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Abstract

The second-order serendipity virtual element method is studied for the semilinear
pseudo-parabolic equations on curved domains in this paper. Nonhomogeneous Dirichlet
boundary conditions are taken into account, the existence and uniqueness are investigated
for the weak solution of the nonhomogeneous initial-boundary value problem. The Nitsche-
based projection method is adopted to impose the boundary conditions in a weak way.
The interpolation operator is used to deal with the nonlinear term. The Crank-Nicolson
scheme is employed to discretize the temporal variable. There are two main features of
the proposed scheme: (i) the internal degrees of freedom are avoided no matter what type
of mesh is utilized, and (ii) the Jacobian is simple to calculate when Newton’s iteration
method is applied to solve the fully discrete scheme. The error estimates are established
for the discrete schemes and the theoretical results are illustrated through some numerical
examples.

Mathematics subject classification: 65M15, 65M60.
Key words: Semilinear pseudo-parabolic equation, Serendipity virtual element method,
Projection method, Curved domain.

1. Introduction

Pseudo-parabolic equations are a vital class of mathematical physics equations and can
describe a huge amount of physical evolution processes, including non-steady infiltration in
fissured rocks [5], the two-temperature theory in thermodynamics [31], phase separation by
spinodal decomposition [26] and so forth. In [1], a more detailed survey on the applications of
pseudo-parabolic equations is provided.

The focus of this work is the following semilinear pseudo-parabolic equation with nonhomo-
geneous initial-boundary value conditions:

a(@)uy — V- (b(x)V(ug +u)) +c(u) = flz,t), (z,t)€Qx(0,T], (1.1a)
u= g(x,t), (x,t) € 00 x (0,77, (1.1b)
u(z,0) = wuo(x), x €, (1.1c)
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where (2 is a convex bounded open subset of R? and a finite number of curves {(9Q); } 1 consti-
tute its boundary 992. Each curve (012); is assumed to be sufficiently smooth and the boundary
0%} is supposed to be Lipschitz. T denotes the finite terminal time. The source function f,
boundary value g and initial value uy are given data. The coefficients ¢ and b depend only
on x, c(u) is the nonlinear term.

Due to the complexity of the shape of the domain ) as well as the presence of nonlinear
term c¢(u), it is difficult or even impossible to give the exact solution to (1.1) in an explicit way.
Therefore, efficient and accurate numerical methods should be considered. Some typical numer-
ical schemes for linear pseudo-parabolic equations include finite difference schemes [16], finite
volume element methods [38], finite element methods [36] and mixed finite element methods [23].
For nonlinear pseudo-parabolic equations, various numerical methods, including characteristic
finite element methods [19], conforming and nonconforming finite element methods [27,33] and
discontinuous Galerkin methods [29,37], have been developed. A more comprehensive survey
of numerical methods for various types of pseudo-parabolic equations can be found in [1]. In
recent years, numerical methods that can deal with polygonal or polyhedral meshes have be-
come important issues in the field of scientific computing, and such methods have been used
to numerically solve pseudo-parabolic equations, including weak Galerkin methods [17], hybrid
high-order methods [34] and virtual element methods [35].

The above-mentioned virtual element method (VEM) can be deemed as an extension of
the finite element method towards meshes with general polygonal or polyhedral elements, and
it has been used to numerically approximate a wide range of nonlinear initial-boundary value
problems. In the framework of VEM, the common strategy to deal with nonlinear terms is
to use L2-projection operator, and this idea has already been applied to semilinear parabolic
problem [2], Swift-Hohenberg equation [15], nonlocal model [4], nonlinear Schrédinger equa-
tion [22] and so forth. Recently, the idea of using interpolation operator to deal with nonlinear
terms was proposed in [18]. In this idea, the features of the serendipity virtual element method
(SVEM) are fully utilized, and a new way of numerically solving nonlinear evolution equations
is provided in VEM framework.

SVEM [6] is a novel variant of VEM and its aim is to decrease the amount of internal-
moment degrees of freedom. We focus on the second-order SVEM in this paper. The first
motivation of our interest is that internal degrees of freedom are completely avoided without
the need to consider the relationship between the degree of polynomials adopted in SVEM and
the shape of the mesh elements. Indeed, as stated in [6,18], for higher order SVEM and certain
types of meshes, some additional internal degrees of freedom may be needed. The second mo-
tivation is that when we adopt the idea in [18] to approximate nonlinear term c¢(u) in (1.1) by
interpolation operator and solve the nonlinear system by Newton’s iteration, the calculation of
Jacobian is convenient. It is well known that Newton’s iteration is of second-order convergence,
so it is often used to solve nonlinear problems. However, if we use the L2-projection operator to
deal with nonlinear terms as in [2], the calculation of Jacobian is complex and time-consuming,.
The main reason is that the L2-projection operator involves the integral on the mesh elements,
which makes the form of Jacobian complicated.

Iso-parametric finite elements [21] are popular for partial differential equations on curved
domains. This kind of methods relies on the reference element technique, which is not avail-
able in VEM or SVEM due to the use of general polygonal or polyhedral meshes [30]. Thus,
the iso-parametric idea cannot be easily generalized to VEM or SVEM. Here, we will use the
Nitsche-based projection method, which was first proposed in [9] and then extended into the
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framework of VEM in [7,8]. The boundary conditions are imposed by the Nitsche-based pro-
jection method which was first proposed in [9] and then extended into the framework of VEM
in [7,8]. To implement the Nitsche-based projection method, we need to know the gradient
of functions in virtual element space. But this information is not explicitly known in VEM
or SVEM. In this work, for the gradient of functions in the second-order serendipity virtual
element space, we replace it with its L2-projection. Based on trace inequalities, inverse in-
equalities and some other lemmas, we prove that when the penalty parameter is sufficiently
large, the bilinear form provided by the Nitsche-based projection method is continuous and
coercive. It is worth noting that, when 0f2 is not curved, the Nitsche-based projection method
in this work is essentially the same as the Nitsche’s method in [32]. However, the variational
method in [32] cannot be easily generalized to this work. The reason lies in the fact that VEM
or SVEM does not satisfy the Galerkin orthogonality, which is the key tool in the variational
method. Therefore, we employ the classical method based on the energy projection for error
analysis.

The present paper is structured as follows. The existence and uniqueness of the weak so-
lution of (1.1) are briefly analyzed in Section 2. We present in Section 3 some basic settings
of the second-order SVEM and describe the construction of the numerical schemes (including
semi-discrete and fully discrete schemes). Error estimates for discrete schemes in regard to
L?norm and an energy norm are derived in Section 4. Some numerical examples confirming
the error analysis are reported in Section 5. Finally, some conclusions are given in Section 6.

2. Existence and Uniqueness of the Weak Solution

Based on the Galerkin method, we analyse the existence and uniqueness of the weak solution
of (1.1) in this section.

2.1. Some notations

For indices s > 1 and p > 1, the seminorm and norm in Sobolev space W*P(w) are rep-

resented by ||spw and [|*||sp.w, respectively. Herein, w C R? is a bounded domain. When

p =2, W2(w) is written as H*(w), and |+|s . and ||||s. are used for the seminorm and norm
in H*(w), respectively. H () is used to denote the dual space of the zero boundary value
space H3(Q). |||l and (-,-), are used to represent the L?-norm and inner product in L?(w),
respectively. The space of the traces of the H®(w)-functions is denoted as H*~/2(9w). We also
adopt the standard definitions for the Bochner space L?[0,T; H] with norm ||-[| ajo,5, 7, Where
H is a Hilbert space, ¥ is a positive real number and the index ¢ > 1.

2.2. Existence and uniqueness
To carry out the analysis in this subsection, we make the following assumption.
Assumption 2.1. The coefficients and data in (1.1) satisfy

(A1) a and b belong to L™ () and it is assumed that

ay <a(x) <a”

— 3

b, <b(x) <b*, VxecQ, (2.1)

where the constants a,,a™, b, and b* are all positive.



4 Y. XU, Z.G. ZHOU AND J.J. ZHAO
(A2) g and g; belong to H/2(9RQ) for any t € (0,T), f € L2[0,T; L*(Q)],up € H'(Q).
(A3) c(u) is Lipschitz continuous in respect of u, for any u € R.

By the assumption (A2), it is well-known that for any ¢ € [0,7], there is a function G €
L?[0,T; HY(Q)] satisfying Glaoq = g and Gy € L2[0,T; H1(2)], see [14]. Thus by setting
@ =u — G, we can transform (1.1) into the following problem:

a(z)iy — V- (b(z)V (i + 1)) + c(i+ G) = f(z,t), (x,t) €Qx(0,T], (2.2a)
=0, (z,t) € 902 x (0,77, (2.2b)
w(x,0) = do(x), x €, (2.2¢)

where

f=F-aG+V-(bV(Gi+Q)), o =uo—G(0).

We remark here that we need to assume G; € L?[0,T; H*(Q)] additionally to let (2.2a) make
sense.
Let us now define two bilinear forms

B(,1)

Il
=
&

<
<

<
&

<C
<

S

m

=
B

Then, it is easy to obtain the following coercivity and continuity of A(-,-) and B(-,-):

A0, @)| < a*[[ollelldlle,  adolf < A0, 0), (2:3)

)

B, )| < ¥ lelalolia, b5 o < B(o,9). (2.4)

The variational form of (2.2) is given by finding @€ L*°[0, T'; H}(Q)] with @, € L?[0, T; H}(Q)]
such that for a.e. ¢t € (0,7),

A(g, 0) + Blig, ) + B(i,0) + (c(t + G),0), = (f,¥)a, V€ Hy(), (2.5)
@(0) = . (2.6)

Then the weak solution for the original problem (1.1) is defined as u = % + G.

