correspond-
ing to ng in (2.4), we get (2.2) immediately. In other words, the numerical scheme (2.2) is
equivalent to (2.4).

3 Weak coercivity of the bilinear form

In this section, we study the property of the bilinear form a(-,-), especially the weak coer-
civity of a(-,-). Our later superconvergence analysis is based on this important property.
In each element T € 7, we note that any function v € V}, is a polynomial and differ-

entiable, and thus Bia]?vh exists for all i,j <k. Without causing confusion, we use the

notation o, 8{/0 to represent the piecewise derivative function of v imposed on each T€7},.
For any function v € V9, we define

I(v) := (0,0x2yy) = (0, 02xyy) 5, J(0) 1= (D0, 0xxyy ) — (A0, Vanyy ) 5s (3.1)
E(v):=(B-V0,0xxyy)«— (B-V0,0xxyy), (3.2)

where (u,0) =Y ;c7. [ (uv)(x,y)dxdy denotes the inner product of u,v.
Lemma 3.1. For any ve V) the following relations hold:
I(v)<0, J(v)=0, [E(v)|<Ch( ”vxxy”%‘f’ Hvyny%)-
Here C is a constant independent of the mesh size h.
The proof of the above lemma is given in the Appendix, see Section A.1.

Proposition 3.1. The bilinear form a(-,-) defined in (2.3) is weak coercive in the sense that
o
|2 (v, 0xxyy) | = 1 (HvxyyH%“‘ ”vxxyug) ~Cloll, Voevy, (3.3)
where the constant C is independent of the mesh size h.

Proof. Recalling the definition of a(-,-) and the conclusions in Lemma 3.1, we easily get

(—aAv+B-Vo+90,0xyy ) +E(0)
(D‘_Ch)(”vxyy”%‘f’uvxxy” )‘f”YHnyHO (B-Vo, vxxyy) (3.4)

a(0,Vxxyy) >
>
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where E(v) is defined in (3.2), and in the second step, we have used the integration by
parts and the fact that

0 v(x,c) =a\v(x,d) :a;v(a,y) :a;v(b,y) =0, Vi>0, veVp.

We next estimate the term (ﬁ~VU,vxxyy). On the one hand, we have, from a direct
calculation that

Co 44
’(ﬁ'vvaxxyy)‘ = ‘(vxyrﬁlvxxy“‘ﬁﬂxyy)’ < " ”vxy“%“‘z(”vxxy”%‘f’ HvxyyH%)

with co=max(B?,83). On the other hand, by the integration by parts, the inverse inequal-
ity, and the Cauchy-Schwarz inequality, we have

1
(Oxy, Vxy) = = (Vxyy, Ux) SeHnyyH%*‘EHUH%‘

Here € is a positive constant. By choosing a special € satisfying cope /o <« /4, there exists
a positive constant ¢; independent of /1 such that

o
[(B-V0,0xxyy)| < 2 (HvxxyH%+ ||nyy||%) +erlollF. (3.5)

Plugging the above inequality into (3.4) leads to

o
1(0,0xayy) 2 (5 =Ch) (osy 13+ oy I13) +llowy a0l
o
> 1 (||nyy||%+ HvxxyH%) +'Y|‘ny||%_cl ||U||%r
provided that h is sufficiently small. This finishes our proof. O

Remark 3.1. By using the weak coercivity of the bilinear form and some Poincaré inequal-
ity, we can prove the uniqueness of the numerical solution of (2.2). Since the uniqueness
of the numerical solution and the optimal error estimates have been studied in [4, 27],
we omit the proof here and focus our attention on the superconvergence property of the
numerical solution.

4 The truncated Jacobi projection

This section is dedicated to the introduction of a special C! truncated Jacobi projection of
the exact solution u. The truncated Jacobi projection plays important role in our super-
convergence analysis.

We begin with some orthogonal polynomials. Denote by L, the Legendre polyno-
mial of degree n on [—1,1], and ¢,+1 the Lobatto polynomial of degree n+1, which is
defined by

1 1

puna(6):= [ Ln(o)ds =3 (Lua=Lua) = oy

(s>—=1)L!(s), n>1. (41)
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Define

ha(9)= [ u(e)ds= s (Buii = 1)), 123 @2)

Actually, the orlglnal function J,+1(s) defined here is exactly the standard Jacobi poly-
nomial ]n ] 2(s) of degree n+1 (see, e.g. [32]) which is orthogonal with respect to the
Jacobi weight function w(s):= (1—s) 2(1+s) 2

Define the four Hermite interpolation basis functions on the interval [—1,1] as follows:

Jo(s)=3(+2)(1=5)%, Ji(s) =4 (2=9)(1+5)%,
B(s)= 3 (s+ 1) (1=5)%, a(s) =4 (s~ 1)(1+5)%

Then {J, }$°_, constitutes the basis function of C! over [—1,1]. For any function ve C!(Q)),
we suppose v(x,y) has the following Jacobi expansion in each element 7;;, (i,/) € Zy X Zn:

’y |T1] Z vaqllp )/ (4:3)
p=04=0

where v, are coefficients dependent on v, and

X — X Y —1i — 1
=1y (B ) <0, Jip<y)=fp(%>=h<s), se[-11],

denote the Jacobi polynomial of degree p on [x;_1,x;] and [y;_1,y;], respectively. Now we
define a truncated Jacobi projection P,v €V}, of v as follows:

Pyo(x,y)z,; = ZZvWL,, ), (v)- (4.4)

p=09=0

Note that when k=3, the truncated Jacobi projection P,v is exactly the Hermite interpo-
lation of v.

Denote by I,,p € Z; the Lobatto points of degree k in [—-1,1], (i.e. zeros of Lobatto
polynomial ¢y). By the affine mapping F; from £ to T, the k? Lobatto points in T are

lr:= {lT l;i=F(l31j), i,j€Zy}.
Then the Lobatto points on the whole domain () are defined as
L:={zel, TeT,}.

Similarly, for k >3, let R, p € Zj_3 be the k—3 zeros of Ji1(s) except the point s=—1,1,
and we define

Rei={R[;:R;;=F(R;,R)),i,j€Zx_3}, Ri={z=Re,TET;}.
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Denote by £5,&; the Gauss line along the x-direction and the y-direction. That is,
E8:={z=F:(G;s):s€[-1,1],i€Zx1,TETy},
&y ={z=F.(s,G)):s€[-11],i€Zx_1,TET;}.

