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Abstract

In this paper, we propose two families of nonconforming finite elements on n-rectangle
meshes of any dimension to solve the sixth-order elliptic equations. The unisolvent property
and the approximation ability of the new finite element spaces are established. A new
mechanism, called the exchange of sub-rectangles, for investigating the weak continuities
of the proposed elements is discovered. With the help of some conforming relatives for the
H?® problems, we establish the quasi-optimal error estimate for the triharmonic equation
in the broken H® norm of any dimension. The theoretical results are validated further by
the numerical tests in both 2D and 3D situations.

Mathematics subject classification: 65N30.
Key words: Nonconforming finite element method, n-Rectangle element, Sixth-order ellip-
tic equation, Exchange of sub-rectangles.

1. Introduction

Sixth-order partial differential equations have been widely used to model various physical
laws and dynamics in material sciences and phase field problems [6,11]. Owning such a sig-
nificance in these areas, however, methods for solving the sixth-order equations are insufficient
and less studied compared with the lower-order equations from both theoretical and numerical
aspects. From a practical point of view, nonconforming finite element method is one of the
frequently desired numerical methods for high order partial differential equations. In terms of
solving sixth-order equations, the usage of nonconforming spaces allows us to avoid the require-
ment of C%-continuity which causes high complexity for the implementation. Having a smaller
set of degrees of freedom (DoFs) and a shrunken space of shape functions, yet the noncon-
forming finite elements should conceivably possess some basic weak continuity properties [20]
to preserve the convergence of the numerical solutions. Therefore, the design of such exquisite
finite element spaces can be challenging for certain problems, especially in high dimensional
situations.

Starting from the solving of fourth-order equations, there are several well-known noncon-
forming finite elements like the Morley element and the Zienkiewicz element designed on two-
dimensional simplicial meshes. A similar idea was then applied to high dimensional case [21],
which generalizes the Zienkiewicz element to n-dimensional simplexes where n > 2. Further,
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Wang and Xu [23] proposed a family of nonconforming finite elements on simplexes named by
the Morley-Wang-Xu element to solve 2m-th-order elliptic equations where m < n. This result
has been extended to m = n + 1 in [25], and to arbitrary m,n with interior stabilization [24].
Restricted to the low-dimensional cases, the nonconforming finite element spaces for H? can be
seen in [7], and for H? or higher regularity can be found in [17,18].

On the simplicial meshes, other types of discretization besides the nonconforming finite
element method for sixth-order partial differential equations may also be feasible. In two-
dimensional case, the H® conforming finite element was constructed in [26] and can be gener-
alized to arbitrary H™ [3]. Recently, a construction of conforming finite element spaces with
arbitrary smoothness in any dimension was given in [14]. Others include mixed methods [10,19],
C° interior penalty discontinuous Galerkin method [12], recovery-based method [13], and vir-
tual element methods [8].

As for rectangle meshes, successful constructions of finite element such as the Adini ele-
ment [1] of C° smoothness and Bogner-Fox-Schmidt element (BFS, [2]) of C! smoothness were
made on two-dimensional grids, whose DoFs are all defined on vertices of rectangles. After
an extension [22] to the n-rectangle meshes of any high dimensional spaces where n > 2, the
Adini element and the BFS element possess only C° smoothness, and yet their solvabilities to
the fourth-order equations have both been remained. Furthermore, an extended version of the
Morley element to the n-rectangle meshes was also reported in [22]. For the biharmonic equa-
tion, a new family of n-rectangle nonconforming finite element by enriching the second-order
serendipity element was constructed in [27]. For arbitrary smoothness, a family of minimal
n-rectangle macro-elements was established in [16].

Wang et al. [22] showed that the Morley, Adini and BFS elements are of the first-order
convergence in the energy norm for solving the biharmonic equation. A more delicate analysis
proposed in [15] reveals that the Adini element is capable of reaching a second-order convergence
in the energy norm and has an optimal second-order convergence in the L?-norm. It cannot
be overlooked that theories of nonconforming finite element methods are well-prepared for the
fourth-order equations on a variety of n-rectangle discretizations, yet very little is extended to
the solving of sixth-order problems.

In this paper, we develop two families of n-rectangle nonconforming finite elements for
sixth-order partial differential equations. Both the two families of elements are constructed by
enriching the DoFs of the n-rectangle Adini element [22] and the corresponding shape function
space. Following the well-developed projection-averaging strategy [22], we give the definition
of the interpolation operator in high dimensional cases for both two families of elements. It
can be shown that the shape function spaces are capable of approximating H37$(Q) for any
s € [0,1] in an arbitrarily high dimension, which are essential to the error estimate afterwards.

Furthermore, analysis of the weak continuity properties usually plays an important role
in the investigation of a nonconforming finite element. Reasonably, difficulties brought by

3 mainly occur when considering the weak conti-

the sixth-order differential operator (—A)
nuities of the following second-order derivatives of the finite element function: the tangential-
tangential (0, ), normal-normal (9,,) and tangential-normal (9., ) derivatives across the (n—1)-
dimensional faces of an element 7. It is possible to make use of the interpolations of other
well-known n-rectangle finite elements to locally estimate the terms of 9,, and d,,. However,
the analysis of 9,, is much more complicated than those terms above for both the two fami-
lies of elements, so that we only consider estimating this term in a more global manner. We

therefore propose a new technique called exchange of sub-rectangles to deal with this compli-
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cated term. Combining the results of weak continuities and the help of conforming relatives,
we complete estimating the consistency error, which gives the final error estimate by applying
the well-known Strang’s lemma.

Given a multi-index a = (a1, az,- -+ ,ay), we set |a| = > | a; and 2* = 272§ - - - 22" for
2 € R™. For a subset B C R™ and a nonnegative integer r, let P.(B) and Q,(B) be the spaces
of polynomial on B defined by

Pr(B) :=span{z®| |a| < r}, Q-(B):=span{z®|a; <r}.
Moreover, we denote by Q! (B) the subspace of Q1(B) with no dependence on ;, i.e.
Qi(B) := span{z® | a; = 0,0, < 1}. (1.1)
For any finite dimensional sets of functions A and B, we denote by
A- B :=span{ab|a € A,b € B}.

In this paper, we will also use the notation z < y to represent x < Cy for some constant C
independent of the crucial parameter such as the mesh size h.

The rest of the paper is organized as follows. In Section 2 we introduce some basic notations
and give definitions to the two families of n-rectangle nonconforming finite element. Unisolvent
properties and part of the weak continuities are also developed herein. The approximation
properties of the nonconforming spaces are discussed and proved in Section 3, where same
methods are used to verify the existence of some necessary conforming relatives. In Section 4
we present the main technique of analyzing the weak continuity of 0,, derivatives and several
attached conclusions. Finally we give the full estimate of the numerical solutions of our new
finite elements in Section 5 and three numerical examples to verify our theories in Section 6.
Concluding remarks are given in Section 7.