Theorem 2.1. Suppose ¢(G) € L*[0,T; L*(Q)] and Assumption 2.1 holds, then the problem
(1.1) has a unique weak solution u such that

ue L>*[0,T; Hy(Q)] UL?0,T; H(Q)], u, € L?[0,T; H' ()]
with the stability estimate

lull Looo, e () + llwellL2(0,657 ()
< C(luollr,e + IGO)l1,0 + 11 fll 220,220
+ HGtHLz[o,t;Hl(Q)] + HG||L2[O,t;H1(Q)] + ||C(G)||L2[O,t;L2(Q)])7 (2.7)

where C' is a positive constant independent of u and uy.

Proof. The following steps comprise the proof.
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Step 1. Galerkin approximation. Let {wy}?2, be the orthogonal basis of H}(2). It is
well known that { \/Ewk},;“;l constitute an orthonormal basis for L*(Q), where A is the
k-th eigenvalue with respect to the operator determined by the bilinear form B(-,-), see [25,
Lemma 5]. Construct an approximate solution @, for (2.5) and (2.6) of the form

i = > ok, (£
k=1
such that for k =1,2,...,m,
A(ﬁm,tawk) + B(’am,tawk) + B('am; 'Uvjk) + (C('am + G)a wk)g = (.]Ea ’uvjk)Qa (28)
U (0) = Umo, (2.9)

where 1,0 is a function in H{(Q2) which strongly converges to iy when m — oc.

It is obvious that (2.8) and (2.9) form an ordinary differential equation system with regard
to {ak (t)}7,. The coercivity and continuity of A(-,-) and B(-,-) together with the Lipschitz
continuity of ¢ give the existence of a solution ., which satisfies (2.8) and (2.9), see [3, Theo-
rem 4.2.2].

Step 2. A priori estimates. Multiplying the k-th equation of (2.8) by o, (t), summing up
for k=1,2,...,m and integrating from 0 to ¢, we find that

At (t), T (£)) + B(tm (t), Um (t))
= A(Um (0), U, (0)) + B(tm(0), U (0)) + 2/0 (f, tim () ,dt
- 2/0 B (i (t), i (t))dt — 2/0 (c(@m(t) + G), im(t)) ,dt.

Then by the coercivity and continuity of A(-,-) and B(-,-), we have
2 2 for ' 2
[am B)]7 0 SCl(|am(0)|1,sz+/O (faam(t))(zdt+/0 | (8) 7,0t
¢
+/ (c(tm (t) + G),am(t))th), (2.10)
0
where C} is a positive constant that only depends on a,,a*,b, and b*. From (2.9), we know

that
[@m (0)[17 0 < Calliio]? g (2.11)

with a positive constant Cy independent of m. By the Cauchy-Schwarz inequality and Green’s
formula, it holds

/ (f, U (1)) o dt :/ ((f, Um (1)), — (G, tm(t)) o, — (BV(Gy + G),Vam(t))g)dt
0 0

t
< / (Iflle +a*|Gtlla + b*|Gt + Gli.a)llim(1)]
0

1,0dt

t t
SC3/ (||f||sz+a*|\GtHn+b*|Gt+GI1,sz)2dt+/ lim ()] dt, (2.12)
0 0
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in which the positive constant Cjs is irrelevant to m. According to the Lipschitz continuity of ¢,
we obtain

/0 (c(ttm (1) + G) it (£))
= /O (c(tm(t) + G) = e(G), um(t)) o dt
+ [ (@), (0) g

0
t t
< Lo [ an(®B adt+Ci [ (G)hat 213
0 0

where L. denotes the Lipschitz constant for ¢ and Cy is a positive constant that only depends
on L.. Therefore, using (2.11)-(2.13), we arrive at

t t
~ ~ * * 2
i@l 0 < G2 (ool a+Ca [ (Il aGella+41Gi+ o) de+Ca [ Gt
0 0
t
QO+ CL) [ i ()1} ot
0
Applying further the continuous Grénwall’s lemma [28] gives
t
il < €+ (Colfnlt + Cs [ (151l + 071 Gullo-+ 716 + Ghs)
0
t
+ 0 [ 1@ lar)
0
t
<G (||ﬁ0||in +/0 (IFIG + NGl @ +1IGNT 0 + ||C(G)||?z)dt) (2.14)
with a positive constant C; independent of m. The Eq. (2.14) gives the boundedness of {i,, }5°_,

in L0, T; H}()].

Similarly, multiplying the k-th equation of (2.8) by (o, (¢))’, summing up for k = 1,2,...,m,
and integrating from 0 to ¢, it holds

t
/ (At o) + Bl o))t

0

t . t
< B(tim(0), i (0)) + / (f ) ot — / (c(@m + G), 1) ot
0 0
then by similar analysis as in (2.11)-(2.13), we have
t . t
/0 i ell2 ot < G (naonig + / (A1 + 1GHE o + G20 + ||c<G>||é)dt) L (219)

where the estimate (2.14) is used and C, is a positive constant independent of m. Thus,
{1 55— is bounded in L?[0,T; Hi(Q)].

Step 3. Existence. The estimates (2.14) and (2.15) give the existence of sub-sequences
{am, 1521, {1 521, which satisfy that ,,, —u weak-star in L°°[0,T; H}(Q)] and iy, ¢ — Ut
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in L2[0,T; H} ()] weakly. By the compactness lemma (see [3, Lemma A.15.1]) and a similar
argument as [25, Theorem 6], we deduce that the weak solution @ for (2.2) exists with @ €
L>[0,T; H ()] and u; € L?[0,T; H}(2)]. Furthermore, the existence for weak solution of
(1.1) follows from the relation u = @ + G.

Step 4. Uniqueness. Assume that u; = @1 + G and us = s + G are two weak solutions
for (1.1). Then we see that é = uy — ug = @ — Uy satisfies that for any t € (0,7,

A(ey,0) + B(&,0) + B(€,0) + (c(iis + G) — c(ia + G),0), =0, V€ Hy(1), (2.16)
¢(0) = 0. (2.17)

Taking ¥ = € in (2.16) and integrating on (0,t), we have
A(e(t),é(t)) + B(é(t),é(t))
= A(&(0),(0)) + B(&(0),(0)) — 2/0 B(¢,é)dt

- 2/0 (c(ity 4+ G) — etz + G), €) ,dt.

Then by (2.17), the Lipschitz continuity of ¢, the coercivity and continuity of A(-,-) and B(-, ),
we get

t
le®)]z0 < © / le(®)]12 dt.

in which C is a positive constant that only depends on ay,a*,b, and b*. The continuous
Gronwall’s lemma gives
S [2
[e@®)7 o <0,

thus é = 0 and it is shown that the weak solution for (1.1) is unique.

Step 5. Stability. Taking ¢ in (2.5) as @ and employing the similar analysis as in (2.11)-
(2.14), we arrive at

la)le < Cilluollie + 1GO) 1 + I c2o0,sr2 ) + 1Gell 20,601 o)
+ ||GHL2[O,t;H1(Q)] + ||C(G)|‘L2[O,t;L2(Q)])' (218)

Taking the place of © with 4@; in (2.5), we can similarly obtain

el 210,611 < Ca(luolln, + 1GO) 1,0 + 111 2p0,6:02(0)) + 1Gell2(0,4:12 ()
+ ||GHL2[O,t;H1(Q)] + HC(G)HL2[O¢;L2(Q)]). (219)

Then the stability estimate (2.7) can be derived by (2.18), (2.19) and the triangular inequality.
The proof is complete. O

3. Numerical Schemes

In this section, we introduce the second-order serendipity virtual element space, construct
some discrete bilinear forms, propose semi-discrete and fully discrete schemes based on them.
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3.1. Second-order serendipity virtual element space

For the curved domain €2, in order to approximate it, we introduce a sequence of polygonal
domains €2, whose vertices are assumed to be located on 9. Herein, the subscript & (0 < h < 1)
is used to show how close €2, is to €2. The smaller the value of h is, the closer ) and 2 are.
Convexity of €2 implies that  is also convex and € C . For each 0}, we decompose it
with a polygonal mesh 7y« where the subscript h* represents the size of the polygonal mesh,
i.e. h* = maxge7,, hg (hg is the diameter of the polygon E). For the sake of simplicity, we
set h* = h. We assume that the mesh 7}, satisfies some shape regularity, see [6,18]. Taking the
circle domain as an example, we show 2, Q; and T, in Fig. 3.1.

For any point @ € 09, which is the boundary of Qp, it is assumed that there exists
a nonnegative function p(x) satisfying

x + p(x)n € 09,
where n typifies the outward unit normal on 9Qy,. From [7-9], we know that
p(x) < Coh?, (3.1)

in which the positive constant Cq does not depend on h.
Following [6], for any element E € Ty, we introduce an auxiliary space

V(E) :={ve H(E): Av € Py(E),v|op € C°(OE),v|. € P2(e),Ve C OF},

where C°(OFE) is the continuous function space on OF and P,,(w) denotes the space of polyno-
mials of degree m on w (w = E, e) with the integer m > 0.

Let the number of edges of E be denoted as Ng. It is well known that the number of vertices

of E is also equal to N. Define an operator Sg : \7(E) — R?NE such that

Spuli = {”W")’ fo1sis N (32)

v(Vene), if Np+1<i<2Ng,

where 9; (1 < j < Np) is the j-th vertex of £ and 9% (1 < j < Ng) is the midpoint of j-th
edge of E. Employ the symbol (-,-)z2ng to represent the Euclidean scalar product in R2VE,

then we can define the operator I1Z : V(E) — Py(E) as

(SE (HEU),SEP)RQNE, = (SEU,SEp)RzNIg, Vp e Py(E).

