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Abstract

In this paper, we investigate the theoretical and numerical analysis of the stochastic

Volterra integro-differential equations (SVIDEs) driven by Lévy noise. The existence,

uniqueness, boundedness and mean square exponential stability of the analytic solutions

for SVIDEs driven by Lévy noise are considered. The split-step theta method of SVIDEs

driven by Lévy noise is proposed. The boundedness of the numerical solution and strong

convergence are proved. Moreover, its mean square exponential stability is obtained. Some

numerical examples are given to support the theoretical results.
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1. Introduction

In this paper, we concern the following SVIDE driven by Lévy noise:

Y (t) = ϕ(t) +

∫ t

0

f

(

Y (z),

∫ z

0

κ(z − s)Y (s) ds

)

dz

+

∫ t

0

g

(

Y (z),

∫ z

0

κ(z − s)Y (s) ds

)

dw(z)

+

∫ t

0

∫

Z

γ

(

Y (z),

∫ z

0

κ(z − s)Y (s) ds, ξ

)

Ñ(dz, dξ) (1.1)

for t ∈ [0,∞), where ϕ : [0,∞) → R and ‖ϕ‖2∞ = maxt∈[0,∞) |ϕ(t)|2 < ∞. Here f : R×R → R,

g : R× R → R and γ : R× R× Z → R are measurable functions. The kernel κ: [0,∞) → R is

continuous.

As we known, SVIDE (1.1) can be regarded as an extension of stochastic differential equa-

tions (SDEs) (see [14] and the references cited therein) and special types of stochastic Volterra

integral equations (SVIEs) (see, e.g. [2, 7] and the references therein). SVIDEs and SDEs are

used to mathematically formulate many problems in different kinds of fields. The theoreti-

cal analysis of SVIDEs has gained abundant attention in recent decades (see [13, 16] and the

references therein).

* Received August 24, 2022 / Revised version received November 11, 2022 / Accepted July 4, 2023 /

Published online December 1, 2023 /



2 W. ZHANG

In general, explicit solutions of SDEs and SVIDEs are rarely available and we have to resort

to numerical methods to gain their approximate solutions. A large number of studies on nu-

merical methods for SDEs have emerged (see, e.g. [5, 6, 15, 17, 24–26]), however, there are only

a few numerical results about SVIDEs and SVIEs (see, e.g. [10, 12, 19, 22] and the references

therein). Although numerical solutions of SVIEs have attracted more and more attention re-

cently, but the research in this area is still limited. In particular, Liang et al. [11] obtained

super-convergence of the Euler-Maruyama method for SVIEs. In 2020, we studied theoreti-

cal and numerical analysis of the Euler-Maruyama method for the generalized SVIDEs under

global Lipschitz condition [23] and a class of SVIDEs with non-globally Lipschitz continuous

coefficients [21].

It is necessary to incorporate event driven uncertainty such as market crashes, central bank

announcements, changes in credit ratings, defaults, etc. which can have sudden and significant

effects on the movements of stock price into a model, and this can be expressed by jumps.

The evolution of economics, finance and many other random quantities are often modeled by

SVIDEs driven by Lévy noise, which offer the most flexible, numerically accessible mathematical

frameworks ([4] and the references therein). Some progress has been made in the recent decades

[1, 3, 8, 18, 20].

To the best of our knowledge, due to some new difficulties caused by the stochastic integral

(see [9]) and Lévy noise, these are the first results in the literature for such generalized SVIEs

driven by Lévy noise.

This paper is organized as follows: We will consider the existence, uniqueness, boundedness

and mean square exponential stability of the analytic solution of SVIDE (1.1) in Section 2. The

split-step theta (SST) method of SVIDE (1.1) is presented and its boundedness, convergence

and mean square exponential stability are established in Section 3. Finally, we will give some

numerical examples in Section 4 to illustrate the theoretical results of SVIDE (1.1).

2. Theoretical Analysis of SVIDE Driven by Lévy Noise

Let (Ω, F , {Ft}t≥0,P) denote a complete probability space with a filtration {F t}t≥0 satis-

fying the usual conditions (i.e. it is right continuous and increasing while F0 contains all P-null

sets), and let E be the expectation corresponding to P. Let Z ⊆ R+−{0} be the range space of

the impulsive jumps. A one-dimensional Brownian motion defined on the probability space is

denoted by w(t) and N(dt, dξ) is a Poisson random measure defined on σ-finite measure space

(Z,L, ν) with intensity measure ν 6≡ 0 for the case when ν ≡ 0. Set

Ñ(dt, dξ) := N(dt, dξ)− ν(dξ)dt,

where

ν(dξ) = λφ(ξ)dξ, φ(ξ) =
1√
2πξ

exp

(

− (ln ξ)2

2

)

, 0 < ξ < ∞.

Moreover, we assume that w(t) is independent of Ñ(t, ·). The family of R-valued Ft-adapted

processes {x(t)}t∈[0,T ] such that E|x(t)|p < ∞ (p ≥ 1) is denoted by Lp([0, T ];R). We denoted

by M2([0, T ];R) the family of processes {x(t)}t∈[0,T ] in L2([0, T ];R) such that

E

(

∫ T

0

|x(t)|2 dt
)

< ∞.



Convergence and Stability of the Split-Step Theta Method for a Class SVIDEs Driven by Lévy Noise 3

For a, b ∈ R, we use a ∨ b and a ∧ b for max{a, b} and min{a, b}, respectively. If G is a subset

of Ω, its indicator function is denote by 1G.

The assumptions are listed below.

(A1) For any R ≥ 1, there is a constant KR > 0 such that

|f(x, y)− f(x̄, ȳ)| ∨ |g(x, y)− g(x̄, ȳ)| ≤ KR

(

|x− x̄|+ |y − ȳ|
)

(2.1)

for all x, x̄, y, ȳ ∈ R with |x| ∨ |x̄| ∨ |y| ∨ |ȳ| ≤ R.

Remark 2.1. By the elementary inequality and (2.1), we can see that for all x, y ∈ R such

that

|f(x, y)| ∨ |g(x, y)| ≤ K̄R(1 + |x|+ |y|), (2.2)

where K̄R = KR ∨ |f(0, 0)| ∨ |g(0, 0)|.