Similarly, the Lottabo line along the x-direction £. and along the y-direction 8; on the
whole domain () are defined as

Ehi={z=F.(l;,5):s€[~1,1],i€ Zy, TET,},
Eyi={z=Fc(s,l;) :s€[-1,1],i€Z,TET,}.
We have the following approximation properties for the Jacobi projection (see [12]).

Proposition 4.1. For any function v € W (Q)NC!, assume that Pyv is the truncated Jacobi
projection of v defined by (4.4). Then for any r <min(k+1,1),

0= Pyol|m,p SH" ||tt]|m,p,  m<min(k+1,1), p=2,00,

(v—Pyo) (xi,y;) =0, | (0—=Pyo) (zo0) [ SH'[[ul|r,c0r

V(0—Po)(xi,yj) =0,  |9x(0—Pyo)(21)]+]3y (v—Pyo) (z2) | SH 1]l 1.0,
|03 (v—Pyv) (23)| + |97, (v—Py0) (24) ] + 0%, (0= Puo) (z5) | S B2 [0,

where 20 ER,z1 €EL,zp €EL, 23 € £8,2, € 5,25 € L.

(4.5)

5 Superconvergence analysis

In this section, we study the superconvergence properties of the C! Gauss collocation
method. Our analysis is along this line: We first prove that the numerical solution is
super-close to a special projection u; of the exact solution in the H2-norm, and thus shares
the same superconvergence properties of u; then we use the approximation properties
of ur and the supercloseness results between 1, and u; to establish the superconvergence
results of the numerical solution uy,.

5.1 Construction of a special projection u;

Define
Wy :={ve L*(Q) :v|r € Qeoa(x,y) =Pr_a(x) x Pr_s(y), TE Ty }- (5.1)
To construct the special projection u; € V}, superclose to uy, in the H?>-norm, we notice
that Biaﬁ(u [—uy) € Wy, and then use the homogenous boundary condition, (3.3) and the
orthogonality a(u—uy,0) =0 for any 6 € W), to get

Jup—up|5 S || Aup— D[
Sa(up—up, 0305 (ur—uy)) + ||up—uy|l

=a(up—u,0%0; (u—up)) +|Jug—uplr.
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In other words, to achieve our superconvergence goal, we need to construct a u; such
that the right-hand side term a(u —uy,0),0 € W), is of high order.
Define
uIZPhu—wh, (52)

where wy, € Vh0 is a function to be determined. Note that
a(u—uy,0)=a(u—Pyu,0)+a(w,,0).

Consequently, our ultimate goal is to design a special function wj, to correct the error
bound of a(u— Pyu,0). We also call w), the correction function.
The following theorem indicates the existence of the correction function wy,.

Theorem 5.1. Let u € W*1°(Q) is the solution of (2.1). There exists a wy, € V) such that
onllo.c0 SE™ 2D g y1 o, (l0nl 1,0+ Bll0n [12.00 SH 1] k41,000 (5.3)
Jwn (xi,7) |+ [V w0y (x3,97) | S P2 |1t |21 1,00 (54)
Furthermore, for any 6 € Wy, there holds
|a(u—11,0)] = a(u—Pyutwy,0)] SH?{|ull2s1,00[16]l0- (5.5)

The proof of Theorem 5.1 is given in the next subsection.

5.2 Superconvergence results

Thanks to the constructions of the correction function wj, and 1}, we are ready to present
the superconvergence results for the numerical solution u;,.
Define
C::uI—uh. (56)

Lemma 5.1. Assume that u € W*+1°(Q)) is the solution of (2.1). Then

17¢1lo SH*2 [ 2k 41,00+ (| Goxy llo+ |Gy l0)- (5.7)

Proof. First, we consider the following dual problem: Given any ¢ € [C!(Q)]?, let i be the
solution of the following dual problem:

—V-(aV)—B-Vip+yp=—V-{ in Q,

Pp=0 on dQ). ©8)

Using the integration by parts, for any v€ V), we have

(Vo,0)=—(v,V-0)=(0,~V-(aVy) = B-Vi+7¢)
=(=V-(aV0)+p-Vot+yv,p—P+),
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where 1 € Q) denotes the cell average of ¢, i.e.

_ 1
Ple= H/Tl/]dxdy‘

Since (—V-(aVv)+B-Vo+7v)Pp € Qi and the (k—1)-point Gauss numerical quadrature
is exact for polynomial of degree 2k—3, then

(=V-(aV0)+B-Vo+9v,) = (= V- (aV0)+B-Vo+90,¢) =a(v,), (5.9)
and thus
|(Vo, Ol Sh(lvxxllo+l[oyy o+ [0l +|a(o, )]
Shilloxxllo+logyllo+ o)1l +la(e, )|, YoeVy. (5.10)
Now we choose v=_¢ € V? in the above inequality and use (5.5) to obtain

[(VEDISHGxxllo+Gyy llo+ 1SN 1]l +[a(u—ur,p)]
ShlZxe o+ 1y lo+ 1) Nl +H*2 [tk 1,0 1 o,

where in the last step, we have used regularity result ||¢[/1 S ||V -C]=1 <||Z]|o. Since the
set of all such { is dense in L?(Q}), the above inequality indicates that

IVl Sh(llxx llo+ 1 Gyyllo) +H 2 [l aks1,00 (5.11)

for sufficiently small /. On the cher hand, note that for any fungtion veE Vo,aiv,i >11is
continuous about y satisfying 9;v(x,c) =09;v(x,d) =0. Similarly, 9;v,i >1 is a continuous
function about x satisfying aév(a,y) = a;v(b,y). Then

X

Ve (X,y) = /C.yvxxy(x,y)dy, Oyy (x,y)= /a Uyyx (x,y)dx.
By the Poincaré inequality,
|02 |0+ ||UyyH0 N ||Uxxy||0+ Hvyyx llo- (5.12)
Then the desired result (5.7) follows by substituting (5.12) into (5.11). O

Theorem 5.2. Assume that u € W12 (Q) is the solution of (2.1), and uy, is the solution of
(2.2). The following superconvergence properties hold true.

1. Supercloseness results between uj, and the special truncated Jacobi projection of Pyu in all
H?,H, L2-norms

141, = Pyta] 1+l 4y, — Pyaa] 2 SHH |1t 21,00, 513
< pymin (k+2,2k—2 (5-13)

| —Prullo S || 2k 11,000
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2. Superconvergence of the function value and the first-order derivative at nodes, i.e.
euntevun S|kt (5.14)

where

M N 2
ev,n:< NZZU o) xl,y])> , v=u,Vu.