(a) (b) (c)
Fig. 3.1. Curved domain Q (a), polygonal domain Q (b), and polygonal mesh 7y, (c).
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Utilizing the operator HE , the local serendipity virtual element space V(E) is defined as
V(E) = {wn € V(E): (vn,p)s = (Hgvh,p)pvp € Py(E)}.

Take the local degrees of freedom for V(E) as
(D1) The values of vy, at the N§ vertexes of E.
(D2) The value of v, at the midpoint of e, for any e C OF.

In [6], it is proven that (D1) and (D2) are unisolvent for V(E) and it is easy to check that 1§
is computable using (D1) and (D2). Recall the standard L2-projection operators II¥ and TI¥
for scalar and vector, respectively, and their definitions are as follows:

(w,p)g = (H(})Ew,p)E, Yw e L*(E), Vp e Py(E), (3.3)
(w,p)p = (IFw,p) ., Ywe [LX(E)]°, Vpe [Pi(E)> (3.4)

From the definition of V(E), we observe that for functions in V (E), the L?-projection operator
ny = HE, and for the gradient of functions in V(E), the L2-projection operator IT¥ can be
computed by IIZ. Some properties of IIf' and II#* are recalled in the following lemma.

Lemma 3.1 ([11]). If a function v € H*(E) for any E € Ty, we have

050 5 < [lvlle, (3.5)
| Vo — V||, < Cohy Yols e, s € {2,3}, (3.7)
[0 =g || + helv —Tgv|, o+ hglo —1gv], , < Cihplolse, s € {2,3}, (3.8)
where 6: and C, are two positive constants irrelevant to hg.
We construct the second-order global serendipity virtual element space Vs as
Vs = {v, € H' () : vn|p € V(E), VE € Tp }, (3.9)

and for Vs, the global degrees of freedom are defined by the coupling of the local ones (D1)
and (D2).

Let the amount of vertices and edges of 7;, be NV and N€¢, respectively. Obviously, the
amount of global degrees of freedom Ng equals N¢ + NV. We use dof; to represent the i-th
global degree of freedom, then the interpolation operator Zs can be defined as

dof;(v)) = dof;(Zsv), i=1,2,...,Ng, (3.10)
where 9 is a regular function. The following approximation properties hold true for Zs.
Lemma 3.2 ([13,18]). If a function ¢ € H3(E),V E € Ty, we have

v —Zs¥||g + he|lY —Zs¥|ie < Cihp|¥ls e, s €{2,3}, (3.11)

where Ct is a positive constant irrelevant to hg.
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3.2. Discrete bilinear forms

For any v, and wy, in Vs, we first construct a discrete bilinear form Ap(-,-) to approxi-
mate the inner product (avy,wp)q,. For any E € Ty, define a local bilinear form AZ(-,-) on
V(E) x V(E) with the form

AE(U}L, wh) = (aH(’,‘Jvh, H(J)Ewh)E + dh% (SE (’Uh - H(I)Evh),SE (wh — H(J)E’LU}L))R2N;J ,

“= 177 J, @)

and the operators Sg and II§ are defined in (3.2) and (3.3), respectively. Then Ap(-,) is
constructed as

where

vh,wh Z Ah vh,wh Y op, wy € Vs.
EcTy,

We next construct a discrete bilinear form By, (-, ) to approximate (bVup, Vwy)gq, . Define
a local bilinear form BE(-,-) on V(E) x V(E) as

B (v, wp) = (bII{’ Voy, H{Eth)E +b(Sg(vn — ITfon), Sp (wn, — H(;Ewh))RzN ,

- 1
b= E/Eb(:c)d:c

and I1¥ is defined in (3.4). We then construct By (-, ) as

where

Uh,wh E Bh vh,wh Yup,wp € Vs.
EcTh

To deal with the nonlinear term c(u), we further need to define a discrete bilinear form
Ch(-,-) which is used to approximate the inner product (vp,wp)q,. Similarly, define a local
bilinear form CE(-,-) on V(E) x V(E) with the form

ChE(’l}h,wh) = (H(I;Jvh, ngwh)E + h2E (SE (Uh - H(I)Evh),SE (wh - ngh))RzN]%,
and Cp(-, ) is constructed as

vh,wh E Ch vh,wh Yop,wp € Vs.
E€Th

Introduce a discrete inner product (-, -)aq, on L?(9€,) with the form

(21, 22)00, = Z /lezdS,

eeg,l;

where 5}; represents the set of boundary edges of 7. We further define a piecewise operator
II; which is defined as

(w)|p = 1P (v|p), Vuve [L2()]°, YEET.

We now construct a discrete bilinear form Nj(-,-) according to the Nitsche-based projection
method [7,8]. Based on By(-,-), we define N3(-,) as

N (vn, wr) = Bp(vn, wn) — (b(II1 Vor) - n,wh)aq,
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— <’Uh, b(H1th) . n>agh + ’y<’l)h, }_Lil’u}h>69h

— (p(I1; Vop,) - n, b(I1; Vwy,) - nYaq, + ’y<p(H1Vvh) ‘n, l_flwh>6ﬂh,

where 7 is a penalty parameter and h is a piecewise function which is defined as h|. = h. for
any e € & (he denotes the length of e).

Based on Lemmas 3.3 and 3.4, we will analyze the coercivity and continuity of A(-,-),
B(-,+), Ch(-,-) and Ny(-,-) in Theorem 3.1. Before that, introduce an energy norm ||-||» for
Vs with the form

vl = lvnli.q, + |vnl3a,, VYva € Vs, (3.12)

where
lonl3, = Y he llvall2-

eefz

We find that if ||v,||ar = 0, then v, equals a constant in €, and v, = 0 on 9. Hence vy, =0
in . Obviously, ||-||» defines a norm on Vs.

Lemma 3.3 ([13,18]). For any E € T, and any vy, € V(E), we have the following inverse
inequality and norm equivalence:

IVorlle < Cinhg'llval 2, (3.13)
Ceah (Se(vn), Sp(vn)) gang < llonll < Couh% (Se(vn), Sp(vn))geng (3.14)
where the positive constants Ciy, ng and ng are irrelevant to hg.

Lemma 3.4 ([10]). We have the following trace inequality for any E € Ty,:

Iplor < Cashp®llple, Vp e PiU(E)P, (3.15)
in which the positive constant Cqy is irrelevant to hg.

Theorem 3.1. A, (-,-), Br(-,-) and Cx(-,-) are coercive and bounded. If penalty parameter -y
satisfies that
2(b*Cdt)2
b, min {1, (C&,)~H(C1)?}
and h (h < 1) is sufficiently small such that

Y>> =

1 . w1 e
h (b*CaCly +7CaCar) < bemin {1, (Ce) 7 (CR 1)}
YhCaCar <7 =0,
then Ny (-,) is coercive and bounded as well.

Proof. The analysis for Ap(-,-) and Cp(-, ) is similar, so we only show the analysis process
for Ap(-,-). By (2.1), (3.5) and (3.14), we have for any vy, wy, € V(E),

| A (vn,wp)| < a* (HﬂfvhHEHH?whHE +(C%) ™ lon = T o Jeon — wahllE)
< a*max{l, (cgq)‘l} lonllzllwn 2, (3.16)
AR (0w 2 a (|05, + (C) ™ flon — 1 w3

> a, mm{1, (c;q)*l} lon % (3.17)
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Applying the Cauchy-Schwarz inequality, (3.16) and (3.17) yields the following continuity and
coercivity of Ap(-,):
| An (o, wp)| < a* max{l, (cgq)‘l} lonlla, lwnlle,, ¥ vn,ws € Vs, (3.18)
Ap(vn,vp) > ax min {1, (Cé‘q)_l} lvalld, - Yoy, € Vs. (3.19)

Next, we analyze By, (-, ). Forany v, € V(E) C HY(FE), we have the following approximation
results [10]:
[on =G on| 5 < Cvhplonh, e (3.20)

From (2.1), (3.6), (3.14) and (3.20), we find
1BE (o wn)| < 0 (IEF0n | IE T+ ()™ 1 fom = T o — 1)
<b* max{l, (ng)_lc%} o 1.5 |wh| 1.5 (3.21)
The following property of II¥ follows from its definition in (3.4):
[Von = IEVon ||, < || Von — VIG 0| .- (3.22)
Employing (2.1), (3.13), (3.14) and (3.22), we have
BE (on,vn) 2 b, ([IETu[7, + (C) ™ hg2[lon — 1wl |3,
> b ([P Tenlf} + (02) ™ (G [Von — Vw7
> b, (J0EVen},+ (C2)
> bomin {1, (C) 7 (C21) } ol e (3.23)

By (3.21), (3.23) and Cauchy-Schwarz inequality, the continuity and coercivity of By(-,-) can
be derived

Ci) () [ Ton — EVu3)

eq

|Bh(vh,wh)‘ < b* max{l, (ng)_IC%} |’Uh|1,Qh|’LUh|17Qh, Yo, w, € Vs, (3.24)
By (vn, 1) > by min {1, (C;q)’l(qgl)Q} onl? g, Yup € Vs. (3.25)

At last, we give the analysis of M}, (-,-). Before proceeding further, we derive some estimates
for the boundary terms in Ny (-,-). Using (2.1), (3.6) and (3.15), we have

(BT Von) -y wion, | <0° S hZ [T Voslehe * wal].