2. H3*-Nonconforming n-Rectangle Elements

In this section, we construct two families of H3-nonconforming elements which are defined
on the n-rectangle meshes. Let 2 C R™ (n > 2) denote a bounded polyhedral domain with
boundary 02, v = (v1,v9,-- ,v,) " be the unit outer normal vector to €2, and T;, be a quasi-
uniform n-rectangle discretization on €2 with the mesh size h > 0.

Throughout this paper, we will use the standard notations of the Sobolev spaces. Let m > 0
be an integer, we define the following mesh-dependent norm and semi-norm:

} :
[0llm,n = <Z ||v|72n,T> o [olmn = (Z |U|72n,T>

TeTh TeTh

for a function v with v|r € H™(T) for any T € T,

2.1. Preliminaries

For a given point ¢ = (c1,ca,- - ,¢,)" € R™ and hy, ha,--- , h, being n positive numbers,
an n-rectangle T is described in the barycentric coordinate & = (&1,&s, -+ ,&,) " as follows:

T={xeR"zi=ci+h&, -1<&<1,1<i<n} (2.1)
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with 2" vertices given by
a; = (c1 + &iha, ea + &inho, -+ o + Einhy) T, 1< i <27,

Here, the values (&1, &2, &) = (£1,£1,--- ,£1)T for 1 <i < 2". The (n—1)-dimensional
faces of the element T are denoted by

Fr={ecdl|&=+1,-1<¢<1,1<j<n,j#i}, 1<i<n,

whose barycenters are written as b;’-t = (c1, 0y Cim1,6 £ Ry, Cigr, e ,cn)T.

Following the standard description in [5], a finite element can be represented by a triple
(T, Pr,Nt), where T, taken as an n-rectangle (2.1), describes the geometric shape, Pr the
shape function space and N7 the vector of degrees of freedom. We first review several n-
rectangle finite elements that will be helpful for further analysis.

1. n-rectangle @1 element: Pr := Q1(7T') and the DoF's are defined as
T
Nr(v) = (v(ar),v(az), - ,v(azm)) .
Further, it is well-known that the polynomials

15 o
Po¢=2—nl_[1(1+§ij€j), 1<i<2 (2.2)
ol

form a set of basis functions of the space Q1(T). Accordingly, the canonical interpolation
operator 112 : C%(T) — Q1(T) is defined as

271
Nr(TT%v) = Nr(v) or Mfv:= Zpol'v(ai), Vv e CUT).
i=1

2. n-rectangle Adini element [22]: Pr := Q1(T) - span{l,z7 | 1 <i < n} and the DoFs are
defined as

T
NT(”) = (U((Il), Vv(al)T, U(G’Q)v V’U(G,Q)T, t ,’U((lzn), VU(G‘?")T) .
The canonical interpolation operator is denoted by II%..

3. n-rectangle partial Adini element: Pr:=Q1(T) - span{1,z?}, and the DoFs are defined as

ov ov ov

'
Ni(v) = <v<a1>, 20 (o) v(oa), o (aa), ol £<a2n>> .

The canonical interpolation operator is denoted by IIF.

For any v in the finite element spaces by the above elements, on any (n — 1)-dimensional face
F of T € Ty, the restriction of v|r is a polynomial of (n—1) variables in the shape function space
P(F). Then v|r is uniquely determined by the DoFs on F' (which also proves the unisolvent
properties of the above elements by induction on the dimension). Therefore, v is continuous
through F. Next, for any piecewise smooth function v with the same inter-element degrees of
freedom, the interpolation operator can be given element by element, i.e.

H§|T’U = Hgv, vT €T, B=0,e;orl. (2.3)

Here, we unify the notations by denoting (; as the highest order of derivative along x;.



Two Families of n-Rectangle Nonconforming Finite Elements for Sixth-Order Elliptic Equations 5

2.2. n-rectangle Morley-type element

Define

Pu(T) := Q1(T) -span {1,27 |1 <i < n} +span{az], af |1 <i<n}. (2.4)

[ K2

It can be verified that Ps(T") C Pa(T). For the n-rectangle Morley-type element, Pr and Np
are given by (see Fig. 2.1):
o Pr=Pu(T).
e For v € C*(T), the vector N (v) of degree of freedom is
9%

24 T
Nr(v) = (U(al),V’U(al)T,--- 7U(a2n),vv(a2n)Ta%(bf)a'” ’ﬁ(briz)) :

The basis functions of the n-rectangle Morley element is denoted by po; (i.e. corresponding
to the nodal values), pj; (i.e. corresponding to dv(a;)/dz;), and 7 (i.e. corresponding to the
second normal derivative on the face center bki), which are given by

P = oy (2 £30 (nti- 5;%)) [10+ s
+ 271—3+3 ZZ:lfucék (& -1)° - 1<i<om,
pii = S22~ 1) T, (1 + ) (2:)
—%(&jw@)(«ﬁ—l)Q, 1<i<2?, 1<j<n,
7’1?:i?—z(ékﬂLl)Q(ék*l)Q(ékil), 1<k<n.

For the n-rectangle Morley-type element, we can define the corresponding H3-noncon-
forming finite element spaces V3, and V3o as follows: Vj consists of all functions vy, such that
for any T € Tj:

—_—p>

) . 4
® ] ® & I
(a) Rectangle element (b) Cubic element

Fig. 2.1. Degrees of freedom of the H2-nonconforming Morley-type element.
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(1) valr € Pu(T),
(2) vy, is C'-continuous at all vertices of T,

(3) the second normal derivatives of vy is continuous at the barycenters of all (n — 1)-
dimensional faces of 7.

Vho consists of all functions v, € V}, such that for any 7' € Ty, v, and Vv, vanish at the vertices
of T' belonging to 02 and the second normal derivative of v, vanishes at the barycenter of all
(n — 1)-dimensional faces of T' on 9.

It can be seen that the DoFs for Morley-type finite element consists of that for Adini finite
element space and the second-order normal derivative on faces. Moreover, Pys(T') contains the
shape function space of the Adini element. Therefore,

(vh — H}Lvh)|T € span {r,f [1<k< n}, Yop € V. (2.6)
Here, we recall that II} stands for the interpolation to Adini finite element space (2.3).