(A2) There are positive constants α1 and α2 such that

2xT f(x, y) + |g(x, y)|2 +
∫

Z

|γ(x, y, ξ)|2 ν(dξ) ≤ −α1|x|2 + α2|y|2 (2.3)

for all x, y ∈ R.

(A3) There exist positive constants ζ and η such that

|κ(t)| ≤ ζe−ηt (2.4)

for any t ∈ [0,∞).

(A4) There is a positive constant K1 such that
∫

Z

|γ(x, y, ξ)− γ(x̄, ȳ, ξ)|2ν(dξ) ≤ K1

(

|x− x̄|2 + |y − ȳ|2
)

(2.5)

for x, y, x̄, ȳ ∈ R.

Remark 2.2. Using the elementary inequality and (2.5), we can see that for all x, y ∈ R such

that
∫

Z

|γ(x, y, ξ)|2 ν(dξ) ≤ K̄1

(

1 + |x|2 + |y|2
)

, (2.6)

where K̄1 = K1 ∨ |γ(0, 0, ξ)| and ξ ∈ Z.

(A5) There exists a positive constant K2 such that

|κ(t)− κ(t̄ )|2 ≤ K2|t− t̄ |2,

for t, t̄ ∈ [0,∞).

(A6) There is a constant K3 > 0 such that

2(x− x̄)T
[

f(x, y)− f(x̄, ȳ)
]

+ |g(x, y)− g(x̄, ȳ)|2

+

∫

Z

|γ(x, y, ξ)− γ(x̄, ȳ, ξ)|2 ν(dξ)

≤ K3

(

|x− x̄|2 + |y − ȳ|2
)

(2.7)

for all x, x̄, y, ȳ ∈ R.
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2.1. Existence and uniqueness of the analytic solutions

For every integer R ≥ 1, define the stopping time

τR = inf{t ≥ 0 : |Y (t)| ≥ R}.

Lemma 2.1. Assume that (A2) and (A3) hold. If Y (t) is a solution of SVIDE (1.1), then

E|Y (t)|2 ≤ K0, t ∈ [0, T ], (2.8)

where K0 depends on κ, T, α1, α2 and ϕ. Moreover, we also have

P{τR ≤ T } ≤ K0

R2
. (2.9)

In particular, Y (t) belongs to M2([0, T ];R).

Proof. Define YR(t) := Y (t ∧ τR) for t ∈ [0, T ]. It is easy to see that YR(t) satisfies

YR(t) = ϕ(t ∧ τR) +

∫ t

0

f

(

YR(z),

∫ z

0

κ(z − s)YR(s)1[0,τR](s)ds

)

1[0,τR](z)dz

+

∫ t

0

g

(

YR(z),

∫ z

0

κ(z − s)YR(s)1[0,τR](s)ds

)

1[0,τR](z)dw(z)

+

∫ t

0

∫

Z

γ

(

YR(z),

∫ z

0

κ(z − s)YR(s)1[0,τR](s)ds, ξ

)

1[0,τR](z)Ñ(dz, dξ).

Using the Itô formula, for any t ∈ [0, T ] we obtain

|YR(t)|2≤|ϕ(t ∧ τR)|2 (2.10)

+

∫ t

0

2Y T
R (z)f

(

YR(z),

∫ z

0

κ(z − s)YR(s)1[0,τR](s)ds

)

1[0,τR](z)dz

+

∫ t

0

∣

∣

∣

∣

g

(

YR(z),

∫ z

0

κ(z − s)YR(s)1[0,τR](s)ds

)∣

∣

∣

∣

2

1[0,τR](z)dz

+

∫ t

0

2Y T
R (z)g

(

YR(z),

∫ z

0

κ(z − s)YR(s)1[0,τR](s)ds

)

1[0,τR](z)dw(z)

+

∫ t

0

∫

Z

2Y T (s)γ

(

YR(z),

∫ z

0

κ(z − s)YR(s)1[0,τR](s)ds, ξ

)

1[0,τR](z)Ñ(dz, dξ)

+

∫ t

0

∫

Z

[

∣

∣

∣

∣

YR(z) + γ

(

YR(z),

∫ z

0

κ(z − s)YR(s)1[0,τR](s)ds, ξ

)∣

∣

∣

∣

2

− |YR(z)|2

−2Y T (z)γ

(

YR(z),

∫ z

0

κ(z−s)YR(s)1[0,τR](s)ds, ξ

)

]

1[0,τR](z)N(dz, dξ).

Taking the expectation of (2.10), we get

E|YR(t)|2 ≤ |ϕ(t ∧ τR)|2

+ E

∫ t

0

2Y T
R (z)f

(

YR(z),

∫ z

0

κ(z − s)YR(s)1[0,τR](s)ds

)

1[0,τR](z)dz

+ E

∫ t

0

∣

∣

∣

∣

g

(

YR(z),

∫ z

0

κ(z − s)YR(s)1[0,τR](s)ds

)
∣

∣

∣

∣

2

1[0,τR](z)dz

+ E

∫ t

0

∫

Z

∣

∣

∣

∣

γ

(

YR(z),

∫ z

0

κ(z − s)YR(s)1[0,τR](s)ds

)∣

∣

∣

∣

2

ν(d(ξ))1[0,τR](z)dz.
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By (A2), one can get that

E|YR(t)|2 ≤ |ϕ(t ∧ τR)|2 + E

∫ t

0

(

−α1|YR(z)|2 + α2

∣

∣

∣

∣

∫ z

0

κ(z − s)YR(s)ds

∣

∣

∣

∣

2
)

dz.

Applying the Hölder inequality and (A3), we also obtain

E

∣

∣

∣

∣

∫ z

0

κ(z − s)YR(s)ds

∣

∣

∣

∣

2

= E

∫ z

0

|κ(z − s)|dr
∫ z

0

|κ(z − s)| |YR(s)|2ds

≤ E

∫ z

0

ζe−η(z−s)dr

∫ z

0

ζe−η(z−s)|YR(s)|2ds

≤ ζ2

η
E

∫ s

0

e−η(s−r)|YR(s)|2dr

≤ ζ2

η

∫ t

0

E|YR(s)|2ds.