ees,l;
3
< b*< > he|H1Vvh|§> |wn o0,
6652
< b*Cas|vnl 1,0, |wn o, - (3.26)
Similar to (3.26), noticing (3.1), we find
(1, 08) - 7. (I, V) - |

1

< b*h%—lcQ( > he||H1Vvh||§> ( > he||H1th|§>

ech ech

< b*hCoClylvnl10, lwnli,0,, (3.27)
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7‘ (p(I1Vvp) -, Bilwh>aszh

< 7h2h_10s2< > helﬂlwhlli) ( > hglllwhHi)

44 ech

< yhCaqCatlvnli,0, |wrlag, - (3.28)

Based on (3.24) and (3.26)-(3.28), and noticing h < 1, we obtain the following continuity of
Ni(-,-) for any vp, wp, € Vs:

N (vn, wp)| < max {b*, b*(C) " CZ b Ca, b*CszcgtﬁCssztﬁ} [onllallwnllar- (3:29)
From (3.25) and (3.26)-(3.28), we have
Ni(vn,vn) > by min {L (Cé’q)_l(ciil)Q} lvnl3 0, — 20" Caslonl1,a, [vnloc, +7|vnl3e,
= b*hCaCfilunlt o, — YhCaCatlvn|ig, lvnlos,,
then using the modified Young’s inequality yields
N (vp,vp) > (b* min {1, (C:q)_l (Ci;1)2} — b*Care — h (b*Ca O, + ’YCQCdt)) |Uh|iQh
+ (v = b*Cate™! — YhCaCat) vnl3q, -

Choose € as
b, min {1, (Ce) (i)}
€= 20 Cy ’
and using the assumption about v and h and the setting of 7g, we finally get the coercivity of

Ni(-, ) as follows:

Niu(vn,vp) > Curllonllass,  Von € Vs, (3.30)

where
1 _
Cy = min {Eb* min {1, (C:q) 1(0;1)2} —h (b*Ccht + ’)’CQCdt) ,Y — Yo — ’)’hCQCdt} .

The proof is complete. O

3.3. Semi-discrete scheme

For the semi-discrete scheme, we define it by finding uj, € L?[0,T; Vs] with up, . € L2[0, T} Vs]
satisfying that for any vy, € Vs,

{Ah(uh,ta vn) + N (un,t,vn) + Nu(un, vn) + Cr(Zsc(un), vn) = Lar(t;vn),

3.31
up(0) = Zsuo, (3:31)

where Zsug represents the interpolation of ug which is defined in (3.10) and the linear form
L (t;vp) is defined as

L (t;vp) = Z /E (Hgf(t))vhda: —(g:(t) + 9(t), b(I1; Vop,) - n)oaq,

EeTh
+ ’Y<gt(t) + g(t)v Bilvh>6§2h7

where §(t) = g + p(2)n, ) with §i(t) = gi(@ + p(@)n, ¢).
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Express a function ¢ € Vs as

Ns
on =Y _ dofi(pn)di,

i=1
in which ¢; represents the i-th global basis function. Then, according to [18], the nonlinear
term Cp,(Zsc(up),vr) can be written as

Ch (Igc(uh), vh) =Cp, ( ZS dof; (Igc(uh))gbi, vh>

i=1

2

S

dof; (C(Uh))ch(¢i; Ly

Mz 1M

c(dof; (un))Cr(ei, vn).

.
Il

If we further introduce matrix and vector notations as follows:

A=A ] = An(gi, ¢5), i,7=1,2,...,Ng,
N =[N, ;| = Nu(¢i, ¢5), i,7=1,2,...,Ng,
C = [Ci;] = Cn(9i, ¢5), i,j=1,2,...,Ns,
w=[ug,us, - ,ung]T, u; = dof; (up), 1=1,2,...,Ngs,
e = [(ue)1, (ue)a, - (Ue)ns| Ty (we)i = c(dof;(up)), i=1,2,...,Ns,
L(t)=[L1,La, -, Lng]", L = L (t;5), i=1,2,...,Ns,

then (3.31) is equivalent to the following ordinary differential equation system:
du
(A+ N)E + Nu + Cu. = L(t).

From the continuity and coercivity of Ay (-, ), Cp(+,-) and Nj(-,-) given in Theorem 3.1 and the
Lipschitz continuity of ¢(u), we conclude that for (3.31), the solution exists and is unique [27,28].

3.4. Fully discrete scheme

Divide the interval [0, 7] into N7 equidistant subintervals with time step size At = T'/Ny.
The grid-points t" (n = 0,1,..., N7) are set to be t" = nAt. Introduce a linear form L}, (vy)
in Vs with the form

E,T/{/('Uh) = % Z /E (HOEf(tn) + Hgf(tnil)) vpdx
E€Th

T e -
= 7 00™) = 9", DL Von) - m— 4k~ o) g,

1 Al ~lan— =
- §<g(t )+ g(t" 1), b(ILVuy) - n —~h lvh>aszh’

then the fully discrete scheme based on the Crank-Nicolson discretization is defined by finding
{up}NT < Vs such that for any vy, € Vs,

n—1

n n n—1 n n—1
uy —u uy —u Uy +u
(P ) o (M) o (B )
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T n T n—1
+Ch< sc(up) + Isc(uy,

9 ) ,’Uh) = [,X/(’Uh) (332)

The initial value u% = Zsug. It is obvious that when uz_l is obtained, we need to solve the
following nonlinear equation to get uj:

At At
Ap (up,vn) + N (ufy, o) + 7/\/;1 (upy,vp) + 76h (Zsc(up),vn) = L7 (vn), (3.33)
where

L7 (v) = Ly (o) + An(up ™" o) + Ni (u) = op)

At At
— 7./\/'}1 (Uzil,vh) — 7Ch (Igc(uzil),vh) .

Introduce vector notations as follows:

Ut =[up,uy,--- U] U = dof, (uf), n=0,1,..., N,
n n n n T n n

U:.= [(UC)l’(UC)2"" ’(UC)N‘S} ) (UC )i:c(dOfi(uh))’

L" = [LTIlega 7L%5]Ta L:l:‘C.T/{/((bz)a

then (3.33) can be rewritten as

<A+N+ %N) U+ %CU’;

At At
=L"+ (A +N - 7N) Ut - 7CU:;*. (3.34)

It is clear that when we solve (3.34) by the Newton’s iteration, it is easy to construct the
Jacobian J, and it takes the following form:

At Al
J=A+N+5N+75C.

where
é: [éi,j} :Ci,jc'(dofj(uZ)), i,j: 1,2,...,N3.

Compared with the idea in [2], the strategy of using the interpolation operator to approximate
nonlinear terms in [18] can simplify the implementation.

4. Error Analysis

In this section, an energy projection operator P is first constructed and then error analysis
for the discrete schemes (3.31) and (3.32) is derived based on the approximation properties of P.
Starting from here, for a positive constant C' that does not depend on h, the inequality a < Cb
is simplified to a < b. In addition, to carry out the error analysis, we assume that coefficients
a and b, source function f, boundary value g, initial value ug and the nonlinear term c are
regular enough such that the weak solution w of (1.1) can satisfy the regularity that we need.



16 Y. XU, Z.G. ZHOU AND J.J. ZHAO

4.1. The energy projection

The energy projection P : H3/2%¢(Q},) — Vs with € > 0, is defined by finding Pw € Vs such
that

Ny (Pw,vp) = (bVw, Vop)q, — (bVw - n,vp)aq,

— (w+ pVw - n, (I Vvg) - nYaq, +7(w+ pVw - n,h™ vy (4.1)

Joo,

The well-posedness of P can be obtained from (3.26)-(3.28) and the continuity and coercivity of
N3 (-,-) in Theorem 3.1. To analyze the approximation properties of P, we recall the following
trace inequalities.

Lemma 4.1 ([10]). If a function v € HY(E) for any E € Ty, then we have
[vllor < i llvlle + Aol e (42)
For a function v € H(E), from the Young’s inequality, we similarly have
IVillor S he? il + h3lile e (43)
Lemma 4.2. Assume that the weak solution u of (1.1) satisfies u(-,t) € H3(), then we have
lu — Pul|pr S h?[lu]ls,0. (4.4)
Proof. Set o, = Pu — Zsu, then by (3.30) and (4.1), we have

lonllzr S Nu(Pu,01) — N (Zsu,0n) S Q1+ Q2 + Q3 + Q4 + Qs + Qs

where

(p(H1VI5u — Vu) - n,b(I1; Vo) - n)aq, |,
v {(p(Vu — 11 VZsu) - n, ﬁfloh>aﬂh ’

The term (1 can be first estimated as

Q15 Z |(qu,VJh)E — BE(ISU,Uh)‘

EeTh

= > |(0Vu,Von)g — Bf (Zsu — I, 01) — (bVIFu, Vo) |
EeTh

S Y |(0Vu—TIF (0Vu), Vo) | + B (Zsu — T u, 04) |
EcTy

+ ) [(6(Vu - VIIFu), TP Vo) |,
EeTh
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then using (3.6)-(3.8), (3.11) and (3.21) yields
Q1 S P2 lullsellon-
By (3.6), (3.15) and (4.3), we have
Qs < Z |7 VZsu — Vaul| llon]

ece?

< Z (HHFEVISU - VeruHe + HVH(])EEU - Vu”e) llorle

~

ecE?