Lemma 2.1 (Tangential-Tangential Weak Continuity for Morley). Let Vj, and Vio be
the finite element spaces of the n-rectangle Morley-type element. Then,

9? 92
/F Friom ) = /F oron T Yo E W 27)

where T, T" € Ty, share a common (n — 1)-dimensional interior face F,m1 and 1o are the unit
tangential vectors on F. Moreover, if an (n — 1)-dimensional face F of T € Ty is on 0S), then

82
F (97'1(97‘2

(’U|T) =0, VYveée V. (28)

Proof. We first observe that the basis function rki depends only on ¢ and vanishes on F] ki
On any face Fji (j # k), we have

/ 02ryt e / o2t _gn2p2) F.ﬂﬁ
g Oz F Jpr 08} BT og,

Using (2.6) and the fact that the Adini finite element space is continuous [22], we have

0? 0?
/F 67'167'2 (U|T) B /F 67'167'2 (U|T/)

=1
=0.
=1

0? 1 0? 1
- 1 - —Iolp) = 0.
F (97'1(97'2 (U hU|T) F (97'1(97‘2 (U h'UlT )
This proves (2.7). For v € Vj, we have II}v|spq = 0, which leads to (2.8). O

Lemma 2.2 (Normal-Normal Weak Continuity for Morley). Let V}, and Vio be the fi-
nite element spaces of the n-rectangle Morley-type element. Then,

2 9?
/FW(U'T):/FWMT/)’ Vv €V, (2.9)

where T, T' € Ty, share a common (n— 1)-dimensional interior face F. Moreover, if an (n—1)-
dimensional face F' of T € Ty, is on 0N, then

82
/FW(’U|T) = 0, Yo e VhO- (210)
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Proof. On any face F; ]j[, a straightforward calculation leads to

2 821701'

6 pOi
) == h2
k 81/

k5.2
+ ox
P e

3 3
= F5. Sk [T+ + g Sik>
Sr==1 i#k

and for pj; with 1 < j <n, we have 9p;;/0z7 = 0 if k # j, and for k = j,

) pji
7 ov?

2
7 0 Dji
=Ny 2

F# Ou;

1 1
= 2_n(§ij +3) H(1 + &inér) — 27(&';‘ + 3).

=1 k]

A straightforward computation gives

52?3‘1‘ _

Fki 81/2

/ o'ry _JIEEL i=k
Jons &E? 0, otherwise,

/ Or; _ |Fo |, =k,
F- 8$§ 0, otherwise,

0%r; o%rT

J J _0
> = | 2 =
Fr 0] Fo 0]

Moreover, we also have

and

for all 1 < j < n. This gives the desired result.

2.3. The n-rectangle Adini-type element

Define
Pa(T) = Q1(T) - span {127,z |1 < i <n}.

Y 1 2

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

It is straightforward that Ps(T) C Pa(T"). The Adini-type element (see Fig. 2.2) is then given

by the triple (T, Pr, N7), where

¢ &>

® ®>

(a) Rectangle element (b) Cubic element

Fig. 2.2. H3-nonconforming Adini-type element.
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o Pp = PA(T).

e For v € C%(T), the vector N (v) of degree of freedom is
NT(U) = (v(a’l)a V’U(al)—rv Div(al)—rv T ,U(&Qn), VU(GJQ")Tv Div(a&”)—r)—r ) (217)

in which -
D? = 5_2 5_2 .. 5_2
P 0x3’ 0x3’ 0z

denotes the vector of all pure second-order differential operators.

Instead of writing the explicit formulation of basis functions, below we show the unisolvent
property of the Adini-type element using an inductive argument.

Lemma 2.3 (Unisolvent Property of the Adini-Type Element). For the n-dimensional
Adini-type element, Nt is Pr-unisolvent.

Proof. Since the dimensions of both P4(T") and the number of DoFs are 2™(2n + 1), it
suffices to show that if v € P4(T) vanishes on N then v = 0.

The case in which n = 1 is standard. Assume that the conclusion is true for n = k (k > 1).

Now let n =k + 1. We write v = v(&1,&2, -+ ,&,). On the k-dimensional face Ff on which
& = £1, v is a polynomial of &, -+ ,&-1,&i+1, - , &, in k-dimensional shape function space
Pa (Fli) Clearly, N+ (v), which consists of the point-values, gradients, and pure second-order
derivatives at vertices of F* will vanish from the definition of A77. Hence, v| p= = 0 by the

inductive assumption. This leads to a factor II"_, (£2 — 1) of v. Consequently, v = 0. O

We define the finite element space V}, and Vg as follows:

a’ljh aQU}L

——, —— are continuous
) 2
O 8zj

Vi = {Uh S L2(Q) : ’Uth S PA(T),Uh,
at all vertices of elements in 7,1 < j < n},

v, 0?
Vo = {vh € Vi @ op, ﬂ, —UQh vanish at vertices along 89}.
Oz Oz}
From the proof of unisolvent property, we directly see that Vi, C H'(Q) and Vi,o C HJ(9).
In fact, when restricting v € V;, on an (n — 1)-dimensional face F', v|r is uniquely defined N,
which yields the continuity of v. Further, if v € V3¢ and F C 99, then v|r = 0.

Lemma 2.4 (Normal-Normal Strong Continuity for Adini). Let V;, and Vi be the fi-
nite element spaces of the n-rectangle Adini-type element. Then,

2
= 5,2 lr)

82
ﬁ(’l)h") , Yv eV, (218)
F

F

where T, T' € Ty, share a common (n— 1)-dimensional interior face F'. Moreover, if an (n—1)-
dimensional face F' of T € Ty, is on 0X), then

82
5zt =0, VueVio. (2.19)

F
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Proof. We prove the case for F;i in which 8%/9v? = 82 /0z?. Recall that II? is the global
n-linear interpolation operator to Q1-FEM space, the pure second-order derivatives at vertices
belong to the DoF's of the Adini-type element, then I199%v/9z? € H' ().

Since v|r€Q1(T) -span{l, 27,2} |1 < j < n}, then we have 9%(v|7)/827€Q:1(T) -span{1,£7}

and whence
P 0%
ox? h ox?

Notice that the left-hand side vanishes at all vertices of F;{i, which leads to

€ Ql(F;{i).

0% 0 0%
Ox; FE, Ox; i,
For v € Vi, we have I199%v/02? € Hy(£2), which leads to (2.19). a

3. Approximation Property

In this section, we consider the approximation property of the Adini-type element and the
Morely-type element. The interpolation error analysis of these finite element spaces in any
dimension is established by using the projection-averaging technique. In Section 3.2 we extend
our investigation to some conforming relatives. Following similar ideas, we sketch the proofs of
the error estimate and the stability of the conforming interpolation operator.

3.1. Interpolation error of the H? nonconforming element

In this section, we will analyze the approximation property of the finite element spaces V;,
and Vpo. To start with, we have the following result for low-dimensional cases.

Theorem 3.1. Let IIp be the interpolation operator of the n-rectangle Morley-type element or
the n-rectangle Adini-type finite element. If n < 3 then for any T € Ty,

|v —Tpv|mr S A vlar, 0<m <4, VYove HYT). (3.1)

Theorem 3.1 can be obtained from the standard interpolation theory (c.f. [9]) and the result
is already enough for practical cases. However, we are interested in attaining similar results for
a more generic case in which n > 2.