3. Superconvergence of function value approximation on roots of J_. fi’z(x) T fi’z(y), ie.

1 z B
euji=| o7 L (u—up)?(z) | SHOERED |y . (5.15)
NMZGR

4. Superconvergence of first and second derivative value approximations on Lobatto and Gauss
line, respectively. That is,

evu) S Ul te0r g S| 1]| 211,000 (5.16)
where

€w,z=< Z Oy (u—up) 74’0)+I\[i Zay(u_”h)z(zl)> ,

¥ z0€€l y 2165;
2
eAu,g: Z axx u— uh ZO Z 8 M uh Z]) .
zoeé'g Z]Eg'g

Here Ny, Ny, My, My denote the cardinalities of 5}6,5;, ESE8, respectively.

Proof. First, by choosing v=¢ in (3.3) and using the orthogonality a(u—uy,0) =0,0 € W,
and (5.5), we have

||§xxy||%+ H‘:xyyH%g ||C|‘%+a(”_”1r‘§xxyy)
SEIF +H2 1l k41,00 | Exxy N0 (5.17)

where in the last step, we have used the inverse inequality ||Cxxyy o Sh ™| Cxyy [lo- Substi-
tuting (5.7) into (5.17), we have

”Cxxy”0+ ngyyHO Sthi?’H“HZkH,oor

which yields, together with (5.7) and (5.12) that

IVEllo SH* 2|1l ak1,00,
1812 S 1Exx llo+11Zyy llo 1> el 2k1,00-
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Since ¢ =0 on 0(2, we have from the Poincaré inequality,

1110 SHE I SH* 2 el 2k41,00-

Then (5.13) follows from (5.3) and the triangle inequality.
By (4.5), (5.4) and the inverse inequality, we get

| (u—up) (xi,y) | = | (P +-wp —up) (x3,y5) —wn (x3,y)) |
Sh_l HgHO,Tm‘ +h2k_2 HuHZk—&-l,ooz

and thus
eun SIENo -+ 72| 2k 1,00 SHH 2|11 2841, 0-

Following the same argument, we have from (4.5) and (5.3)-(5.4) that
evun SIVENo+r 2 [utl|2t41,000
e SIEllo+ A2 gy,
evut SIVE o+l [0+ 1]l k12,00,
enug SN2+ 1w ll2.00+HE 1]l 42,00-
Then (5.14)-(5.16) follow from the estimates of ||¢||,,,m <2. This finishes our proof. O
For k>4, we have the following point-wise superconvergent error estimates.

Corollary 5.1. Assume that u € WH+1°(Q) is the solution of (2.1), and wy, is the solution
of (2.2). Then for sufficiently small h,

| (=) (2)| SHF2max (1,14 Inh2 ) [[u] g 1,00,

|02 (11— 143) (20) |+ 19y (1 —143) (20) | SHH || 21,000

0% (=) (22) | 405, (u—1y) (z3) |+ [0, (e — ) (za) | SH* |l 2k 1,00
withz€ R,z €EL,z1 €EL 20 € ES,23€ ES,z4€ L.

Here we omit the proof and refer to [12] for the same argument.

5.3 Proof of Theorem 5.1

To construct the correction function wy, € V satisfying the conclusion of Theorem 5.1, we
first note that, from (4.3)-(4.4),

(u—Ppu) (x,y) |, = Z Z ”Pq]lp (y)=(E*u+E"u—E"EYu)(x,y), (5.18)
p=k+1q=k+1
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where

E 'xy ’71] Z Zupq]lp )

p=k+14=0
Eyu 'x y ’71] Z Z qujlp ]]yq )
p=0g=k+1
EYEXu(x,y) |y = Z Z Upglip(x ]]yq y).
p=k+1q=k+1

It has been proved in [12] that the term EYE*u is of high-order, i.e.
|E"E¥ut o+ BBt 1 PP E*EYt o SHE i1, OSISKHL (519)

Then
a(u—Pyu+wy,0)=a(E*u,0)+a(EYu,0) +a(wy,0)+O (K1) 0].

In other words, the key ingredient in the proof of Theorem 5.1 is to design a correction
function wy, to improve the error bound a(E*u,0)+a(EYu,0). In the rest of this subsection,
we separately construct a function wj and wZ such that w, =wj, +wz and both the errors
a(E*u+w?,0) and a(EYu+wj,0) are of high-order.

5.3.1 Construction of the function w;, for a(E*u,0)

We begin with some preliminaries. First, let
L1:=—adyy+B-V+7y, Lo:=—ady+pr0y+7. (5.20)
Second, we denote by
Bf =[xi_1,xi] x[c,d], i€Zpy,
B]y: a,b] x [xj—1,%]], jE€ZN

the element band along the x-direction and y-direction, respectively. Denoting h} = x;—
x,-_1,h]y =yj—yj-1and (u,0), x and (4,v), v the (k+1)-point Gauss numerical quadrature
i Tj

on 7' and ij , respectively. That is,

MU*T": Z m/y 1m’ Z uov) XGy ;Vm'

where G¥, and wy, denote the Gauss points and corresponding Gauss weights over 7;*.
Similarly for Gjy, ., and w]y, .
For any p >k, we denote by Zjv € P, NCO the interpolation function of v satisfying

I;,‘v|qx(fom,y):v(fom,y), meZy 1, YyeE|cd. (5.21)
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Third, we define
W :={o(y) eC'([e,d]) IZ)|ij eP(y),v(c)=0v(d)=0,j€Zn}. (5.22)

Lemma 5.2 ([11]). Given any smooth function g, assume that v(y) € WZ is the solution of the
following problem:

Mz

(2,0), Y veeﬂ?k,z(rjy). (5.23)

N
L
=1 j=

Then v(y) is well defined. Moreover, there holds

[uy

HaanOw [c,d] ~ S Hang“Ow [c,d] \V/Tlgk. (5-24)

Now we are ready to construct the correction function wj. Given any /, where 1 </ <
k—2, we define a sequence of function w; €V}, for 1 <[ <k— 2 as follows:

k-2
axxwl|3;c: Zc;p(y)L,-,p(x), axwl(xi,y):O, i€Zy, wl(a,y)zo, Vye[c,d], (525)
=

where L; ,(x) denotes the Legendre polynomial of degree p on 7", and Cf/p(y) ePi(y) is
the solution of (5.23) with the right-hand function

2p+1 .

ah? (EE"u,Li,p)*’TiX, if 1=1,

C=Cip¥):=1 0piq (5.26)
phx (LrwiLi), o i 1<I<k=2.