< Z (HHFEVISU - VHSJEUHEE + [Ifeu — u‘LEe) h;%HUhHe

~

eefz

—l—z:hEe

eefz

_1
Héﬂeu — u‘2,Eehe 2||lon e,

where E, is the unique mesh element satisfying e C 0F,. Utilizing (3.7), (3.8) and (3.11), we

arrive at
Q2 S WP |lullz.allon|ln-

From (3.15) and (4.3), we see that

Q3 < Z |Zsu — u||eH1_111EEVUhHe
ecgh

<S> (gt Zsu — ul
eegﬁ

T Vo g,

B + [ Zsu —ul1,5,)

then applying (3.6) and (3.11), we obtain
Qs < P?|lulls.llon|-

Similar to ()3, we can bound )4 as

_1
Qs 5 Y (! Tsu—ulls, + |Zsu — ul,g, ) he *|lon]|e,
6652

< P2 ullsllon]lv-

Noticing that p < h? < h, we can estimate Qs as

Qs < Z WY VZsu — Vul| |7 Vo,

eefz
S Y (I va - V. +u = Zsuh . ) [T Vou |,
ecE?
+> (\n{feu —ul, g+ | TEeu — u\we) 115 Vo |,
6652

then applying (3.6)-(3.8) and (3.11), we get

Qs S PP lulls ellon |l
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Similarly, Q¢ can be bounded as
1 _1
Qe < > b2 || Vu — 17 VZsul| he *|lon]le
eEEﬁ
S P Jlulls.ellonla

On the other hand, from (3.11) and (4.2), it is straightforward to obtain

u—Zsullx S [u—Tsulia, + [u—Zsuloa, S h*[|ullsq.

~

Finally, (4.4) is derived by using the triangular inequality. a

Lemma 4.3. Suppose that for (1.1), the weak solution u satisfies u(-,t) € H3(Q), then we have

lu—Pulle, < h°[luls.0 (4.5)

~

Proof. Consider the following dual problem with the solution ¢ € H2(Q,) N H} (Q,):

—V - (b(x)V() =u—Pu, x€Qy,
C = 0) T e th

The following regularity bound follows from the convexity of Qp:

I<ll2,0, < [lu—Pul|a,- (4.6)

Let Zs( represent the interpolation of ¢ in Vg, then we have Zs(|aq, = 0 by the boundary
condition for ¢ and the definition of the global degrees of freedom for Vs. In light of (3.11) and
(4.6), we further have

¢~ TsClan S hllu—Pulla,. (4.7)

By the definition of P and NV, (-, ) and the fact that Zs(|oq, = 0, we have
[lu — PuH?lh = (u —Pu, -V - (bV())Qh
= (bV(u — Pu), V() Q= (bV( - n,u — Pu)oq,
= (bV(u—Pu),V(¢ — Isg))Qh + (bV(u — Pu), VISC)Qh — (bV( - n,u — Pu)oq,
= (bV(u—Pu),V(¢ - ISO)Qh — (bVPu, VIs()q, — (bV( - n,u —Pu)sq,
+ N (Pu, ZsC) + (u, b(I11 VZs() - n)oq, + (pVu - n,b(I1VZs() - n)agq,
S R+ Re + Rs + Ry,

where

Ry = |(0V(u —Pu), V(¢ — Is()), |

Ry = |Bp(Pu,Zs¢) — (bVPu, VIs()a, |,

R3 = |(u — Pu,b(I VZs¢ — V() - n)aq, |,

Ry = [(p(Vu — II; VPu) - n,b(I1; VIs() - m)ag, |-

By (4.4) and (4.7), for Ry, we have

Ry S |u—Puly,0,[¢ — ZsC|1,0,
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< llu = Pullx|¢ — Zs¢l1,0, < h’lulsollu—Pulq,.

In the same way as the inconsistency error analysis established in [12, Theorem 6.3], Ry can be
bounded as

Ry S IPluls.allu —Pulg,.

Based on (3.6), (3.7), (3.15), (4.3), (4.4) and (4.7), we have

Ry < S h2|[PVIs¢ — V¢ he * u— Pull.
eegz

< 3 né (IInfvzse - Vg
eESZ

< 3 (V¢ =l + 12— Clue. ) b~ Pulle

eESZ

+ 3 (Juf¢— ¢l p, +he.

eegi

o+ V¢ = 9¢]|,) b ¥ u = Pul.

§“C =l p, ) e *lu—Pul.

S hlcl2.g, lu = Pully < PP luls.oflu — Pullg, -
Similarly, R4 can be estimated as
_1 1
Ry $ Y WPhe *||Vu — I VPul| B2 |11 V(]|
ecE?

< >0 03 ([[Vu -1 V|, + || Vu - VR, ) IVZsC]
ecE?
< Y 0k (Ve - Vg u], + [|VIFeu - V], ) Vs,
eegz
+ Y n3 || Vu — I VPu|| [ VZsC]| s,
ecE?

< BPulsolZsClion S RPuls,o(IZs¢ — Clian + [Che,) S PPulsallu — Pullq, .

Using the above estimates for R1-Ry, we get (4.5).

4.2. Error analysis for the semi-discrete scheme

Some error estimates for terms involving the boundary condition are first derived in this sub-
section, then the error analysis is presented for (3.31) on the basis of approximation properties
(4.4) and (4.5) of the energy projection P.

Lemma 4.4. Assume that the weak solution u of (1.1) satisfies u(-,t) € W2°°(Q), and the

time derivative uy(-,t) is assumed to belong to W*°°(Q) as well, then we have for any vy, € Vs,
(ge(t) + 9(t) — (ue + u+ pV(ug +u) - n),b(IL; Vuy,) - n>69h

S P (Jul2,00,0 + [utl2,00,0) Va0, (4.8)

—{ge(t) + §(t) — (ue +u+ pV(ug + u) 'n)vhilvh%m

< R (|ul2,00,0 4 |tt]2,00,0) [|0n ]l - (4.9)
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Proof. According to Taylor expansion [8] and (3.1), for @ € 98y, it holds
9(t) — (u+ pVu-n)| = |u(z + p(x)n,t) — (u+ pVu-n)|
< PPlulzc.0  PPul2,00.0, (4.10)
1G¢(t) — (ue + pVue - n)| = |ug(z + p(x)n, t) — (ue + pVug - )|
< Pz|ut|2,oo79 < h4|ut|2,00,fl- (4.11)

Then, by (3.6), (3.13), (4.10) and (4.11), we have

(9e(t) + 9(t) = (ue +u+ pV(up +u) - n), b1 Voy,) - n>3gzh
=D
ecE?

,S Z h4he% (|U|2,OO,Q + |Ut|2,oo,Q) HHIEEV’UhHe

eefz

5 Z h4(|u|27oo,ﬂ + |ut|270079)||v1)h|

eegﬁ

9e(t) + G(t) = (ut +u+ pV(ur + u) -n)HeHH{EEV?)hHe

E.

S 1 (Jul2.00.9 + [utl2.00.9) [on ]2, -
Thus, (4.8) is proven. Employing (4.2) further, we can obtain (4.9) in the following way:
— 'y<gt(t) +g(t) — (ut +u+ pV(ug +u)- n), i_L_lvh>6Qh

S Y a0t + a(8) = (s +u+ pV (u +w) - n) || hg on e

eegﬁ
1
S BAhE (Jul2,00.0 + [utl2,00.0) he Hvnlle
eegﬁ
S Y W (Julzeeg + lutls,ocn) (b5 lonll 5. + [ol1,5.)
eefz

S PP (Jul2.00.0 + [utl2.00.0) om0 -

The proof is complete. O

Theorem 4.1. Let u be the solution of (1.1) and uyp, be the solution of (3.31). Suppose that
w € L2[0,T; H3(Q) N W2>(Q)], uy € L?[0,T; H3(Q) N W2>2(Q)], c(u) € L2[0,T; H3()],
f € L?0,T; H3(Q)] and ug € H3(Y), then for any t with 0 < t < T, the following error
estimates hold:

lu—unlla, S h*([[uolls.e + lluell 20,6020y + 11| 220,602 @) + 1wl L2062 0)
+ le(u)ll z2(0,63 ()1 + 1wl 20,620 ()
+ luell p2jo, e () + lluell Lio,m3 ) (4.12)
= unllar < B3 (luollso + luell 20,030 + 11 £l 220,023 + 1wl 20,683 )
+ lle(u) || 2jo,6 2 )] + 1wl L2jo,ew2.20 () + [[uell L2(0,6:w2. )]
+ 12 (luolls.e + luell ijo,6m (2))) - (4.13)
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Proof. Utilizing the energy projection P, the error w(t) — up(t) can be split as
u(t) — up(t) = u(t) — Pu(t) + Pu(t) — up(t).
Thanks to Lemmas 4.2 and 4.3, it follows that

lu—Pullx < P2llulls.e < B* (luolls.c + lluell 1o, () -
lu—Pull, < h?[lul

~

5.0 S h* (luolls.q + [lwell L1015 @) -

21

(4.14)
(4.15)

For the sake of convenience, we set 8(t) = Pu(t) — up(t). Based on the semi-discrete scheme

(3.31) and the definition (4.1) of P, a simple calculation gives

An (01, vn) + Nu(0r, vn) + Nu (0, vn)
= Ap(Pug, vp) + Np (Pug, vp) + Ni(Pu, vp) + Ch (Zse(un), vi) — Lar(t;vp)

= An(Pug,vp) + (OV(ue +u), Vo), — (bV (e +u) - n,vn)oq, + Ch(Zsc(un), vn)

- Z / (ILF f(t))vnda + (Ge(t) + §(¢), b1 Vop,) - m — 75_1Uh>39h
EeTy ' F

—(ug+u+ pV(ug + u) - n, b1 Vo) - n — VB_IUh>39h-

For the model problem (1.1), it is easy to verify that its solution u satisfies that for any v, € Vs,