Theorem 3.2 (Approximation Property). Let Vi, and Vio be the finite element spaces
of the n-rectangle Morley-type element or the n-rectangle Adini-type element. Then, for any
s €[0,1],

3
inf R0 — vplmn S B3 S|]34s0, Vv e H3TS(Q), (3.2)
thth:O

3
inf R v — vp|mn < R3S s, Yve HTS(Q)NH Q). 3.3
vhlélvho"; [V = Vnlm,n S v]3+s,0, Vo () N Hy (Q) (3.3)

Proof. The proof is based on the well-established projection-averaging technique (c.f. [22]).
For conciseness and completeness, we present the proof of (3.3) for the n-rectangle Adini-type



10 X.L. JIN AND S.N. WU

element. For a function v € H37%(Q) N H3 (), we define w;, € L?(2) as the L?-projection of v
onto P(T) for each T € Tj, namely,

wp|r € Pa(T), /whqu:/qux, VqePa(T), TETh.
T T

Since P3(T) C Pa(T), then the standard interpolation theory of L2-projection [5] gives the
following bound:

|’U — wh|m1T ,S h3+sim|’u|3+syT, 0<m<3, Te Th. (34)

Given a set B C R”, define 74(B) ={T € T, : TN B # @} and let N(B) be the number
of elements in 75, (B). In what follows, we will use the notation wl = wy,|7 for simplicity. Now
we define the interpolation vy € Vi by taking the average of the DoFs. For a; being an interior
vertex of €2, let

1 T

vp(a;) == ——— wy (a;), 1=1,2,...,2", 3.5
h( ) Nh(ai) T,G%;(ai) h ( ) ( )

a’l)h (ai) 1 8wg’ (az) . .
= —_— =12 ... =1,2,... 3.6
ax] Nh(al) T/e;( ) ax] 3 ] 3 ) 7n, j ) ) ,n7 ( )

JACT)
9%vp(a:) 1 0*wi (as)
= —2 > i=1,2,...,2" j=1,2,...,n. 3.7
a$2 Nh(az) Z a$2 3 1 ) 3 ) ) j 3 ) ,n ( )
J T'€Th(aq) J

Let ¢y, := wp, —vp, and obviously ¢ € P4(T) on each T € Tj. By a standard scaling argument,
we find that, for 0 < m < 3,
) . (3.8)

i P IRED B
i=1 j=1

Next we complete the proof by respectively estimating the terms |¢p(as)|, |0¢n(a;)/0x;| and

0% ¢n(a;) /023 in (3.8). If a; € T is an interior node of Q, by definition we have

ath a;) 9? qu aZ

Leyy

=1 j=1

asz(ai):ﬁ S (wf () — ol (a)-

Y T eTh(ai)

For any other element 7" in the patch 7y, (a;), there exists an integer J > 0 and Ty, Ts,--- , Ty €
Tr(ai) such that Ty =T,T; =T' and F; = T; N T4 is a common (n — 1)-dimensional surface
of Tj and T)j41, with a; € F;, 1 < j < J. A simple computation with the inverse estimate gives

2

<

-1

/

wy (@) = wy " (a)

j=1
]7
Tj+1

A

hlfn

1
[ l
’LUh ’U_) OF
1

J
J—1
<= S (o w25+ 0w |2 5 )

j=1
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Taking m = 0,1 in (3.4) and using the local trace theorem, we obtain that

~

o= g, S 57 Mo =, + bl = w7, ol

Since the values J and Ny, (a;) are uniformly bounded for any interior vertex a; in 2, then it is
concluded that
pna)? SHOT"T2 N 3 (3.9)
T'€Th(ai)
If the vertex a; of T is on the boundary 99, then there exist 77 € Tp,(a;) with an (n — 1)-
dimensional face F' C 0f2, such that a; € F. Therefore, we estimate ¢, by

|6n(ai)| < Jwh (a:) — wi (a:)] + [wh (as)].

The first term above in the right hand side can be handled with previous technique, and the
inverse estimate gives the bound for the second term

i (@) < 0"

_ 2 6—n+2s
op ™ <h v

U R P

|§+S7T/'

Therefore, (3.9) also holds for vertices a; € 9. It is noticed that the same analysis can be
applied on |d¢y(a;)/dx;| and [0%¢p(a;)/0xF] so that we have the following estimates:

On(as) |”
}T SN i, i=12,..,2" j=12,...n, (3.10)
i T’ eTh(as)
2
0% (a; ,
% ShErRE NT R, i=1,2,..,27 j=12..n (3.11)
i T'€T(ai)

Combining (3.8) with (3.9)-(3.11), and summing over T € Ty, for 0 < m < 3 we have
W2 onln S BTl g (3.12)

The result (3.3) follows from (3.12), (3.4), and the triangle inequality. O

3.2. Conforming relatives

Introduced by Brenner in [4], the conforming relative of a nonconforming finite element
is verified to be capable of reducing the regularity requirements in the convergence analysis
(e.g. [25]). Let us now consider a family of H® conforming elements on n dimensional rectangle
meshes. For any integer & > 0, define the set of degrees of freedom of an H¥*! n-rectangle
finite element as follows:

aa
NE(v) = {a—l';}(ai) L 0< oy gk,j1,2,...,n,i1,2,...,2"}, (3.13)

where a;,1 < i < 2" are vertices of the n-rectangle T. The corresponding shape function
space of Nk on T € Ty, is therefore Qop41(T). Next we let V¥, ViE be the global finite element
space on the domain €. By regarding A’k as a tensor product of n set of degree of freedoms of
(2k+1)-th order Hermitian interpolation in one dimension, it can be shown that V¥ ¢ H*+1(Q)
through mathematical induction on the dimensionality n.

In the following we still borrow the notations of the projection-averaging strategy described
in Theorem 3.2 to construct the interpolation operators of functions with less smoothness.
Based on the existence of the conforming relative with arbitrary regularities, we have following
conclusion.
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Lemma 3.1 (Approximation Property of H®> Conforming Relative). There exists
an H3-conforming finite n-rectangle element space Vi C HZ(Y) and an interpolation opera-
tor IIj, : Vg — Vi such that

3
Z hmig‘vh — Iczvh|m,h < |vh|31h, Yoy, € Vj,. (3.14)
m=0
Proof. Note that for any v, € Vi, it holds that vs|r € Q5(T). Taking k = 2 in (3.13) and
V¢ = V2, the interpolation operator II§ is then defined as follows. For a; being an interior
vertex node of 7, and dr € NZ being any one of the degree of freedoms, let

Y (o) (@) (315)

dT(Hivh)(ai) = Nh(a')
YT eTh (as)

Here, dp+ should be of the same type as dp and T” shares the same vertex node a; with T. For
a; € 0N being a boundary vertex, we then define dr(II{v;,)(a;) = 0. The rest of the estimation
is highly similar to the proof of Theorem 3.2 and we omit here for brevity. (]