Consequently, we have

E|YR(t)|2 ≤ |ϕ(t ∧ τR)|2 +
(

−α1 + α2
ζ2

η

)
∫ t

0

E|YR(s)|2ds.

The Gronwall inequality implies that

E|YR(t)|2 ≤ |ϕ(t ∧ τR)|2 exp
[(

−α1 + α2
ζ2

η

)

T

]

:= K0.

Thus

E|Y (t ∧ τR)|2 ≤ K0.

Hence, (2.8) follows by letting R → ∞.

Finally, one gets

P{τR ≤ T } = E{1τR≤T } ≤ 1

R2
E|Y (t ∧ τR)|2 ≤ K0

R2
.

The proof is complete. �

Theorem 2.1. Assume (A1)-(A4) hold. Then there exists a unique solution Y (t) to SVIDE

(1.1).

Proof. For each R ≥ 1, define the truncated functions

fR(x, y) =







f(x, y), if |x| ∨ |y| ≤ R,

f

(

(R ∧ |x|) x

|x| , (R ∧ |y|) y

|y|

)

, if |x| > R or |y| > R,

gR(x, y) =







g(x, y), if |x| ∨ |y| ≤ R,

g

(

(R ∧ |x|) x

|x| , (R ∧ |y|) y

|y|

)

, if |x| > R or |y| > R,

γR(x, y, ξ) =







γ(x, y, ξ), if |x| ∨ |y| ≤ R,

γ

(

(R ∧ |x|) x

|x| , (R ∧ |y|) y

|y| , ξ
)

, if |x| > R or |y| > R.
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Obviously, fR, gR and γR satisfy the Lipschitz condition and the linear growth condition.

Hence, similarly to the proof of [14, Theorem 3.1], there exists a unique solution YR(·) in

M2([0, T ];R) to

YR(t) = ϕ(t ∧ τR) +

∫ t

0

fR

(

YR(z),

∫ z

0

κ(z − s)YR(s)ds

)

dz

+

∫ t

0

gR

(

YR(z),

∫ z

0

κ(z − s)YR(s)ds

)

dw(z)

+

∫ t

0

∫

Z

γR

(

YR(z),

∫ z

0

κ(z − s)YR(s)ds, ξ

)

Ñ(dz, dξ), t ∈ [0, T ], (2.11)

where τR = T ∧ inf{t ∈ [0, T ] : |XR(t)| ≥ R} is defined as that in the proof of Lemma 2.1.

It is easy to see that

YR(t) = YR+1(t), t ∈ [0, τR]. (2.12)

This implies that τR is increasing. Applying the linear growth condition, there exists an R0 =

R0(ω) such that τR = T whenever R ≥ R0.

Define Y (t) = YR0
(t) for t ∈ [0, T ]. Using (2.12), we have Y (t ∧ τR) = YR(t ∧ τR). Hence,

we have

Y (t ∧ τR) = ϕ(t ∧ τR) +

∫ t∧τR

0

fR

(

Y (z),

∫ z

0

κ(z − s)Y (s)ds

)

dz

+

∫ t∧τR

0

gR

(

Y (z),

∫ z

0

κ(z − s)Y (s)ds

)

dw(z)

+

∫ t∧τR

0

∫

Z

γR

(

Y (z),

∫ z

0

κ(z − s)Y (s)ds, ξ

)

Ñ(dz, dξ)

= ϕ(t ∧ τR) +

∫ t∧τR

0

f

(

Y (z),

∫ z

0

κ(z − s)Y (s)ds

)

dz

+

∫ t∧τR

0

g

(

Y (z),

∫ z

0

κ(z − s)Y (s)ds

)

dw(z)

+

∫ t∧τR

0

∫

Z

γ

(

Y (z),

∫ z

0

κ(z − s)Y (s)ds, ξ

)

Ñ(dz, dξ).

Letting R → ∞, Y (t) is a solution of SVIDE (1.1). Applying Lemma 2.1, Y (t) belongs to

M([0, T ];R). We then obtain the uniqueness by a stopping procedure. �

2.2. Mean square exponential stability of the analytic solution

In this section, suppose f(0, 0) = g(0, 0) = γ(0, 0, ξ) = 0, ξ ∈ Z, we get the mean square

exponential stability of the SVIDE (1.1) by using the similar way of [13].

Theorem 2.2. Under (A1)-(A4), for any initial data x0 ∈ R, if α1 > α2ζ
2/η2, there exist

positive constants ι and c0 such that the unique global solution of SVIDE (1.1) satisfies

E|Y (t)|2 ≤ c0|x0|2e−ιt, ∀ t ≥ 0.
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Proof. By the Itô formula, one has

eα1tE|Y (t)|2 = |ϕ(0)|2 + E

∫ t

0

eα1s
[

2XT
(

f(X(s), U(s)
)

ds+
∣

∣g
(

Y (s), U(s)
)∣

∣

2
]

ds

+ E

∫ t

0

2eα1sY T (s)g
(

Y (s), U(s)
)

dw(s)

+ E

∫ t

0

∫

Z

2eα1sY T (s)γ
(

Y (s), U(s), ξ
)

Ñ(ds, dξ)

+ E

∫ t

0

∫

Z

eα1s
[

∣

∣Y (s) + γ
(

Y (s), U(s), ξ
)∣

∣

2 − |Y (s)|2

− 2Y T (s)γ
(

Y (s), U(s), ξ
)

]

N(ds, dξ),

where

U(s) =

∫ s

0

κ(s− r)Y (r)dr. (2.13)

Using (A2), we get

eα1tE|Y (t)|2 ≤ |ϕ(0)|2 − α1

∫ t

0

eα1sE|Y (s)|2ds+ α2E

∫ t

0

eα1sE|U(s)|2ds. (2.14)

Applying the Hölder inequality, (A3) and (2.13), we can show

|U(s)|2 =

∣

∣

∣

∣

∫ s

0

κ(s− r)Y (r)dr

∣

∣

∣

∣

2

=

∫ s

0

|κ(s− r)|dr
∫ s

0

|κ(s− r)| |Y (r)|2dr

≤
∫ s

0

ζe−η(s−r)dr

∫ s

0

ζe−η(s−r)|Y (r)|2dr

≤ ζ2

η

∫ s

0

e−η(s−r)|Y (r)|2dr.