Using (5.25) and properties of Legendre and Lobatto polynomials in (4.1)-(4.2), we have

sl — [ ddx—"1 Y d
xwl‘Bf— . xx Wi X—? Zci,p71<y)¢i,p(x)/ (5-27)
i-1 p=2

wl’B"_/ d wldx__ / 4)12 dx+< ) chp 1 ]1p+1( ) (528)

Here ¢;,, ], separately denotes the Lobatto and Jacobi polynomials of degree p on 7.
We have the following properties for the specially defined functions w;, 1 <I <k-2.

Lemma 5.3. Let w;,1 <[ <k—2, be the sequence of functions defined by (5.25)-(5.28). If u €
W2k1eo(Q)), then

Ha;c;puo,wghmHaguum%m, m§yl,p:max(2k—2—p,k+l—1), Vn (5.29)

with cf,p the same as that in (5.25). Consequently,

|y (21, y7) |+ [V aor (x2,97) | SH* 72 u]| 241,000 (5.30)
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IVarlloo SH k1,000 (1020l 0 (5.31)
with m' <min(k+1+1,2k—2).
The proof of Lemma 5.3 is given in the Appendix, see Section A.2.
Define
wi (x,y): Zwl X,Y)- (5.32)

Proposition 5.1. Let u € W2+1* pe the solution of (2.1), and wy; € V), be defined in (5.32),
(5.28). Then

|la(E¥u+w},0)| SH* 2|l ks 1,00]0ll0, VO E Wy (5.33)
Proof. First, note that any function 6€ W), can be decomposed into two terms, i.e. 0==0y+6;
with
01]7 € (Pr—2(x)\Po(x)) xPx_2(y), 0olr €Po(x) x P2 ().
By letting 61 =L; ,(x)v(y),q=1,2,...,k—2,v,(y) €PPx_»(y) and using (5.23), (5.26) and the

fact that the k—1 point Gauss numerical quadrature is exact for polynomials of degree
2k—3, we get for all 1 <I <k—2 that

(L )o),

k=2
axx /9 *,T ! ’ Ll ’L *, T
& (0xx 1,015, “};(Cl,pQ/) v(]/)) ( prLig)s 2q+1 T

ah? @ o) (LE*u61), . y if =1,
_2q+1 l(/]/ *le (Elwlfllel)*f(i,jl lf 1<l§k_2«

Consequently,
k=2
‘a(E"u%—wﬁ,(h) ‘ = ‘ (EEXM,Gl)*—F Z(—ocaxxwl,()l)*+(£1w1,61)*
I=1

= (Lywi—2,01 )| SH* 2|11l 21,0016 -

Here in the last step, we have used (5.31).
On the other hand, for all 6y€IPo(x) xPx_»(y), we use the property of Gauss numerical
quadrature to obtain that

k—2
(Exu—i—wh,é)o) (,CE u 90) Z(Ewl,Go)*
=1

S~

k-2
(IZk 3Dk 3LE U 90) Z( 2k— 3£wlf90)221i'
1=1 i=1
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where

L= (T, Ty s LE u—LE"u,6)), L= (LEw,60),
k=2 k=2
L=Y (T} _,Lw—Lw,b) Iy=Y (Lwy,6p).
=1 I=1
We next estimate I;,i <4, respectively. Note that the function E¥u(-,y) € C1(+,y) is contin-
uous about y and there hold (see [12])
I E 0(x;,y) =0, 9% E0LPro(x), 0yEv(x,y)
| E*0l|o,m +h||0xE*

=E* (E)gv), Vn,
0] T 12|03 E*

(5.34)
0l SH 1011 1 <k+1. (5.35)
Then
W ulle2 )00, if k=3
L|=|(LE"u,00)|=|(L2E"u,6p)| < + ’
il ) =] (caetno0)| < { e
By the approximation property of interpolation function 7%, _,, T,

2k—3rLo_3 We have

| <SP LE*ul 22160 lo < P2 ]2 6o lo
Similarly, in light of (5.31), we get

|I3] SH2 (10552 Laon]| 180 llo S I [l 2k1,00]180 [0

As for Iy, we use the integration by parts, (5.29), (5.28), and the fact that [, LIPg(x),n >5
to obtain that

k—1
| L=

k—2
Y (Lowy,0)
=

§

2k

M

3 (W ach 1202l ) €1
1i=1

2|/l 2k51,00]160l0-

We combine all the estimates of I;,1 <i<4 together and then get

|a(E*u+w,00) | SH*2| ]| 11,001 60 o
Consequently,

(E*u+wi,0) =a(EXu+wi,00+01) SH* 2 ||ullakr1,00]10]0, YOEW,

This finishes the proof of (5.33). The proof of Proposition 5.1 is complete
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5.3.2 Construction of the function w; for a(EVu,0)

Following the same argument, we can define a sequence of function @w; €V}, 1<1<I<k—2
on the element band B]V. Noticing that 9,,@| ;v € Px_»(y), we define @; as follows:
]

k=2
ayyzbl]Bly:Z:ldé,p(x)Lj,p(y), 0y (x,y;) =0, je€Zy, @ (x,c)=0, Vx&[ab], (536)
p=

where dé-,p (x) €Px(x) is the solution of the following equation:

M M
=Y (0,0)e =Y ({,0)s, VOEP2(T), v(a)=0v(b)=0 (5.37)
i=1 i=1
with 2p41
P : _
T ([,Eyu,Lj,p)*,ij, if 1=1,
{=0,)=3, "
’ 2p+1 . - .
Zhy ((@Dex 8-Vt L), o i 1<I<k=2
]
Define
k=2
wy (x,y):= Y w(x,y). (5.38)
=1
By the same argument as what we did in Lemma 5.3 and Proposition 5.1, we have
@1 (xi, ) |+ IV @1 (xi,y7) | SH 2| 2k 1,000 (5.39)
V0,00 SHE |14 261 000 05701 oo SH™ (|05 ]] o0 (5.40)
|a(EYu+w,0) | SH* 21|k 1,00]10lo (5.41)

with m <min(k+1+1,2k—2).

5.3.3 Construction of w;, and proof of Theorem 5.1

Now we define the correction function wy, € Vh0 as follows:

—C

X—a
wy(x,y) = (wi+w0}) (xy) — 7 — Wi (by) = 5—wy (x,d),

QU

where wﬁ,wz are defined by (5.32) and (5.38).
We are ready to prove Theorem 5.1.