Lemma 3.2 (Approximation Property of H* Conforming Relative). Let s € [0,1] and
u € H35(Q) N HZ(Q), there exists an n-rectangle finite element space Vi, C H*(Q) N H3(Q)
and an interpolation operator Iy, : H3+5(Q) N H3(Q) — Vi, such that

3
Z hm_3_8|u — Hh“|m,h + |Hhu‘3+51Q < |ufs4s,0- (3.16)
m=0
Proof. Firstly we consider taking k& = 3 in (3.13) to obtain a finite element space V;> ¢ H*(Q)
and the set of DoFs A2. In order to maintain the boundary conditions of H3(f2), some necessary
corrections should be made such that Vi, C V2 N HZ(2). For u € H3*(Q) N H3(Q), define
wp, € L*(Q) such that

w7 = wi € Q7(T), / wpqde = / ugdr, VqeQ@Q:(T), TE€Th. (3.17)
T T

Then the interpolation pu is given by using N3 and evaluated as

) 0, if dr(v)(a;) =0, Yve H3(Q)NC®(),
dT (Hhu) (az) = 1

> ' - (3.18)
Np(a;) =T dr (wy )(ai), oth _
Ny (a;) —T'€Tnlai) 7 (wi )(a;), otherwise

We note here the first condition of (3.18) only guarantees part of the DoFs to be zero on
boundary vertices. Furthermore, it ensures that all DoF's with normal derivatives less than or
equal to two, along with at least one boundary face containing the vertex a;, will vanish. This,
in turn, implies that pu belongs to the space H3 ().

Again, we refer to the proof of Theorem 3.2 for the rest of the estimation, following which
we also have

| —Thyul, o < luls.o, we HYQ),
|u — ﬁhuh,g < luls, we HY(Q)NH(Q).
This gives the stability result

‘u - ﬁhu‘s-i-s,Q S lulsts,0

for any s € [0,1] by applying the interpolation theory of the Sobolev spaces. 0
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4. Estimate of Tangential-Normal Terms by n-Rectangle Interpolation

From the convergence framework of nonconforming methods [20], the weak continuities are
crucial in the analysis. In terms of the H? problems, one needs to take care of all the second-
order derivatives, which consist of the tangential-tangential, normal-normal, and tangential-
normal components. For the Morley-type element, the tangential-tangential and normal-normal
continuities are weak, see Lemmas 2.1 and 2.2, respectively. Thanks to the C°-continuity of
Adini-type finite element space and Lemma 2.4, the tangential-tangential and normal-normal
components are strongly continuous.

The rest of the second-order terms, i.e. the tangential-normal terms, can not be tackled via
the DoF's. As a special property of the n-rectangle element, the interpolation is a crucial tool
in the convergence analysis.

4.1. Some properties by local interpolation

We establish several properties regarding the interaction between local interpolation and
partial derivatives. Let us denote the (n — 2)-dimensional sub-rectangles of T as

Gl ={reT & =21 =241}, j#i (4.1)

Lemma 4.1 (Properties of Morley-Type Element by Local Interpolation). Let v €
Pu(T). For j # 1, it holds that

0 (ozv) odMFv)\ o

where 11, and TI are the local interpolations of Q1 and Adini elements, respectively (see (2.3)).
Proof. We have [Itv € Q(T) - span{l,z% |1 < k < n}.
o(I7v)
(’)xi

Next, we observe that both d(ITkv)/dz; — T199(IThv)/dx; and G;(T) vanish at the vertices of
T, whence

€ QUT) + QL(T) -span {€} —1|1 <k <n} = Qi(T) + G:(T).

o(Ikw oIk ~
7(8; ) _ Hgi(ai ) ¢ Gi(T).
As a result, by denoting G;(T) := Q}(T) - span{¢? — 1}, we have

o [ 0(Ijv) o 0(I170) 0 ~ 0
(’)xi ( (’)xl B HT axi € axi GZ(T) N axi GZ(T)

Notice that G;(T") vanishes on (n—2)-dimensional sub-rectangles E?’fj due to the factor (£2—1).
Then, the desired result (4.2) can be obtained by integrating along the x; direction. O

Lemma 4.2 (Properties of Adini-Type Element by Local Interpolation). Let v €
Pa(T). For j # 1, it holds that

o (ov e, OV B
/F.i . <8—$i — I 8@-) ds =o, (4.3)

J

where 115! are the local interpolation of the partial Adini element (see (2.3)).
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Proof. For any v € Pa(T) = Q1(T) - span{l, 22,2} |1 < k < n}, we have
5—; € Q%(T) -span{1, 27, 7} |1<k<n}+QiT)- span{xz;,z}}

=@1(T) -span{l,f?} + Qzl(T) -span{ («fi — 1), (§t2 — 1)2 ’ kE#£i,1<t< n}

= Q1(T) - span{1,& } + Wi(T).

Next, we see that for any w € W;(T'), w and dw/dz; vanish at the vertices of T', which exactly

correspond to the DoFs of n-rectangle partial Adini element. Therefore,
v v
b (-
81'1' T 81'1

Now, let ay, 3; € R and qi,r; € Q% (T') such that

9 e, 0 n
3_;, -1y 6;- = Zaka(fz -1)+ Zﬂtrt (& —1)°
’ ! k#i t=1

Then, we obtain

0 [ ov e; OV B 0 e 2 -
/F.i o (a—ziHT &m) dS/Fji o (Biri (€2 —1)%)dS = 0.

J

This completes the proof. O

4.2. Estimate of tangential-normal terms: Exchange of sub-rectangles

We use a new technique called exchange of sub-rectangles to estimate the tangential-normal
terms.

Lemma 4.3 (Estimate of Tangential-Norm Terms). Let ¢ € H'(Q) be a piecewise poly-
nomial defined on Tn, Vho be the finite element space of the n-rectangle Morley-type element or
the n-rectangle Adini-type element. For j # i, it holds that

aQUh
> | b5 vidS| < Chlélyalvnls . (44)

0x;0x ;
TeTh or v

Proof. For the sake of simplicity of the exposition, we first show (4.4) for the Adini-type
element, then sketch the proof for the Morly-type element.
Part I: Proof for Adini-type element. It is readily seen that v;|,+ = %1 and vanishes
T,i

on other (n — 1)-dimensional faces of T'. Then, using integration by parts on F%Z-, we have

Sl ¢ O, a5

TeT T Gxiaxj
aQU}L
=S [ egpiuas
TEThH FT+,1'+F7T,¢ Li0T;

62’Uh

a’l)h 3¢) a’l)h
Ioh . de — IO I 4
¢a$i Y Z /}’—‘;iFTi axj axi °

+ _
TEThH 6FT,1'*8FT,¢ TETh

= Il + IQ. (45)

[
N
—
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Here, with a little bit abuse of notation, v; represents the j-th component of the unit outer
vector which is normal to 8F$_i and parallel to Fr ;.