Substituting this into (2.14) yields

eα1tE|Y (t)|2 ≤ |ϕ(0)|2 − α1

∫ t

0

eα1sE|Y (s)|2ds

+ α2

∫ t

0

eα1s
ζ2

η

∫ s

0

e−η(s−r)
E|Y (r)|2drds.

Hence, we have

E|Y (t)|2 ≤ |ϕ(0)|2e−α1t − α1

∫ t

0

e−α1(t−s)
E|Y (s)|2ds

+ α2

∫ t

0

e−α1(t−s) ζ
2

η

∫ s

0

e−η(s−r)
E|Y (r)|2drds

≤ |ϕ(0)|2e−α1t + α2

∫ t

0

e−α1(t−s) ζ
2

η

∫ s

0

e−η(s−r)
E|Y (r)|2drds.

Define

L1(t) := |ϕ(0)|2e−α1t + α2

∫ t

0

e−α1(t−s) ζ
2

η

∫ s

0

e−η(s−r)L1(r)drds.
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Consequently, one obtains

E|Y (t)|2 − L1(t) ≤
α2

α1

ζ2

η2

∫ t

0

[

E|Y (r)|2 − L1(r)
]

dr.

By the Gronwall inequality, one gets

E|Y (t)|2 ≤ L1(t).

Set

L2(t) :=

∫ t

0

e−η(t−r)L1(r)dr,

we have

L̇1(t) = α2
ζ2

η
L2(t)− α1L1(t),

L̇2(t) = −ηL2(t) + L1(t)

(2.15)

with initial data L1(0) = |ϕ(0)|2 and L2(0) = 0. It is known that (2.15) is exponentially stable

if and only if α1 > α2ζ
2/η2. �

3. The SST Method

Define tn := nh for n = 0, 1, . . . . Hence, the SST method of SVIDE (1.1) can be defined as

follows:

Xn = xn + θhf

(

Xn, h

n−1
∑

l=0

k(tn − tl)Xl

)

, (3.1)

and

xn+1 = xn + hf

(

Xn, h

n−1
∑

l=0

k(tn − tl)Xl

)

+ g

(

Xn, h

n−1
∑

l=0

k(tn − tl)Xl

)

∆wn

+

∫ tn+1

tn

∫

Z

γ

(

Xn, h

n
∑

l=0

k(tn − tl)Xl, ξ

)

Ñ(dz, dξ), (3.2)

where ∆wn = w(tn+1)w(tn).

By induction, (3.2) can be rewritten as the following form:

xn+1 = ϕ(0) +

n
∑

r=0

hf

(

Xr,

r−1
∑

l=0

∫ tl+1

tl

κ(tr − tl)Xl ds

)

+
n
∑

r=0

g

(

Xr,
r−1
∑

l=0

∫ tl+1

tl

κ(tr − tl)Xl ds

)

∆wr

+
n
∑

r=0

∫ tr+1

tr

∫

Z

γ

(

Xr,
r−1
∑

l=0

∫ tl+1

tl

κ(tr − tl)Xl ds, ξ

)

Ñ(dz, dξ). (3.3)
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3.1. Boundedness of the numerical solution

Having overcome the difficulties caused by random integrals and Lévy noise, we obtain the

boundedness of the numerical solution to generalized SVIDE (1.1).

Theorem 3.1. Assume that (A2) and (A3) hold. For θ ∈ [1/2, 1], 0 < h < h∗ < η2/(2θα2ζ
2)

and 0 ≤ n ≤ S (tS = T ), then there exist positive constants C0 and C′
0 such that

E|xn|2 ≤ C0, E|Xn|2 ≤ C′
0, (3.4)

where C0 and C′
0 depend on κ, T, ϕ, α1 and α2, but not on h.

Proof. Define

Un := h
n
∑

l=0

κ(tn − tl)Xl,

then by (A3), one has

E|Un|2 = E

∣

∣

∣

∣

∣

h
n
∑

l=0

κ(tn − tl)Xl

∣

∣

∣

∣

∣

2

≤ Eζ2

∣

∣

∣

∣

∣

h

n
∑

l=0

e−η(tn−tl)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

h

n
∑

l=0

e−η(tn−tl)|Xl|2
∣

∣

∣

∣

∣

≤ ζ2

η2
sup

l∈[0,n]

E|Xl|2. (3.5)

Taking the expectation of (3.1) and using the elementary inequality, for all 0≤ tn+1≤T , we get

E|Xn|2 = E|xn|2 + θ2h2
E|f(Xn, Un)|2 + 2θhE〈xn, f(Xn, Un)〉,

〈xn, f(Xn, Un)〉 = 〈Xn, f(Xn, Un)〉 − θh〈f(Xn, Un), f(Xn, Un)〉.

Hence, applying (A2), we have

E|Xn|2 = E|xn|2 − θ2h2|f(Xn, Un)|2 + 2θh〈Xn, f(Xn, Un)〉
≤ E|xn|2 + 2θh〈Xn, f(Xn, Un)〉
≤ E|xn|2 + 2θh

(

− α1E|Xn|2 + α2E|Un|2
)

≤ E|xn|2 + 2θhα2E|Un|2. (3.6)

By (3.2), one gets

|xn+1|2 = |xn|2 + |hf(Xn, Un)|2 + h|g(Xn, Un)|2 + 2〈xn, hf(Xn, Un)〉

+ h

∫

Z

|γ(Xn, Un, ξ)|2υ(dξ) +Mn, (3.7)

where

Mn = 2〈xn + hf(Xn, Un), g(Xn, Un)∆wl〉+
∣

∣

∣

∣

∣

n
∑

r=0

g(Xn, Un)∆wl

∣

∣

∣

∣

∣

2

− h

∣

∣

∣

∣

∣

n
∑

r=0

g(Xn, Un)

∣

∣

∣

∣

∣

2

+ 2

〈
∫ tn+1

tn

∫

Z

γ(Xn, Un, ξ)Ñ(dz, dξ), g(Xn, Un)∆wl

〉
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+ 2

〈

xn + hf(Xn, Un),

∫ tn+1

tn

∫

Z

γ(Xn, Un, ξ)Ñ(dz, dξ)

〉

+

∣

∣

∣

∣

∫ tn+1

tn

∫

Z

γ(Xn, Un, ξ)Ñ(dz, dξ)

∣

∣

∣

∣

2

− hE

∫

Z

|γ(Xn, Un, ξ)|2 υ(dξ).