(aue,vp)a, + (OV (u + u), VUh)Qh — (bV(uy + u) - n,vp) a0, + (c(u),vh)ﬂh = (f,vn)a,,

then we have
An (0, vn) + N (0, 01) + Ni(0,0n) = X1 + Xo + Xy + Xy + A5,
where
X1 = Ap(Pug,vp) — (aug, vn)a, ,
Xy = Ch(Igc(uh(t)),vh) — (c(u),vh)gh,

Y= (foo, = 3 [ (WFF®)unda,

Ee€Th
X4 = —’y<gt(t) +g(t) — (Ut +u+ pV(Ut + ’LL) . n); E_1Uh>69ha

s = (ge(t) + g(t) — (ue +u+ pV(ug +u) - n),b(ILVon) - n) 0, -
Using (3.5), (3.8) and (4.5), we obtain

X = Z Af(Put,vh) — (aus,vp)E

EeTh

= Z Af(Put — ngut,vh) + (aﬂgjut,ﬂgjvh)E — (aus,vp)E
Ee€T,

EeTh

< PP udlls.ellonle,-

Z AP (Put — H(;Eut,vh) + (aH(;Eut — aug, Héﬂvh)E — (aut — H(;E(aut),vh)E
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For Xs, in [18, Theorem 1], it has been estimated as
Xy S (Plle(w) s + PP [lullso + llu — unlle,) lvnlle,-

By (3.8), we can simply estimate X3 as

X=X [ (0 -1Er0)ode S 1 Olalole,

EcTh

The error terms X4y and X5 arise from the deformation of 92 to 9€);, and their estimates
are provided in Lemma 4.4. Combining with the above analysis for X;-X3, we arrive at

An(0t,vn) + Nu(0: +0,01) < (h3(|\ut||379 I Olls.e + lullsa+ lle(w)]s.q)
+ 03 (Julz,00,0 + [utl2,00,0) + lu — Uhl\nh) lonlle,- (4.16)

Taking the place of v, with 6; + 6 in (4.16) and noticing the coercivity of Ay (-,-) and N, (-, ),
it follows that

d
740 (0.0) S (il + 1F O30 + lulEa + le@Ea + ul3 00 + w3 0.0)
+ llu = un g, + 1913,
then by (4.15), we obtain
d
A (0,0) S (Jull3o + 1 O30 + el + le@)Eq
Hul3 oo + el 00 ) + 10113, - (4.17)

Integrating (4.17) on (0,¢) and using the continuous Grénwall’s lemma, it holds

: :
6 < 1 ([ (et + 1O+ Tl + e(u(r) I ) )

1
2

t
+ B3 (/0 (e ()3 0.0 + |u(¢)|§m,9)df) +10(0)]|q, - (4.18)
Based on (3.11) and (4.5), we have
16(0) |, = IPuo — Zsuolla, < |[Puo — uolla, + luo — Zsuolla, < h3|uolls.0- (4.19)

Applying (4.15), (4.18) and (4.19), we obtain (4.12).
Next, we focus on (4.13). Replacing vy, with 6; in (4.16), it follows that

d
TVH(0,0) S (w5 + 1f @50 + [ulze + @l + Ul w0 + ul3,0.0)
t
+ hCluoll3 o + h6/0 (lue(n)lI5 0 + (5 0 + lu(r)lI5 o) dr

t
10 [ (et g+ 1) B + 10 (7))

Integrating the above bound form 0 to ¢, we have

t
1013 < W lluoll3 o + hG/O (lue(D3 0 + I (D)5 0 + lu(D)5 o) dT + [luo — Zsuoll3s
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t
+ 10 / (le(r) 30 + 110 o + 1ut(T)B e, )T + 1Puo — ol
t
St [ (Jus(r)
0

t
1 [ (el o+ 1) B + 10Dl )T

then, combining with (4.14), we obtain (4.13). O

S+ IFOIE 0+ lu(r)llf o)dr + A uoll3 o + h*[luoll3 o

4.3. Error analysis for the fully discrete scheme

Before carrying out the error analysis for the fully discrete scheme (3.32), we establish some
error estimates for terms involving the boundary condition.

Lemma 4.5. Let u be the weak solution of (1.1). Assume that for n = 0,1,..., Np, there is
a positive constant C2° such that max,—1<i<n|u(t')|2,00.0 < C° and us € LHt" 1,7 W2 (Q)],
then for any vy, € Vs, we have

iA"—A"_l—u"—u"_l u(t™)—u(t" 1)) -n 1’U-’I’L—ﬂ
(@ (000 )V (7)) ) V) T3

h

h3 t"
S gglonlon [ ol wodr (1.20)

1o, n Alan— n n— n n— v

<§(g<t )+t ) = (w(t™) Fu™ ) +pV (u(t™)u(t 1))-n)),b(n1v%).n_7_hh>

oQy,

< p3 i
ShY max [u(t)l2.cnlvnlle,- (4.21)

Proof. According to (3.6), (3.13), (3.15) and (4.11), we have

<§ (a0 =91 = (u(E™) ~u(e" =) + pV (ult")—u(t"")) - n) ). B(IL Vo) - n>

o,

é </t 9¢(1) — (ug(7) + pVue(7) - m)dr, (111 Vup,) n>

n—1 oo,
1 ¢
S35 2 Evo, [ o) = () + 5 u(r) - ) ar
ecgh gt
1 1 &"
< A Z hih2 HHIEerhHe/ [t (T)|2,00,0dT
6652 tn—l
1
S h3HU}L||QhE /tnil |t (7)]2,00,0dT (4.22)

Similarly, employing (4.2) further, it follows that

<Ait (967) = 5" = (wlt™) = w(E™™") + p¥ (") = u(t™ 1) -n) ), vﬁlvh>

oy,

n—1

= é </t gt(T) - (Ut(T) + pvut(q-) 'n)dT,’)/hl'Uh>

oQp
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1 B e
S he 1”“”‘6/”,1 56(r) = (ue(7) + pVus(r) - m) | dr
eEEﬁ
1 _ t"
<= ST B (g el + lonlug) / g () 3,00l
Af € tn—1
ecE?
1t
SHonllo, 57 [ e (4.23)
tn—

Eqgs. (4.22) and (4.23) give the desired result (4.20). The proof for (4.21) can be obtained by
a similar analysis to (4.20). O

Theorem 4.2. Let u be the solution of (1.1) and {u}})7, be the solution of (3.32). Suppose
that u, € L2[0,T; H3(2) N W2°°(Q)], we € L2[0,T; H?()] and up € H3(Y). Assume further
that form =1,2,..., Ny, there is a positive constant Cyax such that

max {”f(ti)HB,fz, HC(U(tZ)) H3797 ||u(tz)||3,ﬂv |u(ti)|270079} < Cmaxa

0<i<n

then for At < 1, the following error estimates hold:

e = i, S ° (el ogo enms ey + el emwn oy + mase [LF(2) s

+ i [e(u(t) ]|y o+ max [u(t)lls.0 + max [ut)z.0)

+ (At)2||Uttt||L2[o,tn;H2(Q)], (4.24)
(™) = will S 0 (Iall o, emsrsny + el z2go emowae o) + maix 172 .
+nax, ) [l ¢ + Jg}gﬂ”u(t )z + o??gon(t )|2,oo,9)

+ (A6 [lusse | L2po,em 120y + 17 ([luolls 0 + [[u(™)]

3,0). (4.25)
Proof. Using the energy projection P, the error u(t"™) — uj’ can be decomposed as
w(t™) —up = u(t") — Pu(t™) + Pu(t™) — up.
Due to Lemmas 4.2 and 4.3, we obtain

u(t™) — Pu(t™)|n < P2 u(t™) |30, n=1,2,..., N, (4.26)
u(t™) — Pu(t™) |, < B3 lu(t™)|z.0, n=1,2,...,Nr. (4.27)

Set 0™ = Pu(t") — u}. For the convenience of subsequent analysis, we introduce the following
notations: . .
oo N " e n"+n"

/]7 = At ) 2 )

where n € {u,uy,0, f,§} and n™ = n(t") for n € {u,us, £, §}.
On the basis of the definition (4.1) of P and the fully discrete scheme (3.32), a straightforward
calculation yields

Ah(é"7vh) JrNh(én,vh) +Nh(§n,vh)
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= A (PG",vp) + N (PU™, vp) + N3y (PT", vp)
+ %ch (Zsc(up) + Zsc(u)™"),on) — Ly (vp)
= Ap(PU", vp) — (V- (bVE"),v ) — (V- (bVﬂ”),vh)Qh
+{g" — (@" + pVa" - m) ,b(I1; Vop,) - m — vh ™y,
+ <g —(@" + pVa" - n),b(I1;Vuy,) - n — yh " oy,

- = Z/ (IIF f(&™) + OE F(E™ 1)) opde

EeTh
+ ECh (Igc(uﬁ) —|—Isc(uz*1), vh).
For the solution u of the problem (1.1), it can easily be verified that
(auy',vn)a, — (V . (bVﬁ?),vh)Qh — (V . (bVﬂ"),vh)Qh
+ 5 (ew) + e ), = (Foma
then we obtain
An (07, 0n) + N3 (07, 01) + Nu (07, 0n) = Vi + Vo + Vs + Va + Vs + Vs,
where
V= Ah(P&",Uh) — (aﬂ?,vh)gh,
Yo = (V- (bV(up — u")) ’Uh)Q ,
Vo= (" 0n)g, — Z / (T 7 + 0¥ oY vyda,