Proof. First, by the first equation of (5.29) and the definition of wj in (5.32) and (5.25),
we get
wj (x,¢) =wj (x,d)=wj(a,y)=0, Vxelab], yeclcd].
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Similarly, there holds
w; (a,y)=wj (by)=wj(x,c)=0, Vx€[ab], yeElcd.

Then
wp(x,y) =0, V(x,y)€.

Second, in light of (5.25), (5.27)-(5.28) and the estimates of Cg,l in (5.29), we have

| Luwj; (b,y)| = SHH 72 || a1 0-

hx k—1 b
TMzﬁzclM,l(y)/u Pm2(x)dx
=1

Following the same argument, there holds
| Loy (x,d) | SH2 ]| 211,00-

Consequently, by denoting

n(x,y) = T (by) + o) (xd),
we have
1L |00 S| Le0ji (b,y)] + | Lav)y (x,d) | 2]l 2841 c0-
Then for all 6 € W,

|a(@3,8) | S | Lnlool10ll0 SH* 2|1t 141,00 1610,
which yields, together with (5.33), (5.41) and the estimate of E*EYu in (5.19) that
|a(u—Pyu+wy,0)|=|a(E*u+wy,0) +a(E'u+w),0) —a(EYE*u,0) —a(wy,0)|
SH2 || ages1,00 /160

The proof is complete. U

6 Numerical experiments

In this section, we shall present some numerical examples to verify our theoretical find-
ings in previous sections. The C!-conforming Gauss collocation method is adopted for
solving the convection-diffusion equation (2.1) with k= 3,4,5. Non-uniform meshes of
M x N rectangles are obtained by randomly and independently perturbing each node in
the x- and y- axes of a uniform mesh as

. 1 .
xX;j= ﬁ%—sﬁsin <%> randn(), 0<i<M,

I L (T <j<
y]—N—i—stm<N>randn(), 0<j<N,
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where randn() returns a uniformly distributed random number in (0,1). For simplicity,
we always choose M= N and £=0.001 in the following experiments.

We shall measure various errors between the exact solution # and the numerical so-
lution uj, as defined in Theorem 5.2, including e, , (i.e. the function value error at mesh
nodes), ey, , (i.e. the gradient value error at mesh nodes), e, ; (i.e. the function value
error on roots of . fi_z(x) Je. fi_z(y)), eyy, (i.e. the gradient value error on the Lobotto
lines), and epy¢ (i-e. the second-order derivative error on the Gauss lines). Errors be-
tween u;, and the special truncated Jacobi projection P,u in all L?, H!, H?-norms are also
presented.

Example 6.1. We consider the problem (2.1) in Q= (0,1) x (0,1) with the following con-
stant coefficients:

a=vy=1, B=(1,1).

The right-hand side function f(x,y) is chosen such that the exact solution is

u(x,y)=xy(1-x)(1-y)e .

To test the superconvergence phenomena of uj, we present in Table 1 various ap-
proximation errors of u—uy, for k=3,4,5. We observe that both convergence rates of the
function value error (i.e. e,,) and the gradient value error (ie. ey, ,) at mesh nodes
are O(h*~2). Moreover, the convergence rates of average errors e, j, ey, ; and €Au,g can
reach O (pmin(k+22k=2)) O(1*+1), and O(K*), respectively. All these numerical results are
consistent with the theoretical results established in (5.14)-(5.16).

Table 1: Errors, corresponding convergence rates of u—uy, for k=3,4,5 in Example 6.1.

M Cun eVu,n €u,J eVu,l €Aug
Error |Order| Error |Order| Error |Order| Error |Order| Error |Order
2 | 8.60e-04 - 2.09e-03 - - - 2.17e-03 - 1.32e-02 -
3 4 (4.21e-05| 4.35 |1.11e-04| 4.23 - - 1.47e-04 | 3.88 |1.40e-03| 3.24
8 | 2.28e-06 | 4.22 |7.66e-06| 3.86 - - 9.93e-06| 3.89 |1.67e-04| 3.07
16 | 1.33e-07 | 4.09 |5.21e-07 | 3.87 - - 6.48e-07 | 3.93 |2.06e-05| 3.01
2 | 5.13e-06 - 3.00e-05 - 3.22e-06 - 8.79e-05 - 6.10e-04 -

4 16.17e-08| 6.39 |4.37e-07| 6.11 |4.93e-08| 6.04 |3.11e-06| 4.83 |3.18e-05| 4.27
8 18.33e-10| 6.21 |6.69e-09| 6.03 |7.71e-10| 6.00 |8.87e-08| 5.13 | 1.94e-06| 4.04
16| 1.21e-11| 6.11 |1.04e-10| 6.01 |1.21e-11| 6.01 |2.70e-09| 5.05 |1.18e-07| 4.04
2 | 3.12e-08 - 1.27e-07 - 6.26e-08 - 2.33e-06 - 1.90e-05 -

4 |11.21e-10| 8.01 |4.98e-10| 8.00 |4.82e-10| 7.03 |3.43e-08| 6.09 |541e-07| 5.14
8 |4.70e-13 | 8.01 |1.96e-12| 798 |3.75e-12| 7.00 |5.62e-10| 593 | 1.66e-08| 5.03
16 | 1.75e-15| 8.08 |7.78e-15| 8.00 |2.92e-14| 7.02 |8.82e-12| 6.00 |5.18e-10| 5.01
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Table 2: Errors, corresponding convergence rates of uy, —Pju for k=3,4,5 in Example 6.1.

i | g L Mmn=Pnllo ||y, — Pyul|y ||, — P2
Error Order Error Order Error Order
2 | 3.04e-04 - 2.14e-03 - 2.34e-02 -
3 4 | 2.87e-05 | 3.40 | 1.79¢-04 | 3.57 | 3.16e-03 | 2.89
8 | 1.93e-06 | 3.90 | 1.19e-05 | 3.92 | 4.16e-04 | 2.93
16 | 1.23e-07 | 3.96 | 7.58e-07 | 3.97 | 5.27e-05 | 2.98
2 | 4.03e-06 - 2.26e-05 - 2.33e-04 -
4 4 | 7.62e-08 | 5.73 | 5.62e-07 | 5.34 1.23e-05 | 4.25
8 | 1.25e-09 | 5.93 | 1.48e-08 | 524 | 7.29¢-07 | 4.08
16 | 1.99e-11 | 599 | 4.37e-10 | 5.09 | 4.47e-08 | 4.03
2 | 2.80e-08 - 2.81e-07 - 7.40e-06 -
5 2.47e-10 | 6.82 | 4.89e-09 | 5.85 | 2.13e-07 | 5.12
8 | 1.81e-12 | 7.09 | 8.37e-11 5.87 | 6.60e-09 | 5.01
16 | 1.33e-14 | 7.10 1.35e-12 | 597 | 2.07e-10 | 5.01