Since ∆wn is independent of Ftn and g(Xn, Un) is Ftn-measurable, we have g(Xn, Un) is inde-

pendent of ∆wn. It is obvious that E(∆wn) = 0 and E(∆wn)
2 = h.

Notice that w(t) is independent of Ñ(t, ·), we have

E

〈
∫ tn+1

tn

∫

Z

γ(Xn, Un, ξ)Ñ (dz, dξ), g(Xn, Un)∆wl

〉

= 0,

E

(
∫ tn+1

tn

∫

Z

γ(Xn, Un, ξ)Ñ(dz, dξ)

)

= 0,

E

∣

∣

∣

∣

∫ tn+1

tn

∫

Z

γ(Xn, Un, ξ)Ñ(dz, dξ)

∣

∣

∣

∣

2

= hE

∫

Z

|γ(Xn, Un, ξ)|2ν(dξ).

Consequently, we have E(Mn) = 0.

Using the elementary inequality, θ ∈ [1/2, 1] and (A2), we find that

E|xn+1|2 ≤ E|xn|2 + E|hf(Xn, Un)|2 + hE|g(Xn, Un)|2

+ 2E〈xn, hf(Xn, Un)〉+ hE

∫

Z

|γ(Xn, Un, ξ)|2υ(dξ)

≤ E|xn|2 + (1− 2θ)h2
E|f(Xn, Un)|2 + hE|g(Xn, Un)|2

+ 2hE〈Xn, f(Xn, Un)〉+ hE

∫

Z

|γ(Xn, Un, ξ)|2υ(dξ)

≤ E|xn|2 − α1hE|Xn|2 + α2hE|Un|2

≤ E|xn|2 + α2hE|Un|2

≤ E|xn−1|2 + α2hE|Un−1|2 + α2hE|Un|2

≤ · · · · · · · · · · · · · · · · · · · · · · · ·
≤ |ϕ(0)|2 + α2h

n
∑

i=0

E|Ui|2.

Hence, we show

E|Xn|2 ≤ E|xn|2 + 2θhα2E|Un|2

≤ |ϕ(0)|2 + α2h

n−1
∑

i=0

E|Ui|2 + 2θhα2E|Un|2. (3.8)

Substituting (3.5) into (3.8), we have

E|Xn|2 ≤ |ϕ(0)|2 + α2h

n−1
∑

i=0

ζ2

η2
sup
0≤l≤i

E|Xl|2 + 2θhα2
ζ2

η2
sup

0≤l≤n
E|Xl|2.

Therefore, we get

sup
0≤l≤n

E|Xl|2 ≤ 1

1− 2θhα2ζ2/η2
|ϕ(0)|2 + α2ζ

2/η2

1− 2θhα2ζ2/η2
h

n−1
∑

i=0

sup
0≤l≤i

E|Xl|2.
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The discrete Gronwall inequality implies that

sup
0≤l≤S

E|Xl|2 ≤ C′
0,

where

C′
0 :=

η2

η2 − 2θhα2ζ2
|ϕ(0)|2 exp

[

α2ζ
2

η2 − 2θhα2ζ2
T

]

.

Applying (3.5) and (3.6), one gets

E|xn+1|2 ≤ |ϕ(0)|2 + α2h
n
∑

i=0

ζ2

η2
sup
l∈[0,i]

E|Xl|2 ≤ C0,

where C0 := |ϕ(0)|2 + α2Tζ
2C′

0/η
2. The proof is complete. �

3.2. Convergence of the SST method

Now we will propose the approximate time continuous interpolation of discrete numerical

approximation, and then get the convergence results of SST method (3.1).

Define

sh := tn for s ∈ [tn, tn+1).

Let X(t) be the continuous form of Xn with X(tn) = Xn, i.e.

Xh(t) =

∞
∑

n=0

1{tn<t≤tn+1}Xn (3.9)

and

x̄(t) = Xh(t) +

∫ t

tn

f

(

Xh(z),

∫ zh

0

κ(zh − sh)Xh(s) ds

)

dz

+

∫ t

tn

g

(

Xh(z),

∫ zh

0

κ(zh − sh)Xh(s) ds

)

dw(z)

+

∫ t

tn

∫

Z

γ

(

Xh(z),

∫ zh

0

κ(zh − sh)Xh(s) ds, ξ

)

Ñ(dz, dξ)

= ϕ(0) +

∫ t

0

f
(

Xh(z), Uh(zh)
)

dz +

∫ t

0

g
(

Xh(s), Uh(zh)
)

dw(z)

+

∫ t

0

∫

Z

γ
(

Xh(s), Uh(zh), ξ
)

Ñ(dz, dξ),

where t ∈ [tn, tn+1) with n = 0, 1, . . . , and

Uh(z) :=

∫ z

0

κ(z − sh)Xh(s) ds.

Define the stopping time

ρR := inf{t ≥ 0 : |x̄(t)| ∨ |Xh(t)| ≥ R}.
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Lemma 3.1. Under (A1)-(A4), for θ ∈ [1/2, 1] and 0 < h < h∗ < η2/(2θα2ζ
2), we have

E
[

|x̄(t)−Xh(t)|21[0,ρR)(t)
]

≤ C1(R)h, t ∈ [0, T ], (3.10)

where

C1(R) := 3
(

TK̄R + K̄R + K̄1

)

[

1 + C′
0

(

1 +
ζ2

η2

)]

.

Proof. For t ∈ [tn, tn+1), using (A3) and Theorem 3.1, we have

E |Uh(zh)|2 = E

∣

∣

∣

∣

∫ zh

0

κ(zh − sh)Xh(s) ds

∣

∣

∣

∣

2

≤
∫ zh

0

ζe−η(zh−sh)ds

∫ zh

0

ζe−η(zh−sh)E|Xh(s)|2ds

≤ ζ2

η

∫ zh

0

e−η(zh−sh)E|Xh(s)|2ds

≤ ζ2

η2
C′

0.