EGTh

1 1
Vi = 5Cn(Tsc(up) + Tsc(uy "), on) — 5 (c(w™) +e(u" 1), vn)g, »

Vs = (g" — (" + pVi" - m), b1 Vop) -1 — yh ™ on ) o,
Ve = <§” —(@" + pVa" - n),b(II1Vuy) - n — vﬁ_lvh>69h .
From (3.5), (3.8) and (4.5), we have
V= Z AE(P&",vh) - (aﬂ?,vh)E
EeTh
= Z AP (Pa™ — I 4", vp) + (aﬂgﬁ”,ﬂgvh)E - (aa?,vh)E
EeTh

EeTh

< (R l[a"ls. e + 16" — a7 [le, ) [lvall, -

It is easy to see that the term [|4"||3, can be bounded as

I I
— d < d
AtH/tM“ D 0~ At /tH ue(™lla.adr,

[

Z AP (Pa" — TIF4" vp) + (allf @™ — ai™, Hgvh)E — (aup — ng(a&"),vh)E

25
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and we can estimate the term |4 — 4}|q, as

1

on —n _ n n—1 n n—1
Hu _“tHQh —EHQU —2u — Atuy — Atuy HQh
1 n n—1 At 1 (tn + tn—l)
— [[u" —u" T = Atug | =
= At “\2 a,
1 1 1
(" 24/_7171 o -,mn_ —.n—1
1 tn+;n7 n—1\2 a n\2
= Q—At _— (T —t ) uttt(T)dT + P (T —t ) Uttt(T)dT
2 Qn
1 o tn+;n71
+ = / (T — t")ugge (7)dr — / (7 — " Dug(1)dr
2| Jengen—n gn—1
p) Qp
t’ﬂ
5 At/ ||uttt(7_)||f2d7—-
tn—l
Therefore,
1 " "
nis g (0l lhadr + 07 [ unoladr ) lole,. @29
tn—1 tn—1
Similar to the estimate for |4™ — @} ||, , the following estimation for Vs can be obtained:
i
¥ S Atlonla, [ (). (4.29)
tn—l
By (3.8), Y3 can be simply bounded as
< 3 %
Yo £ Wlenllo, max s (1.30

Employing [18, Theorem 1] again, we have the following estimate for Vj:

vig (h® max flewlse+H* max ulllso+ [6"a, + 16" o, )lenllo,.  (431)
n—1<i<n n—1<i<n

The error terms )5 and Yg result from the deformation of 90 to 9€; and their estimates
have been established in Lemma 4.5. Combining (4.28)-(4.31), we have

An (0™, 03) + Ny (0™, 01) + N (67, 03)
1
S At (PP (27 + 23) + (A1) (25 + Z2) + hWPAt(Z25 + 2§ + 27 + 27)) |vnlle,
+ (107l + 116"l llvn i (4.32)

where

tTIr t’Vl
zp = / lu()lls.dr, 25 = / e (7)o, 00,0,
t 1 t 1

n— n—

n t"
2= [ lualadr, 22 = [ Jua()ladr

tn—1 tn—1
n __ i n_ i
2z = max [fflse, 25 = max [le()lse,
Z7 = max ||ui||3,Q, Z" —  max |Ui|2,oo,Q-

n—1<i<n 8 T li<i<n
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Taking vy, in (4.32) as 6" + ™ and utilizing the coercivity of Ap(-,-) and Ny (-, ), we arrive at
.A (9n 9") —Ah(G"‘l,G"‘l)
SE(hf‘(( D+ (20)°) + @nt((2) + (20)°)
+no(an?((25)° + (25)° + (20)° + (22)%))
+AL([10M18, + 10" IS,)- (4.33)
A repeated application of (4.33) gives
n 1 ¢ i)2 i\2 i\2 i\2
16713, < & 2; (ro((20)*+ (25)°) + (a0 ((23)" + (20)"))
- i i)2 i)2
+52@%w«>+w>u@+@gn

+ Atz 16118, + 116°113,,,
=0

then for At < 1 (which is also required in [20, Theorem 2.1]), applying the discrete Gronwall’s
lemma, (3.11) and (4.5) yields

n

10713, = 5 D (R0 ((20)7 + () + @0 ((28) + (2)7))

i=1

2o (10007 (2 (20)" + (2" + (20)7)) Mol 039

According to the Cauchy-Schwarz inequality, we have
1 ¢ 6 i\2 i\2
Kt Zh ((Zl) + (22) )

S ((f o) s ([ utotamsr))

< he (HutHL2 0,¢m;H3(Q)) T ||Ut||%2[o,tn;wz,oo(n)]) ; (4.35)

;;mw«>+@ﬁ

Alt zn:(At) <(/;1 ||uttt(7)|9dr) - (/:1 |Uttt(7')||2,§2d7’)2>

< (an? ||uttt||2L2[O,t";H2(Q)]a (4.36)

2

and
1 « . . . .
EZWMW@ZQWH%%%W
S0 max [1£18.0 + max lle(w)llf o + max w3 o+ max [u'fq).  (437)

0<i< 0<i<n 0<i< 0<i<n

Substituting (4.35)-(4.37) into (4.34) and noticing (4.27), we can obtain (4.24).
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Replacing vy, in (4.32) with Atf" and using the coercivity of Ax(-,-) and Nj(-,-), we have
N (9n 9") _Nh(en—l 9n—1)

6 2 4 2
< (@07 + (2)7) + a0t ((29)° + (21)7)
+O(a0?((2)"+ (25)" + (27 > + <z;>2))
+10"[1g, + 16", - (4.38)
By repeated application of (4.38), it follows that

19712 < 1ti( ( (zg))+(At)4((z§)2+(zi)2))

=1

N Ait i (hG(At)Q((Zé)Q +(2)"+(2) + (35)2))

+ 16712, + 16°13r,

=0
then, from (4.34)-(4.37), we get

1" llx S h3(|\UtHL2[ovtn;HS<sz>1 el o imwzoe @) + max [ () a.0

i %
+ e [e(u(t) ]|y o+ max [u(t) a0+ max [u(t)]200.0)

+ [[Pug — uollw + [luo — Zsuolar + (ALY |lusee|| L2[0,0m, 112 () -
Now, (4.25) can be derived according to Lemma 4.2 and (4.26). O

5. Numerical Experiments

In this section, four numerical examples are provided to verify the theoretical results in
the case of different nonlinear terms and curved domains. The first one is used to show the
convergence rate of Crank-Nicolson scheme. The second one is used to confirm the convergence
rate of the spatial approximation based on Nitsche-based projection SVEM. Both convergence
rates are verified in the third example. The last one is for the case of using meshes with hanging
nodes. In all experiments, we select the tolerance for the stopping criterion of Newton’s iteration
as 1075 and we set the penalty parameter v as 500. The final time T is all set to be 1. We
employ the following approximation errors:

1

2

e ( S [ulT) - E [+ S () — ulir ) ’
E€Ty, eEEfL

2

- ( 5 Hu<T>—n5uffTuz)

Ee€Th
According to Lemma 3.1, [10, Lemma 2.17] and Theorem 4.2, it is easy to check that

E; < (A1) + B2, (5.1)
Eo < (A% + h3, (5.2)

So, E; and Eg converge with the same orders as || u(t") — u}||a and ||u(t™) — u}||q, respectively.
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Example 5.1. Let a(x) = z + y + 3 and b(x) = = + y + 2. Consider the following initial-
boundary value problem of semilinear pseudo-parabolic equation:

a(x)uy — V- (b(x)Vue + b(x)Vu) +u® = f(z,t), (@,t) € Qx (0,77,
u=g(x,1), (x,t) € 99 x (0, T,
u(x,0) = uo(x), x €,

where
Q={(z,y) eR*|0<2 <1, —sin(z(l —2)) <y <1+sin(z(l—2))},

and the data f, g and ug are chosen in such a way that the exact solution is u = exp(—t)(z3+y3).

Two types of meshes (denoted as MESH; and MESHz) are employed in this example and the
schematic diagrams are provided in Fig. 5.1. In Table 5.1, for different At¢, we report the
approximation errors E; and Ey and calculate the orders of convergence. Due to the relatively
small mesh size, we predict the temporal error dominates and the results listed in Table 5.1
confirm our prediction, i.e. the second-order convergence of the Crank-Nicolson scheme is
observed. Thus, the convergence order for the temporal discretization derived in Theorem 4.2
is illustrated.

Table 5.1: Errors E; and Eg and the temporal convergence orders for Example 5.1 with fixed h.

MESH; (with 2500 elements) MESH; (with 2500 elements)
At E1 Order Eg Order | At E1 Order Eg Order
1/4 | 7.5328e-02 1.7830e-03 1/4 | 6.2723e-02 1.7694e-03

1/6 | 3.3353e-02 | 2.0093 | 7.8947e-04 | 2.0093 | 1/6 | 2.7772e-02 | 2.0093 | 7.8344e-04 | 2.0093
1/8 | 1.8736e-02 | 2.0046 | 4.4349e-04 | 2.0046 | 1/8 | 1.5601e-02 | 2.0045 | 4.4011e-04 | 2.0046
1/10 | 1.1984e-02 | 2.0027 | 2.8366e-04 | 2.0027 | 1/10 | 9.9791e-03 | 2.0026 | 2.8150e-04 | 2.0027

1.2 1] T~ 1.2
L — —
1.0 // \\ 104
| L
L—1 —
o84 || L ™ 0.8
[t — ]
061 —T I — 0.6 1
044 (—1 | - 0.4
| —1
0.2 \\\ /// 0.2
0.01 ™~ |+ 0.0
-0.2 ~L_| | L -0.2
: . . . . . . . . . . .
0.0 0.2 04 0.6 0.8 1.0 0.0 02 04 06 0.8 1.0

Fig. 5.1. MESH; (left) and MESH> (right) used in Example 5.1.