Listed in Table 2 are the errors of u, —Pyu in all L%, H! and H?>-norms. As we may
observe, the convergence rates for errors ||uy—DPyut|o, ||[uy—Pyullr and |uy —Pyu||» are
O (hmin(k+22k=2)y O (Bk+1) and O(KF), respectively. These results verify the convergence
orders predicted in (5.13). In other words, the C!-conforming Gauss collocation solution
uy, is superconvergent towards the particular Jacobi projection Pyu of the exact solution u.

Example 6.2. We consider the problem (2.1) in Q=(0,1) x (0,1) with variable coefficients
of two cases

Case 1: Continuous a with a(x,y)=e"V.

1, 0<x<03, 0<y<l,

Case 2: Piecewise continuous a with a(x,y) =
4, 03<x<1, 0<y<l.

In both cases, the coefficients 3,7y are taken as
Blry)=(yxy?), v(xy)=2xy.
The right-hand side function f(x,y) is chosen such that the exact solution is
u(x,y) =sin(mx)sin(my).

Presented in Tables 3 and 4 are various errors and corresponding convergence rates
of u—uy, with k=3,4,5 in Cases 1 and 2, respectively. Just the same as that for the constant
coefficient problem in Example 6.1, we observe a convergence order of O(h*~2) for the
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errors e, , and ey, ,, and a convergence order of O(h™in(k+22k=2)) for ¢, ;, and O (K<)
for ey, ;, and O(hk) for eay,q, which indicates that all the theoretical findings in (5.14)-
(5.16) are also valid for variable coefficient problems and piecewise constant coefficient
problems.

Table 3: Errors, corresponding convergence rates of u—uy, in Example 6.2 (Case 1) with k=3,4,5.

Cu,n

€V u,n

€u,J

evu,l

CAug

Error

Order

Error

Order

Error

Order

Error

Order

Error

Order

1.17e-02
4.74e-04
2.51e-05
1.46e-06

4.63
4.24
411

6.63e-03
8.05e-04
4.97e-05
3.08e-06

3.05
4.02
4.01

1.46e-02
9.33e-04
5.59¢e-05
3.51e-06

3.98
4.06
4.00

5.95e-02
4.42e-03
4.79e-04
5.88e-05

3.76
3.21
3.03

1.48e-05
4.06e-07
6.17e-09
9.2%-11

5.19
6.03
6.07

1.10e-06
3.13e-06
5.26e-08
8.41e-10

—1.51
5.89
5.98

1.20e-04
2.11e-06
3.39e-08
5.33e-10

5.83
5.95
6.00

1.11e-03
3.56e-05
1.18e-06
3.51e-08

4.96
491
5.08

4.32e-03
2.09e-04
1.07e-05
6.47e-07

4.37
4.2
4.06

16

1.11e-06
2.71e-09
8.87e-12
3.25e-14

8.68
8.26
8.11

9.01e-07
5.87e-09
2.38e-11
9.34e-14

7.26
7.95
8.00

2.69e-06
2.19e-08
1.73e-10
1.36e-12

6.94
6.99
7.01

5.46e-05
8.59%e-07
1.57e-08
2.46e-10

5.99
5.78
6.01

2.59e-04
6.70e-06
1.98e-07
6.07e-09

5.27
5.09
5.03

Table 4: Errors, corresponding convergence

rates of u—uy in Example 6.2 (Case 2) with k=3,4,5.

Cun

eVu,n

u,]

evu,l

CAu,g

Error

Order

Error

Order

Error

Order

Error

Order

error

Order

1.16e-02
4.74e-04
2.51e-05
1.46e-06

4.62
423
4.11

5.41e-04
7.65e-04
4.79e-05
2.97e-06

—-0.50
3.99
4.02

4.33e-02
2.44e-03
1.47e-04
8.45e-06

4.15
4.05
4.13

4.44e-01
4.96e-02
5.52e-03
6.62e-04

3.16
3.17
3.06

1.10e-05
3.68e-07
5.71e-09
8.56e-11

4.90
6.01
6.06

6.72e-06
3.08e-06
5.14e-08
8.19¢-10

1.13
5.90
5.97

1.25e-04
3.68e-06
6.67e-08
1.07e-09

5.09
5.78
5.97

3.39e-03
1.26e-04
4.14e-06
1.37e-07

4.76
4.93
4.92

5.15e-02
3.62e-03
2.42e-04
1.53e-05

3.83
3.91
3.98

16

1.18e-06
2.77e-09
9.10e-12
3.30e-14

8.72
8.26
8.12

7.80e-08
3.01e-09
1.47e-11
7.56e-14

4.69
7.68
7.62

4.10e-06
3.08e-08
2.46e-10
1.90e-12

7.05
6.97
7.03

1.97e-04
2.92e-06
4.13e-08
6.36e-10

6.07
6.15
6.03

3.37e-03
8.59e-05
2.55e-06
7.62e-08

5.29
5.08
5.07
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Table 5: Errors, corresponding convergence rates of u;, — P,u in Example 6.2 (Case 1) with k=3,4,5.

i | m L Nun—Prullo [t — Pt 1 [, — Pyu|2
Error Order Error Order Error Order
2 | 4.34e-03 - 2.35e-02 - 1.79e-01 -
3 4 | 3.26e-04 | 3.74 | 1.71e-03 | 3.78 | 2.52e-02 | 2.83
8 | 2.15e-05 | 3.92 | 1.12e-04 | 3.94 | 3.26e-03 | 2.95
16 | 1.36e-06 | 3.98 | 7.05e-06 | 3.99 | 4.10e-04 | 2.99
2 | 9.91e-05 - 6.68e-04 - 8.24e-03 -
4 4 | 2.00e-06 | 5.63 | 2.06e-05| 5.02 | 5.30e-04 | 3.96
8 | 3.41e-08 | 5.87 | 6.47e-07 | 499 | 3.34e-05| 3.98
16 | 5.45e-10 | 598 | 2.02¢-08 | 5.01 | 2.10e-06 | 4.00
2 | 2.56e-06 - 3.30e-05 - 6.57e-04 -
5 4 | 213e-08 | 690 | 5.67e-07 | 586 | 2.17e-05 | 4.92
8 | 1.73e-10 | 6.95 | 9.17e-09 | 596 | 6.97¢-07 | 4.96
16 | 1.36e-12 | 7.00 | 1.44e-10 | 6.00 | 2.19e-08 | 5.00