By Remark 2.1, (A3), Remark 2.2 and Theorem 3.1, we obtain

E
[

|x̄(t)−Xh(t)|21[0,ρR)(t)
]

≤ 3(t− tn)

[
∫ t

tn

E
∣

∣f
(

Xh(z), Uh(zh)
)∣

∣

2
dz1[0,ρR)(t)

]

+ 3

[
∫ t

tn

E
∣

∣g
(

Xh(z), Uh(zh)
)
∣

∣

2
dz1[0,ρR)(t)

]

+ 3

[

∫ t

tn

E

∣

∣

∣

∣

∫

Z

γ
(

Xh(z), Uh(zh), ξ
)

υ(dξ)

∣

∣

∣

∣

2

dz1[0,ρR)(t)

]

≤ 3h

∫ t

tn

[

K̄R

(

1 + E|Xh(z)|2 + E|Uh(zh)|2
)

dz1[0,ρR)(t)
]

+ 3

∫ t

tn

[

(

K̄R + K̄1

)(

1 + E|Xh(z)|2 + E|Uh(zh)|2
)

dz1[0,ρR)(t)
]

≤ C1(R)h,

where

C1(R) := 3
(

TK̄R + K̄R + K̄1

)

[

1 + C′
0

(

1 +
ζ2

η2

)]

.

The proof is complete. �

Lemma 3.2. Under (A1)-(A3), for any ε ∈ (0, 1) and θ ∈ [1/2, 1], then there exists a constant

R0 satisfies R > R0, let 0 < h < h∗ < η2/(2θα2ζ
2) ∧ h0(R), where h0(R) > 0 such that

P{ρR ≤ T } ≤ ε. (3.11)

Proof. For any t ∈ [0, T ], using the Itô formula, we have

|x̄(t ∧ ρR)|2 ≤ |ϕ(0)|2 +
∫ t∧ρR

0

2x̄T (z)f
(

Xh(z), Uh(zh)
)

dz

+

∫ t∧ρR

0

∣

∣g
(

Xh(z), Uh(zh)
)
∣

∣

2
dz
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+

∫ t∧ρR

0

2x̄T (z)g
(

Xh(z), Uh(zh)
)

dw(z)

+

∫ t∧ρR

0

∫

Z

2x̄T (s)γ
(

Xh(z), Uh(zh), ξ
)

Ñ(dz, dξ)

+

∫ t∧ρR

0

∫

Z

[

∣

∣x̄(z) + γ
(

Xh(z), Uh(zh), ξ
)∣

∣

2 − |x̄(s)|2

− 2x̄T (s)γ
(

Xh(z), Uh(zh), ξ
)

]

N(dz, dξ).

Applying (A2), one obtains that

E|x̄(t ∧ ρR)|2 ≤ |ϕ(0)|2 + E

∫ t∧ρR

0

[

2XT
h (z)f

(

Xh(z), Uh(zh)
)

+
∣

∣g
(

Xh(z), Uh(zh)
)∣

∣

2
]

dz

+ E

∫ t∧ρR

0

∫

Z

∣

∣γ
(

Xh(z), Uh(zh), ξ
)∣

∣

2
ν(dξ)dz

+ E

∫ t∧ρR

0

2
(

x̄(z)−Xh(z)
)T

f
(

Xh(z), Uh(zh)
)

dz

≤ |ϕ(0)|2 +
∫ t∧ρR

0

(

− α1E|Xh(s)|2 + α2E|Uh(zh)|2
)

dz

+ E

∫ t

0

2
(

x̄(z)−Xh(z)
)T

f
(

Xh(z), Uh(zh)
)

1[0,ρR](z)dz.

By Hölder inequality, we have

E

∫ t

0

2
(

x̄(z)−Xh(z)
)T

f
(

Xh(z), Uh(zh)
)

1[0,ρR](z)dz

≤ 2

∫ t

0

(

E|x̄(z)−Xh(z)|21[0,ρR](z)
)

1
2

(

∣

∣f
(

Xh(z), Uh(zh)
)∣

∣

2
1[0,ρR](z)

)
1
2

dz

≤ 2

∫ t

0

(

E|x̄(z)−Xh(z)|21[0,ρR](z)
)

1
2

(

∣

∣f
(

Xh(z ∧ ρR), Uh(zh ∧ ρR)
)∣

∣

2
)

1
2

dz.

Using Remark 2.1, Lemma 3.1 and Theorem 3.1, we get

E|x̄(t ∧ ρR)|2 ≤ |ϕ(0)|2 +
∫ t∧ρR

0

(

− α1E|Xh(s)|2 + α2E|Uh(zh)|2
)

dz

+ 2T

√

C1(R)K̄R

[

1 + C′
0

(

1 +
ζ2

η2

)]

h
1
2

≤ |ϕ(0)|2 + α2
ζ2

η2
TC′

0 + 2T

√

C1(R)K̄R

[

1 + C′
0

(

1 +
ζ2

η2

)]

h
1
2 .

Hence, we get

P{ρR ≤ T } ≤ C2

R2
+

C3(R)h
1
2

R2
,

where

C2 := |ϕ(0)|2 + α2
ζ2

η2
TC′

0,

C3(R) := 2T

√

C1(R)K̄R

[

1 + C′
0

(

1 +
ζ2

η2

)]

.



14 W. ZHANG

For any ε ∈ (0, 1), there exist a constant R0, for R > R0, such that

C2

R2
<

ε

2
.

Then, choose h0(R), when 0 < h < h∗ < η2/(2θα2ζ
2) ∧ h0(R), we have

C3(R)h
1
2

R2
<

ε

2
.

Therefore,

P{ρR ≤ T } ≤ ε.