Analysis of I;. Recall that II5 is the interpolation operator of the conforming relative
defined in Lemma 3.1. Notice that the inverse inequality can be applied on ¢ and that d¢/dz;
is actually continuous across the surfaces F;{i due to the C°-continuity of ¢. Therefore, using
the trace theorem, the estimate of IIf, and the interpolation error (3.14) gives the estimate

06 0
|IQ| = Z / e (’Uh — szh) dS
= —Ff. axj (’)xl
Z |@]1,0m ( on — I vp)
TET 0,0T
< Z hr ol r|onlsr S hldlalvnls,h. (4.6)
TETh

Analysis of I;. Note that II7°9v, /0z; € H{ (). Hence, the following identity holds:
0 0
n= X o g )
TeT;, OFL i —0Fr, i
Rearranging the integrals over the edges and using the integration by parts, we find

8vh elavh . (9’0}17 elavh
Z (/é++ é+¢<ax — 10, h oz >d£ /f g¢<6xi L, h oz >d£>

TEThH T,i,j

vy, e, Oy, vy, e, Ovn
Z (/e++ eT’j.¢<5_CEi_H O >dﬂ_/e ;- e¢<3$i_n O >d€>

I

TETh T,i,j T,i,j “T,i,j
= / <a”h i avh) v; df
TET;, 9 O "o
avh e ) / <8vh e avh)
= o _ s+ IO pes ds.
T;’h / ~Fy, ox; (63@' 1L, ; T;, —Ff, 83@1 o0x; b o,
I Iy

Here, the second equality applies a new trick called exchange of sub-rectangles (see Fig. 4.1).

ot T

t]

“ij y iy

Fr Ff Fo Fr

v [f[*

Fig. 4.1. Exchange of sub-rectangles.
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Again, the C%-continuity of d¢/dx; across the faces F% ; provides

09 0
Z / F* &f 8:0 ('Uh_ }Clvh) ds

TeTh

[Ii1] = < hldl1alvnls,n- (4.7)

Now let PY : L?(F) — Po(F) be the orthogonal projection. Thanks to Lemma 4.2, we
obtain

a’ljh e; a’ljh
| = Z / - (9:0Z ((91'1 1L, &m) s

TETh T,

- O 0 6vh e; a’ljh

- Z/ e Fd))@ 6% — 1L ox; 5
0 o 0

-y /F+ (0 PRo) g (M) as

Combining (4.6)-(4.8), we finish the proof for the Adini-type element.

Part II: Sketch of the proof for Morley-type element. We recall the special property
of Morley-type element (2.6), and consider the fact that the basis functions rf defined in (2.5)
depend only on the single variable x;. Then,

2
>/ 85 ds
TET, LioT;

(’)2 (I}
Z/ hvh v;dS
for 63018%
Z/ d)@( h'Uh vede — Z/ Mds
Ter, JOFL ,—0F w7 fer L~ Fr, 890] ox;

= il +I~2 (49)

S hlélalvalsh (4.8)

The estimate of I is then similar to (4.6), by noticing that % (local projection of Adini-type
element) preserves P3(T), namely,

Z/ e ascj o (= Th) as

TETh

Z /F % (9 (’Uh 7Hi’uh) ds

+ - Ox; Ox;
TeT, Y Fri—Fr J o

5 h|¢|1,sl|vh|3,h-

I <

+

For I;, we insert a global C° Q;-projection of O(IT}vp,)/0z; to obtain that

O(Ijvn) 0 O (I vn)
L=>Y" /a — ( el i el 2L

TeTh

Then the estimate follows from the similar trick (exchange of sub-rectangles) by involving
Lemma 4.1 (local projection of Morley-type element). U
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5. Convergence Analysis and Error Estimate

In this section, we will give the convergence analysis of the elements and the error estimate
for solving the sixth-order partial differential equations. Given f € L?(f)), we consider the
following triharmonic equation:

(—APu=f in Q,
ou 0% (5.1)
=5 =92 =0 on 09,
where A is the standard Laplacian operator. Define the bilinear form
9

dz, Yw,ve€ H*Q). (5.2)

a(w,v) = | Viw:Vivda —/
Q Q,

Z 8%8%8@ 0x;0 0z,
Then, the weak form for the Eq. (5.1) is to find u € H3(Q) such that
a(u,v) = (f,v), Vve H3 Q). (5.3)

Since the finite element spaces V}, are H3-nonconforming, we define a discrete bilinear form
for any w,v € L?(Q) with w|r,v|r € H3(T)

93
T . 4
(w,v) Z/ Z 8%8%8:@ 0x;0x;0xy, dz, VT €T (5:4)

TeThH i,7,k=1

Corresponding to the n-rectangle Morley-type element or the n-rectangle Adini-type element,
the finite element method for (5.1) is to find wup, € V3o such that

ah(uh,vh) = (f, ’Uh), Yo € Vi (5.5)
We are in the position to estimate the consistency error.

Theorem 5.1 (Consistency Error). Let Vi be the finite element space of the n-rectangle
Morley-type element or the n-rectangle Adini-type element. Ifu € H3t$(Q)NH(Q) for s € [0,1]
and f € L*(2), then we have

lan(u,vn) = (f,on)] S (B [uls4s,0 + B3| fllo.e) [vnlan, Vv € Vio. (5.6)

Proof. Following the notation in Lemma 3.2, we take wy := ﬁhu € f/h as the conforming
approximation of u. Then, the consistency error can be written as

ap(u,vp) — (f,on) = ah(u — Wwp, vy — H;‘;vh) + ah(wh,vh - H;‘;vh) — (f, vy, — ;‘;vh).
Thanks to Lemma 3.1, the first and the third term can be estimated by
|an (u = wp, vn = TG on) | < [u—whlsnfvn = Mvnl, ), < Ju—wnlsnlvnlsn, (5.7)
|(f,vn = on) | S N fllo.gllon — TG onllg ¢ < B3N flloslonlsn. (5.8)
For the middle term of the consistency error, we have

ap, (wh, Vp — H}C;Uh)

Z /ngh V3 ’Uh 7Hh’0h)d

TeTh
— Z / £ wh :V (vh thvh dS Z / \%& (Awy,) : (vh —Hﬁvh) dz.
TETH oT V TETh

=F, =Fs
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Using the C®-continuity of wy, in Lemma 3.2 and C?-continuity of II{ v, in Lemma 3.1, we find

0
F = Z /BT E(V%ﬂh) : V2vh ds

T€Th
PP 0 [ PPuw, 0
-3 [ Geares e X X [ g s
TET, oT al/ al/ TeT, i=1 oT 81/ aTj 811(97']
n—1n—1
63wh aQU}L
+ dsS := El,l/u + El,Tl/ + EI,TT; (59)
T;_h ]z:; ; aT aI/aTjaTk 8Tj87k
where {7; };1;11 is the set of unit orthogonal vectors along 97

Estimate of E;. For the Morley-type element, Lemmas 2.1 and 2.2 imply that, by a stan-
dard scaling argument,
|Ev v | + [ B rr| S hlwnlaalvals b

For the Adini-type element, the C°-continuity of V}, and Lemma 2.4 imply that E1 ,,,=F ,,=0.