Table 6: Errors, corresponding convergence rates of u;, — P,u in Example 6.2 (Case 2) with k=3,4,5.

i | m L Nun—Prullo [t — Pt 1 [, — Pyu|2
Error Order Error Order Error Order

2 | 4.41e-03 - 2.36e-02 - 1.72e-01 -

3 4 | 329e-04 | 3.74 | 1.69e-03 | 3.80 | 2.32e-02 | 2.89
8 | 2.16e-05 | 3.93 | 1.10e-04 | 3.95 | 2.96e-03 | 2.97
16 | 1.36e-06 | 3.99 | 6.89e-06 | 4.00 | 3.70e-04 | 3.00
2 | 1.02¢-04 - 6.85e-04 - 8.39¢-03 -

4 4 | 2.01le-06 | 5.68 | 2.05e-05| 5.07 | 5.18e-04 | 4.02
8 | 3.37e-08 | 5.90 | 6.34e-07 | 5.01 | 3.26e-05| 3.99
16 | 5.35e-10 | 598 | 1.97¢-08 | 5.01 | 2.04e-06 | 4.00
2 | 2.38e-06 - 3.11e-05 - 6.22e-04 -

5 4 | 2.01e-08 | 6.88 | 5.35e-07 | 5.86 | 2.04e-05 | 4.93
8 | 1.63e-10 | 6.96 | 8.63e-09 | 596 | 6.55e-07 | 4.97
16 | 1.28e-12 | 7.00 | 1.36e-10 | 6.00 | 2.06e-08 | 5.00

To demonstrate the supercloseness between u;, and Pj,u for variable coefficient prob-
lems, we present in Tables 5 and 6 the errors of uj, —P,u under L2,H', and H?-norms.
Again, we see that the convergence rates for ||uy — Pyu||;;,0 < m <2 are O (pmin(k+22k-2)),
O(K+1),O(K¥), respectively. These results are consistent with the theoretical findings
in (5.13).
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7 Conclusion

In this work, we have studied superconvergence properties of C!-conforming Gauss col-
location methods for two-dimensional elliptic equations. A unified approach has been
presented to prove that: The C! Gauss collocation solution is (2k—2)-th order of su-
perconvergence in the function value and first-order derivative value approximations at
mesh nodes; and (k+2)-th order of superconvergence at roots of the Jacobi polynomial
Ji. fi_z(x) QJ. fi_z(y), and (k+1)-th order of superconvergence in the first-order deriva-
tive at Lobatto lines; and k-th order of superconvergence in the second-order derivative
at Gauss lines. An unexpected discovery is that the superconvergence of the first-order
derivative at mesh points can reach as high as 2k—2, which almost doubles the optimal
convergence rate k. The superconvergence points for the second-order derivative approx-
imation are novel. As we may recall, all the superconvergence results are similar to these
for the counterpart C! Petrov-Galerkin method.

Comparing with the traditional C° Galerkin method, the major gain of the C! Gauss
collocation method discussed in this work is the (2k—2)-th convergence rate in the first-
order approximation at nodes and k-th convergence rate in the second-order approx-
imation at Gauss lines, with the sacrifice of function value convergence rate at nodes
dropping from 2k to 2k—2.

Appendix A

In this section, we give the proofs of some lemmas used in the paper.

A.1 Proof of Lemma 3.1

Proof. Let
k-1
IT:/vvxxyydxdy— Y (00xxyy) (Srn) Wi
T

m,n=1
Denote G;,w;,i <k—1 be the k—1 Gauss points and the wights in [—1,1]. By the error of

Gauss numerical quadrature (see, e.g. [20, p. 98 (2.7.12)], we have

1 k—1 _ 22k—1[(k_1)!]4 3 B 3
[ S (o5 = ) f(Giwi= D@ O)=ad (),

where 0 € (—1,1) and
221 (k—1)1)*
(2k—1)[(2k—2)1]3"

Ck = (Al)
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Then

k—=1k-1

Z if Gl,G Wwiw;

i=1 j=1
1

/_ 11 /_ 11 F(s,t)dsdt —
k

it k-1 1 k-1
:/l</lf(s,t)ds—2f Gi/t)wi> dt+ ) w </1f(Gi’t)dt_Zf(Gi/Gj)wj>
- a i=1 - ]:1

i=1
1 1
=a [ D20, 0dte, | (s )ds— (022,

where 6,, 1 are some points in (—1,1). Consequently, by scaling from (—1,1) to 7*:=
(x;_1,%;) and ij := (Yj-1,y;), there exist some ;,0; € (x;_1,%;),7; € (yj—1,y;) such that for
allt= Ti,j

k—1 k-1

IT:/(vvxxW)(x,y)dxdy— Yo Y (voxeyy) (87n) W,
T m=1n=1
Yi Xi -
=ci [ R wvun) @)y el [ mg) (om)dx— T,
-1 i—1
where
2k—1 2k—1
i Yi—Yi
cf:ck<lTll> , C]y:ck< Y ) ,
(A2)
- 0¥ =4 (vvyyyy) P \?
= Y xxXyy Y N
1,]_C§CC]‘W(CZ/U]) cic; (axkayk> (Cimj) >0
Consequently,
M N
I(v ZZIT1]<ZC / 92 (V0rayy) (63, dy+Zc / 972 (V0xayy ) (x,17)dx
i= 1]

o1y N y ak—l—lv
:_Z /<8xk8y> “wdy_.ch'/u <8x8yk> (x17j)dx <0.
j=

1
Here in the second step, we have used the integration by parts. Similarly, let
k—1
Jo= /TA(vvxxyy)dxdy— Y (D00yy) (&) W
mn=1
By using the error of Gauss numerical quadrature in (A.2), and the equation
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and a scaling from (—1,1) to 7*:=(x;_1,%;) and ij :=(yj-1,y;) again, we get forall T=1; ;,