The proof is complete. �

Lemma 3.3. Under (A1)-(A6), define e(t) := Y (t)−x̄(t) and ϑR = τR∧ρR. For any t ∈ [0, T ],

θ ∈ [1/2, 1] and 0 < h < h∗ < η2/(2θα2ζ
2), then

sup
r∈[0,tn∧ϑR]

E|e(r)|2 ≤ C5(R)h,

where

C4(R) := C1(R)T + 3(KR +K3)K2hC
′
0T

3 + 3(KR +K3)
ζ2

η2
hC′

0T

+ 2(KR +K3)TC1(R) + 6(KR +K3)
ζ2

η2
T 3C1(R),

C5(R) := C4(R) exp

[

2(KR +K3)

(

1 + 3
ζ2

η2

)

T

]

.

Proof. Define ē(t) := Y (t)−Xh(t). By Itô’s formula, we obtain

E|e(tn ∧ ϑR)|2 ≤ E

∫ tn∧ϑR

0

(

2eT (z)
[

f
(

Y (z), U(z)
)

− f
(

Xh(z), Uh(z)
)]

+
∣

∣g
(

Y (z), U(z)
)

− g
(

Xh(z), Uh(z)
)∣

∣

2
)

dz

+ E

∫ tn∧ϑR

0

∫

Z

(

∣

∣e(z) + γ
(

Y (z), U(z), ξ
)

− γ
(

Xh(z), Uh(z), ξ
)∣

∣

2

− |e(z)|2
)

ν(dξ)dz

− E

∫ tn∧ϑR

0

∫

Z

(

2eT (z)
[

γ
(

Y (z), U(z), ξ
)

− γ
(

Xh(z), Uh(z), ξ
)]

)

ν(dξ)dz

≤ E

∫ tn∧ϑR

0

2[Xh(z)− x̄(z)]T
[

f
(

Y (z), U(z)
)

− f
(

Xh(z), Uh(z)
)]

dz

+ E

∫ tn∧ϑR

0

(

2ēT (z)
[

f
(

Y (z), U(z)
)

− f
(

Xh(z), Uh(z)
)]

+
∣

∣g
(

Y (z), U(z)
)

− g
(

Xh(z), Uh(z)
)∣

∣

2
)

dz

+ E

∫ tn∧ϑR

0

∫

Z

∣

∣γ
(

Y (z), U(z), ξ
)

− γ
(

Xh(z), Uh(z), ξ
)∣

∣

2
ν(dξ)dz.
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Applying (A6), one has

E|e(tn ∧ ϑR)|2 ≤
∫ tn∧ϑR

0

E|Xh(z)− x̄(z)|2dz

+

∫ tn∧ϑR

0

E
∣

∣f
(

Y (z), U(z)
)

− f
(

Xh(z), Uh(z)
)∣

∣

2
dz

+K3E

∫ tn∧ϑR

0

[

|ē(z)|2 + |U(z)− Uh(z)|2
]

dz

≤
∫ tn∧ϑR

0

E|Xh(z)− x̄(z)|2dz +KR

∫ tn∧ϑR

0

E
[

|ē(z)|2 + |U(z)− Uh(z)|2
]

dz

+K3E

∫ tn∧ϑR

0

[

|ē(z)|2 + |U(z)− Uh(z)|2
]

dz

≤
∫ tn∧ϑR

0

E|Xh(z)− x̄(z)|2dz + (KR +K3)

∫ tn∧ϑR

0

E|ē(z)|2dz + (KR +K3)H1,

where

H1 :=

∫ tn∧ϑR

0

E|U(z)− Uh(z)|2dz

=

∫ tn∧ϑR

0

E

∣

∣

∣

∣

∫ z

0

κ(z − s)Y (s) ds−
∫ zh

0

κ(zh − sh)Xh(s) ds

∣

∣

∣

∣

2

dz.

By (A1), the Cauchy inequality, the Hölder’s inequality and the Itô isometry, one obtains

H1 ≤ 3

∫ tn∧ϑR

0

E

∣

∣

∣

∣

∫ z

0

κ(z − s)[Y (s)−Xh(s)] ds

∣

∣

∣

∣

2

dz

+ 3

∫ tn∧ϑR

0

E

∣

∣

∣

∣

∫ z

0

[κ(z − s)− κ(zh − sh)]Xh(s) ds

∣

∣

∣

∣

2

dz

+ 3

∫ tn∧ϑR

0

∣

∣

∣

∣

∫ z

zh

κ(zh − sh)Xh(s) ds

∣

∣

∣

∣

2

dz.

Using (A3) and the elementary inequality, we have

∫ tn∧ϑR

0

E

∣

∣

∣

∣

∫ z

0

κ(z − s)[Y (s)−Xh(s)] ds

∣

∣

∣

∣

2

dz

≤
∫ tn∧ϑR

0

∣

∣

∣

∣

∫ z

0

e−η(z−s)ds

∣

∣

∣

∣

∣

∣

∣

∣

∫ z

0

e−η(z−s)
E|Y (s)−Xh(s)|2 ds

∣

∣

∣

∣

dz

≤ ζ2

η2

∫ tn∧ϑR

0

sup
r∈[0,s]

E|Y (r) −Xh(r)|2ds.

Applying (A5), Theorem 3.1 and the elementary inequality, we get

∫ tn∧ϑR

0

E

∣

∣

∣

∣

∫ z

0

[κ(z − s)− κ(zh − sh)]Xh(s) ds

∣

∣

∣

∣

2

dz

≤
∫ tn∧ϑR

0

∣

∣

∣

∣

∫ z

0

|κ(z − s)− κ(zh − sh)|2ds
∣

∣

∣

∣

∣

∣

∣

∣

∫ z

0

E|Xh(s)|2 ds
∣

∣

∣

∣

dz

≤ K2h
2C′

0T
3.
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By (A3), Theorem 3.1 and the elementary inequality, we have

∫ tn∧ϑR

0

∣

∣

∣

∣

∫ z

zh

κ(zh − sh)Xh(s) ds

∣

∣

∣

∣

2

dz

≤
∫ tn∧ϑR

0

∣

∣

∣

∣

∫ z

zh

e−η(zh−sh)ds

∣

∣

∣

∣

∣

∣

∣

∣

∫ z

zh

e−η(zh−sh)E|Xh(s)|2 ds
∣

∣

∣

∣

dz

≤ ζ2

η2
h2C′

0T,

we get

H1 ≤ 3
ζ2

η2

∫ tn∧ϑR

0

sup
r∈[0,s]

E|Y (r) −Xh(r)|2ds+ 3K2h
2C′

0T
3 + 3

ζ2

η2
h2C′

0T.