Example 5.2. Let a(z) = 2°> +y>+1 and b(x) = 2% + y* + 5. Take into account the following
initial-boundary value problem of semilinear pseudo-parabolic equation:
a(@)uy — V- (b(z)Vuy + b(x)Vu) +u(l —u) = f(z,t), (@,t) € Qx(0,T],
u=g(x,t), (x,t) € 90 x (0,77,
U(IB,O) = UO(:B)a z € Q,
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where 0 = {(x,y) € R?| 22 + y? < 1}. The data f, g and ug are obtained by exact solution
u = exp(—t)(z + y + sin(27x) sin(27y)).

Two kinds of meshes (denoted as MESH3 and MESH,) are employed in this test and we show
their schematic diagrams in Fig. 5.2. The time step size At is set to be 1/1000 such that
temporal error is small and the spatial error dominates. In Table 5.2, we list the orders of
convergence for E; and Eg. Therefore, the orders of convergence in the spatial direction derived
in Theorem 4.2 are illustrated.

Table 5.2: Errors E; and Eg and the spatial convergence orders for Example 5.2 with A¢ = 1/1000.

MESH3 MESH4
h E1 Order Eo Order h E; Order Eo Order
1.9858e-01 | 2.0970e-01 5.0590e-03 2.8707e-01 {4.1617e-01 1.5184e-02
1.4950e-01 | 1.1802e-01 | 2.0249 | 2.1133e-03 | 3.0749 | 2.3845¢e-01 | 2.8809¢-01 | 1.9823 | 8.5620e-03 | 3.0873
1.0144e-01 | 5.4187e-02 | 2.0071 | 6.4253e-04 | 3.0700 | 1.2924e-01 | 8.5982¢-02 | 1.9740 | 1.3604e-03 | 3.0033
6.8146e-02 | 2.4095e-02 [ 2.0372 | 1.8756e-04 | 3.0951 | 7.7051e-02 | 2.8637e-02 | 2.1258 | 2.5934e-04 | 3.2047

1.004 — 1.00 1

0.75 4 0.75

0.50 4 0.50

0.25 A 0.259
0.00 0.004
~0.25 1 ~0.254

-0.501 ~0.50

-0.75 ~0.75

-1.00 L ~1.00

T T T T T T T T T T T T T T T T T T
-1.00-0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00 —1.00-0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00

Fig. 5.2. MESH3 (left) and MESH4 (right) used in Example 5.2.

Example 5.3. Consider the following semilinear pseudo-parabolic equation:

ug — Aug +u) +u® = fz,t), (x,t) €Qx(0,T],
u=g(x,t), (z,t) € 002 x (0,71,
u(x,0) = up(x), T e,

where . .
Q:{(ac,y)eR2|O§x§1,—§x(1—x2)§y§1+§x(1—x2)},

and the data f, g and uy are gotten by exact solution
u = exp(—t)(z® +y° + 42y + 22y + 5).

The meshes (denoted as MESHs; and MESHg) employed are illustrated in Fig. 5.3. Similar
to Examples 5.1 and 5.2, to verify the convergence in temporal (spatial) direction, mesh size
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h (time step size At) is chosen to be small. In Table 5.3, it is easy to see that the second-
order convergence of the Crank-Nicolson scheme is observed. In Table 5.4, the second-order
convergence for E; and third-order convergence for Ey are also shown. Hence, the predictions
(5.1) and (5.2) are confirmed and the theoretical conclusions in Theorem 4.2 are verified.

Table 5.3: Errors E; and E¢ and the temporal convergence orders for Example 5.3 with fixed h.

MESH5 (with 5000 elements) MESH¢ (with 2304 elements)
At E1 Order Eo Order At E1 Order Eo Order
1/4 | 3.6826e-01 1.3706e-02 1/4 | 3.3518e-01 1.3681e-02

1/8 | 9.1594e-02 | 2.0074 | 3.4089e-03 | 2.0074 | 1/8 | 8.3371e-02 | 2.0073 | 3.4029¢-03 | 2.0074
1/12 | 4.0672e-02 | 2.0022 | 1.5136e-03 | 2.0023 | 1/12 | 3.7025¢-02 | 2.0019 | 1.5110e-03 | 2.0022
1/16 | 2.2872e-02 | 2.0008 | 8.5115e-04 | 2.0011 | 1/16 | 2.0827e-02 | 2.0000 | 8.4972e-04 | 2.0009

Table 5.4: Errors E; and Eg and the spatial convergence orders for Example 5.3 with A¢ = 1/1000.

MESHs5 MESHg
h E; Order Eo Order h E1 Order Eo Order
1.8614e-01 |9.1154e-03 1.0694e-04 2.3857e-01 | 2.2539e-02 5.1535e-04
1.2587e-01 [ 4.0697e-03 | 2.0610 | 3.1698e-05 | 3.1078 | 1.2350e-01 | 4.6503e-03 | 2.3970 | 5.3287e-05 | 3.4462
9.5083e-02 | 2.2929¢-03 | 2.0454 | 1.3481e-05 | 3.0481 | 8.3264e-02 | 1.9664e-03 | 2.1834 | 1.4873e-05 | 3.2373
7.6397e-02 | 1.4685e-03 | 2.0364 | 6.8830e-06 | 3.0722 | 6.2814e-02 | 1.0811e-03 | 2.1224 | 6.0664e-06 | 3.1819

1.0 1.04

0.8 0.8 1

0.6 0.6

0.4 4 0.4 4

0.2 024

0.0 0.0 1

0.0 0.2 0.4 0.6 0.8 1.0 010 O:Z Oj4 OjG OjS 1?0

Fig. 5.3. MESH5 (left) and MESHs (right) used in Example 5.3.

Finally, since VEM can deal with meshes with hanging nodes straightforwardly [24], we give
an example to show its effectiveness.

Example 5.4. Let a(x), b(x), 2, c(u) and the exact solution u be the same as Example 5.1.

Two types of meshes with hanging nodes (denoted as MESH; and MESHg) are employed in
this example and their schematic diagrams are plotted in Fig. 5.4. The numerical results are
listed in Tables 5.5 and 5.6. We observe that E; = O((At)? + h?) and Eg = O((At)? + h?3), thus
the theoretical results established in Theorem 4.2 are confirmed. This reveals that VEM has
advantages over finite element methods in handling meshes with hanging nodes.
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Table 5.5: Errors E; and Eg and the temporal convergence orders for Example 5.4 with fixed h.

MESH7 (with 1740 elements) MESHg (with 2500 elements)
At E; Order Eo Order At E; Order Eo Order
1/4 | 5.4876e-02 1.7751e-03 1/4 | 5.8071e-02 1.7623e-03

1/6 | 2.4296e-02 | 2.0094 | 7.8595e-04 | 2.0093 | 1/6 | 2.5712e-02 | 2.0093 | 7.8030e-04 | 2.0093
1/8 | 1.3648e-02 | 2.0046 | 4.4152e-04 | 2.0045 | 1/8 | 1.4444e-02 | 2.0045 | 4.3835e-04 | 2.0046
1/10 | 8.7302e-03 | 2.0024 | 2.8241e-04 | 2.0027 | 1/10 | 9.2393e-03 | 2.0025 | 2.8037e-04 | 2.0027

Table 5.6: Errors E; and E¢ and the spatial convergence orders for Example 5.4 with At = 1/1000.

MESH~ MESHg
h Eq Order Eo Order h Eq Order Eo Order
1.8161e-01 |2.1438e-03 4.1281e-05 2.3020e-01 | 2.5748e-03 5.4863e-05
1.1814e-01 [9.1139e-04 | 1.9891 | 1.1451e-05 | 2.9820 | 1.1989¢-01 | 6.8566e-04 | 2.0283 | 7.6643e-06 | 3.0172
8.7552e-02 | 5.0221e-04 | 1.9891 | 4.6874e-06 | 2.9813 | 9.8083e-02 | 4.5591e-04 | 2.0325 | 4.2204e-06 | 2.9718
6.9560e-02 | 3.1762e-04 | 1.9917 | 2.3586e-06 | 2.9858 | 8.3437e-02 | 3.3253e-04 | 1.9513 | 2.5980e-06 | 2.9999

12 T T T T T T T 1.2
| ™
A | |
L+—TT 14—
1.0 T T 10
LT T T NN
L1 .
084 1 | Lt ™~~~ 0.8
T _———‘“‘~\\
064 T T 1 | | | | 0.6
044 1 1 [ | BN 0.4
\\\\.‘ _—————_”’
i S |
0.2 1| = 0.2
\\ L1+
N T p=
|
0.0 \\\\\_— __”//// 0.0
~ W L~
=0.24 I | L -0.2
0.0 0.2 0.4 0.5 0.6 0.8 1.0 0.0 0.2 0.4 0.5 0.6 0.8 1.0

Fig. 5.4. MESH; (left) and MESHg (right) used in Example 5.4.

6. Conclusions and Discussions

The classical Nitsche-based projection method is incorporated into the framework of second-
order SVEM to numerically solve a class of semilinear pseudo-parabolic equations on curved
domains. Based on the characteristics of second-order SVEM, using the interpolation operator
to approximate nonlinear terms can simplify the implementation. The optimal error estimates
with respect to L2-norm and an energy norm are proven.
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