For the tangential-normal term, on each (n — 1)-dimensional face of T' € T}, we notice that
viv; = 0 for 4 # j. It follows that Ouvy/0z; is the tangent derivative along the faces on which
v; is not zero. Therefore,

Bir =2 ni/ D D0 g5 =2 Y i i / Tuwn 0o, g
b o OV20T; OvOT; B or 02201 Ox;0x; "

TeT), j=1 TeT) i=1 j=1,j%#1

Then, we apply Lemma 4.3 to conclude that
|E1, 70| S hlwnla,elvnls,p.
By using interpolation of spaces and Lemma 3.2, we have
|E1| S hP|lwh|34s,0|vnl3.n S hP|ulzts,.alvals,n- (5.10)
Estimate of ;. Using the orthogonal projection P2 : L*(T') — Po(T'), we have

By=— ) / V(VAwy, — PRVAY) : V2 (v, — 5 vp) da.
TeT, T

Therefore, the inverse inequality and the standard approximation property of P2 imply

|Ea| S Z h! ||V Aw, — ngAuHO,T’U}L - szh‘Q,T

TETh
S lu—whlsplvalsn+ D | VAu— PRVAu|| ) lonlsr
TET
,S (|u7wh|37h+h5|u|3+51g2)|vh|37h. (5.11)

Combining (5.7), (5.8), (5.10), (5.11) with the approximation property (3.16), we prove the
desired estimate. O

Based on the well-known Strang’s Lemma

)

|U - Uh|3,h S inf |U - Uh|3,h + sup |ah(%vh) — (f’ vh)|
unEVio 0%£vh € Vho AERS

and the interpolation theory, we finally arrive at the following convergence result.



Two Families of n-Rectangle Nonconforming Finite Elements for Sixth-Order Elliptic Equations 19

Theorem 5.2. Let Vo be the finite element space of the n-rectangle Morley-type element or
the m-rectangle Adini-type element. If u € H35(Q) N HZ(Q) for s € [0,1] solves (5.1) with
f € L?(Q), then

lu—unllzn < holulsssn + B2 f]

0.0- (5.12)

6. Numerical Experiments

In this section, we present several numerical results in both 2D and 3D to support the
theoretical results.

Example 6.1 (2D Smooth Solution). In the first example, we test the Adini-type H3-
nonconforming finite element by solving the following two-dimensional triharmonic equation:

(-APu=f x€Q,

where Q = (0,1)%. We choose the source term and boundary conditions so that the exact
solution is given by u(z,y) = cos(2mx) cos(2my). We compute the numerical solution and
calculate its convergence order in the sense of H* broken norm, where k = 1,2, 3. The Table 6.1
shows the numerical results obtained on uniform n-rectangle meshes with various mesh-sizes h.
We see that the numerical solution approximates to the exact solution with a linear convergence
in the H3 semi-norm, which corresponds with our theoretical prediction. Moreover, the table
also indicates that both |u — up|1,, and |u — upla,p is of the second-order.

Table 6.1: Numerical errors and observed convergence orders of Adini-type element for Example 6.1.

N | |lu—unllo | Order | |u—unli,n | Order | |u— unl2,n | Order | |u — unls,n | Order
4 1.142e-01 - 7.092e-01 - 8.272e4-00 - 1.436e4-02 -

8 3.140e-02 1.86 1.822e-01 1.96 2.115e4-00 1.97 6.971e+01 1.04
16 | 7.997e-03 1.97 4.566e-02 2.00 5.320e-01 1.99 3.455e+-01 1.01
32 | 2.008e-03 1.99 1.142e-02 2.00 1.332e-01 2.00 1.723e+01 1.00
64 | 5.027e-04 2.00 2.855e-03 2.00 3.331e-02 2.00 8.612e+00 1.00

Example 6.2 (2D Singular Solution). In this example, we solve the triharmonic equation
on a two-dimensional L-shaped domain Q = (—1,1)%\ [0,1) x (—1,0], in which the solution has
partial regularity. The exact solution is given in the polar coordinates (r,6) as

u(r, 0) = r*° sin(2.50).

Due to the singularity at the origin, we have v € H3+/27¢(Q) for any € > 0. Our method
converges with the optimal rate 1/2 in the H3 broken norm, which is shown in the Table 6.2.

Example 6.3 (3D Smooth Solution). For the last example, let us consider solving the tri-
hamonic equation on a three-dimensional domain Q = (0,1)3. We choose the right hand side
function and appropriate boundary conditions so that the exact solution of (5.1) is

u(z,y, z) = sin(27x) cos(wy) cos(rz).

We solve the equation using both Adini-type and Morley-type nonconforming element and the
results are shown in Tables 6.3 and 6.4, respectively. It is observed that both the finite element
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methods have a first-order convergence to the exact solution in H3-norm. The convergence
rates in other norms do not appear to be steady on these coarse meshes, and we believe they
will eventually be steady as finer meshes are employed.

Table 6.2: Numerical errors on the L-shaped domain and observed convergence orders of Adini-type
element for Example 6.2.

N | |lu—unllo | Order | |u—unli,n | Order | |u—unl2,n | Order | |u — unls,n | Order
2 4.031e-03 - 2.223e-02 - 2.049e-01 - 2.353e+00 -

4 1.589e-03 1.34 8.677e-03 1.36 8.988e-02 1.19 1.630e+00 0.53
8 7.368e-04 1.11 4.002e-03 1.12 3.980e-02 1.18 1.140e4-00 0.52
16 | 3.442e-04 1.10 1.860e-03 1.11 1.776e-02 1.16 8.030e-01 0.51
32 | 1.603e-04 1.10 8.571e-04 1.12 7.969e-03 1.16 5.670e-01 0.50
64 | 7.474e-05 1.10 3.940e-04 1.12 3.594e-03 1.15 4.007e-01 0.50

Table 6.3: Numerical errors and observed convergence orders of Adini-type element for Example 6.3.

N | |lu—=wunl|lo | Order | |u—wup|i,n | Order | |u—up|2,n | Order | |u— up|s,n | Order
2 8.721e-02 - 9.877e-01 - 1.008e+-01 - 9.809e+01 -

4 6.866e-03 3.67 1.275e-01 2.95 2.302e+00 2.13 3.741e+01 1.39
8 4.389¢-04 3.97 1.702e-02 2.90 5.926e-01 1.96 1.781e+01 1.07
16 | 5.028e-05 3.13 2.237e-03 2.93 1.494e-01 1.99 8.785e+00 1.02
32 | 1.352e-05 1.89 3.181e-04 2.81 3.742e-02 2.00 4.377e+00 1.01

Table 6.4: Numerical errors and observed convergence orders of Morley-type element for Example 6.3.