Yi
Je=c} /
Yi—1
T,
with ;€ 7,7, € ij being some constants. Consequently,

= Z]TZO-

T€Ty,

02 (Avvsxyy) (01y)dy+c] / 07 (D0vxyy ) (x,77)dx

Xi-1

(dka0(6 i,y))zdy—i—/xi (agaxv(x,nj)dx)zdxzo
Xi-1

]=

As for the Gauss numerical quadrature error E(v), we use (A.2) again to obtain

Eo)= L (s [ (05050) (50u0) @uy+lpr [ (o4p2e) (4pc) (e

T1/€7;1 -1

Y
c¥ vj ciB1 pxi
=Y < 152/ : ay(al;ayv)z(@i,y)dy+]7/ ax(afaxv)z(x,iyj)dx>

Yi-1 Xi_1

Y
cf d N ¢ B b
= fz (asayv)z(ei’y)b:c_'_Z ]2 (a]];axv)z(x’rl]')‘x:a’
] i=1

where Cf,c]y are the same as that in (A.2), and f(s) |2, =f(s2) — f(s1). By using the inverse
inequality, we have

|(850,0)* (61,0) | Sh /x . / (0%0,0) dxdy < h=2+2 /x . / (020,0) dxdy.

Similarly, there holds
yi b yi b
|@50:0) )| 072 [ [ (@haw0) axdysn 22 [7 [ (3300)"axay.
Yji—1Ja Yji—1va

Substituting the above two inequalities into the formula of E (v) yields

’E@)’rsh(”vxyy”%‘f’ HvxxyH%)'

The proof is complete. U

A.2 Proof of Lemma 5.3

Proof. We only prove (5.29) for n=0. The same argument can be applied to any positive n.
First, by (5.26) and the fact that (k—1)-point Guass numerical quadrature is exact for
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polynomial of degree 2k—3, we have

ahy X
(2p+1)51p( ) (I§k73fp£Exu’Li/P)*,TiX /x (IZk 3— p‘CE u)(x ]/) lp( )d

i—1
:/ [ EExu(x,y)Li,p(x)dx—l—/ I§k737p£,Exu—£,Exu)(x,y)Li,p(x)dx
Xi-1 Xi-1
:]1 +Il.

As for J;, we have, from the integration by parts and the fact that 0y E*u LPy_5(x)

Ji= / LoE*u(x,y)L;,(x x——/ B1E u(x,y)pipy1(x)dx

Using the estimate of E*u in (5.34)-(5.35) and the fact that E*u LIP;_4(x), there holds

|| LoE*u||,  +H | E¥ulloe, if k—3<p<k-2,
11llo,00 S S H2IIE* 1] 0,00, if p=k—4,
0, if p<k—4.

On the other hand, by the approximation property of the interpolation function,
11 llo,0 <h|| 5, LEXu—LE ul| SH" Y LE* ul|meo, k<m <2k—2—p.
Consequently,

et Ml S 1200 SH2 (U oo+ 11 oo SH™ [tllm2e

for k <m <2k—2—p. Noticing that 2k—2—p >k, then (5.29) holds true for / =1. This
finishes the proof of (5.29) for k=3.

When k >4, we use the method of mathematical induction to prove (5.29). We first
suppose (5.29) is valid for all i </—1 and then show that it also holds for / with 2 </ <k—2.
By (5.26) and the error of Gauss numerical quadrature, we have

“hicgfp i A
2p+i :/x l(£1w1_1)(x,y)Li,p(x)dx—ck (j) oy “(Liwi—1Lip)(oiy) =]+,

i—

where ¢, is given in (A.1), and p; is some point in 7*. We next estimate I and ], respec-
tively. Since £yw;_1L;, €IPx_»(x) for all p<k—2and dY'L;,=O(h™™), we have

B Laei il llger i p=k=2,

Illo.0o <HZ110F (Lq20;_1 )0 2L <
Tlloo SH* |0k (L1201-1)9Lipllg o0 S 0, if p<k-2.
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When it comes to ], we have that, from (5.27) and the integration by parts,

Xi

J= (L1wi-1)(x,y)Lip(x)dx

Xi-1

hx rx "X
== ax(ﬁzwlfl)(xf]/)4>i,p+1(x)dx+/31/ dxw;—1(x,y) Lip(x)dx
Xi-1 i

xk2

hx 2k—-2
( ) Zﬁzc /x 4’zq+14’1p+1 dx"‘ﬁl ZC / ‘quHLlp)( )dx.

By the properties of Legendre and Lobatto polynomials, we get

llowSE Y [1Lach ot X lleh oo (A.3)
9=p,p+2,p-2 g=p—1,p+1

and thus

I¢ipllo e SH (1 llo0 11 ll00)

Sty e ot X ey low it allo, 00002
q=p,p+2,p—2 g=p—1,p+1

where J; ; is the Kronecker delta with value 1 when i =j and 0 otherwise.
Noticing that p; 1, 1 > p;—1,+1, by the inductive hypothesis, there holds for any
m1 € [0,41-1,p—1],m2 € (0,41 -1,p11] that

h Z H H()ooth1+lHuHml-‘rZOO_"hmz—i—l||u||m2+200
g=p—1,p+1

S 1]y 42,00 = h" [ 14] 1,00, (A4)
where
m' =my+1<1+p 1,11 =1+max(2k—p—3,k+1-2)=p; ,,.
Similarly, there holds for any m; € [0,4;_1,,—2],m2 € [0, 41_1,p42] such that

WY 1Laci g SHM P Loty 42,00+ 2| Loty 2,0
g=p—2,p+2

SH 210ty .00 = 1™ 1]l 2,000 (A.5)
where
m' =my+2 <24 p_1 prp=max(2k—p—2,k+1) € [y, 1, p+1].

Following the same arguments, there holds for any m <p; 1 , such that

12| Cach, oo SH 21 Cattl 2o SH™ 2 1t oo SH™ |l 20 (A6)
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with
m' =my+2<2+p;_1, =max(2k—p,k+1) € [y, p1,p-1+1].
Combining (A.4)-(A.6) together yields

Hcf‘,pHo/ooghmHuHm-l-Z,OOI VPEZk,Z, m< Hip-

In other words, (5.29) is also valid for I. This completes proof of the induction for k> 4.
By (5.27)-(5.29), we have

X

1

h _
dxt1(x1,y;) =0, [dywi(xiy;)| = 33305,1(%') SH 2 ulpke, n=0,1.

Then (5.30) follows. By choosing m =y, in (5.29) and using (5.27)-(5.28), we obtain the
desired result (5.31) immediately. The proof is complete. O
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