N | |lu=wun|lo | Order | |u—wup|i,n | Order | |u —up|2,n | Order | |u—up|s,n | Order
2 1.210e-01 - 1.216e+4-00 - 1.120e4-01 - 1.153e+4-02 -

4 9.100e-03 3.73 1.439e-01 3.08 2.473e+00 2.18 4.254e+01 1.44
8 1.100e-03 3.05 1.990e-02 2.85 6.352e-01 1.96 1.888e+-01 1.17
16 | 1.741e-04 2.66 2.900e-03 2.78 1.583e-01 2.00 8.949e+00 1.08
32 | 3.678e-05 2.24 5.192e-04 2.48 3.950e-02 2.00 4.401e+00 1.02

7. Concluding Remarks

We propose two new families of nonconforming finite element for solving the sixth-order
equations. We begin by proving some basic properties of such finite elements and discussing
their approximation abilities in any dimensionality n > 2. After showing the approximation
property and the stability of the interpolation operator, we provide some key lemmas to obtain
the main convergence theory for solving the sixth-order equations. By using the technique of
conforming relatives, we discover that the numerical solutions of these non-conforming finite
elements have an h® convergence order where s € [0, 1], provided that the exact solution has
H?3*ts regularity. We then give two examples to examine our theories for the cases n = 2 and
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n = 3 respectively, and another one example to show the robustness of our method when solving
the triharmonic equation with a singular solution.

Although the new technique (i.e. exchange of sub-rectangles) presented in this paper focuses
on the sixth-order equations, we believe it has the potential to be extended to higher-order
equations. Since the proposed analysis does not rely on the local quasi-uniformity of the n-
rectangle grids, we believe that our analysis is also applicable to anisotropic problems. These
will also be the future work.

Acknowledgements.

The second author is supported in part by the National Natural Science Foundation of China
(Grant No. 12222101).

References

[1] A. Adini and R.W. Clough, Analysis of Plate Bending by the Finite Element Method, NSF Report
G. 7337, 1961.

[2] F.K. Bogner, R.L. Fox, and L.A. Schmit, The generation of interelement compatible stiffness and
mass matrices by the use of interpolation formulas, in: Proceedings of the Conference on Matriz
Methods in Structural Mechanics, (1965), 397-444,.

[3] J.H. Bramble and M. Zldmal, Triangular elements in the finite element method, Math. Comp.,
24:112 (1970), 809-820.

[4] S.C. Brenner, A two-level additive Schwarz preconditioner for nonconforming plate elements,
Numer. Math., 72:4 (1996), 419-447.

[5] S.C. Brenner and L.R. Scott, The Mathematical Theory of Finite Element Methods, in: Texts in
Applied Mathematics, Springer, 2008.

[6] G. Caginalp and P. Fife, Higher-order phase field models and detailed anisotropy, Phys. Rev. B,
34:7 (1986), 4940-4943.

[7] H. Chen, S. Chen, and Z. Qiao, C°-nonconforming tetrahedral and cuboid elements for the three-
dimensional fourth order elliptic problem, Numer. Math., 124:1 (2013), 99-119.

[8] L. Chen and X. Huang, Nonconforming virtual element method for 2m-th order partial differential
equations in R™, Math. Comp., 89:324 (2020), 1711-1744.

[9] P.G. Ciarlet, The Finite Element Method for Elliptic Problems, in: Classics in Applied Mathemat-
ics, Vol. 40, STAM, 2002.

[10] J. Droniou, M. Ilyas, B.P. Lamichhane, and G.E. Wheeler, A mixed finite element method for
a sixth-order elliptic problem, IMA J. Numer. Anal., 39:1 (2019), 374-397.

[11] K.R. Elder, M. Katakowski, M. Haataja, and M. Grant, Modeling elasticity in crystal growth,
Phys. Rev. Lett., 88:24 (2002), 245701.

[12] T. Gudi and M. Neilan, An interior penalty method for a sixth-order elliptic equation, IMA
J. Numer. Anal., 31:4 (2011), 1734-1753.

[13] H. Guo, Z. Zhang, and Q. Zou, A C° linear finite element method for sixth order elliptic equations,
arXiv:1804.03793, 2018.

[14] J. Hu, T. Lin, and Q. Wu, A construction of C" conforming finite element spaces in any dimension,
arXiv:2103.14924, 2021.

[15] J. Hu, X. Yang, and S. Zhang, Capacity of the Adini element for biharmonic equations, J. Sci.
Comput., 69:3 (2016), 1366-1383.

[16] J. Hu and S. Zhang, The minimal conforming H* finite element spaces on R™ rectangular grids,
Math. Comp., 84:292 (2015), 563-579.

[17] J. Hu and S. Zhang, A canonical construction of H™-nonconforming triangular finite elements,
Ann. Appl. Math., 33:3 (2017), 266-288.



22

18]
[19]
[20]
[21]
[22)
23]
[24]
[25]

[26]
(27]

X.L. JIN AND S.N. WU

J. Hu and S. Zhang, A cubic H3-nonconforming finite element, Commun. Appl. Math. Comput.,
1:1 (2019), 81-100.

M. Schedensack, A new discretization for mth-Laplace equations with arbitrary polynomial de-
grees, SIAM J. Numer. Anal., 54:4 (2016), 2138-2162.

M. Wang, On the necessity and sufficiency of the patch test for convergence of nonconforming
finite elements, STAM J. Numer. Anal., 39:2 (2001), 363-384.

M. Wang, Z.C. Shi, and J. Xu, A new class of Zienkiewicz-type non-conforming element in any
dimensions, Numer. Math., 106:2 (2007), 335-347.

M. Wang, Z.C. Shi, and J. Xu, Some n-rectangle nonconforming elements for fourth order elliptic
equations, J. Comput. Math., 25:4 (2007), 408-420.

M. Wang and J. Xu, Minimal finite element spaces for 2m-th-order partial differential equations
in R™, Math. Comp., 82 (2013), no. 281, 25-43.

S. Wu and J. Xu, Py, interior penalty nonconforming finite element methods for 2m-th order
PDEs in R", arXiv:1710.07678, 2017.

S. Wu and J. Xu, Nonconforming finite element spaces for 2m-th order partial differential equations
on R" simplicial grids when m = n + 1, Math. Comp., 88:316 (2019), 531-551.

A. Zenisek, Interpolation polynomials on the triangle, Numer. Math., 15 (1970), 283-296.

X. Zhou and Z. Meng, High accuracy nonconforming biharmonic element over n-rectangular
meshes, Numer. Methods Partial Differential Equations, 36:6 (2020), 2018-2034.