Applying Lemma 3.1, one obtains that

E|e(tn ∧ ϑR)|2 ≤ C1(R)Th+ 3(KR +K3)K2h
2C′

0T
3 + 3(KR +K3)

ζ2

η2
h2C′

0T

+ 3(KR +K3)
ζ2

η2
T 2

∫ tn∧ϑR

0

sup
r∈[0,s]

E|Y (r) −Xh(r)|2ds

+ (KR +K3)

∫ tn∧ϑR

0

E|ē(z)|2dz

≤ C1(R)Th+ 3(KR +K3)K2h
2C′

0T
3 + 3(KR +K3)

ζ2

η2
h2C′

0T

+ (KR +K3)

∫ tn∧ϑR

0

E|ē(z)|2dz + 6(KR +K3)
ζ2

η2
T 2

∫ tn∧ϑR

0

sup
r∈[0,s]

E|e(r)|2ds

+ 6(KR +K3)
ζ2

η2
T 2

∫ tn∧ϑR

0

sup
r∈[0,s]

E|x̄(r) −Xh(r)|2ds

≤ C1(R)Th+ 3(KR +K3)K2h
2C′

0T
3 + 3(KR +K3)

ζ2

η2
h2C′

0T

+ 2(KR +K3)

∫ tn∧ϑR

0

E|x̄(z)−Xh(z)|2dz

+ 2(KR +K3)

∫ tn∧ϑR

0

E|e(z)|2dz + 6(KR +K3)
ζ2

η2
T 3C1(R)

+ 6(KR +K3)
ζ2

η2
T 2

∫ tn∧ϑR

0

sup
r∈[0,s]

E|e(r)|2ds

≤ C1(R)Th+ 3(KR +K3)K2h
2C′

0T
3 + 3(KR +K3)

ζ2

η2
h2C′

0T

+ 2(KR +K3)TC1(R)h+ 6(KR +K3)
ζ2

η2
T 3C1(R)h

+ 2(KR +K3)

(

1 + 3
ζ2

η2

)
∫ tn∧ϑR

0

sup
r∈[0,s]

E|e(r)|2ds

≤ C4(R)h+ 2(KR +K3)

(

1 + 3
ζ2

η2
T 2

)
∫ tn∧ϑR

0

sup
r∈[0,s]

E|e(r)|2ds,
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where

C4(R) := C1(R)T + 3(KR +K3)K2hC
′
0T

3 + 3(KR +K3)
ζ2

η2
hC′

0T

+ 2(KR +K3)TC1(R) + 6(KR +K3)
ζ2

η2
T 3C1(R).

Hence, by Gronwall’s equality, we have

sup
r∈[0,tn∧ϑR]

E|e(r)|2 ≤ C5(R)h,

where

C5(R) := C4(R) exp

[

2(KR +K3)

(

1 + 3
ζ2

η2

)

T

]

.

The proof is complete. �

Theorem 3.2. Under (A1)-(A6), for q ∈ [1, 2), and θ ∈ [1/2, 1], there exists a constant R0

satisfies R > R0, let 0 < h < h∗ < η2/(2θα2ζ
2) ∧ h0(R), where h0(R) > 0 such that

lim
h→0

sup
0≤tn≤T

E|Y (tn)−Xn|q = 0. (3.12)

Proof. By the Young inequality, for any δ > 0, one gets that

E |Y (tn)−Xn|q = E
[

|Y (tn)−Xn|q1{τR>T, ρR>T}(ω)
]

+ E
[

|Y (tn)−Xn|q1{τR≤T or ρR≤T}(ω)
]

≤ E
[

|Y (tn)−Xn|q1{τR>T, ρR>T}(ω)
]

+
δq

2
E|Y (tn)−Xn|2 +

2− q

2δ
q

2−q

P{τR > T, ρR > T }

≤ E
[

|Y (tn)−Xn|q1{τR>T, ρR>T}(ω)
]

+
δq

2
E|Y (tn)−Xn|2

+
2− q

2δ
q

2−q

P{τR > T }+ 2− q

2δ
q

2−q

P{ρR > T }. (3.13)

Hence, we have

E
[

|Y (tn)−Xn|21{τR>T, ρR>T}(ω)
]

= E
[

|Y (tn)−Xn|21{ϑR>T}(ω)
]

≤ E|e(tn ∧ ϑR)|2.

Applying Lemma 2.1 and Theorem 3.1, one has

δq

2
E|Y (tn)−Xn|2 ≤ δq

(

E|Y (tn)|2 + E|Xn|2
)

≤ δq(K0 + C′
0).

Together with Lemma 3.2 and (3.13), we get

E|Y (tn)−Xn|q ≤ C
q

2

5 (R)h
q

2 + δq (K0 + C′
0) +

2− q

2δ
q

2−q

K0

R2

+
2− q

2δ
q

2−q

C2

R2
+

2− q

2δ
q

2−q

C3(R)

R2
h

1
2 . (3.14)
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Therefore, for any ε ∈ (0, 1), choose sufficiently small δ such that

δq (K0 + C′
0) <

ε

3
,

then, choose sufficiently large R1, for R > R1, such that

2− q

2δ
q

2−q

K0

R2
+

2− q

2δ
q

2−q

C2

R2
<

ε

3
,

finally, choose h1(R), for all h < h1(R), we show that

C
q

2

5 (R)h
q

2 +
2− q

2δ
q

2−q

C3(R)

R2
h

1
2 <

ε

3
.

Hence, we get

E|Y (tn)−Xn|q ≤ ε.

Consequently, one obtains

lim
h→0

sup
0≤tn≤T

E|Y (tn)−Xn|q = 0.

The proof is complete. �

3.3. Mean-square exponential stability of the SST method

In this section, suppose f(0, 0) = g(0, 0) = γ(0, 0, ξ) = 0, ξ ∈ Z. The following theorem

shows that the SST method is mean-square exponentially stable.

Theorem 3.3. Let (A1)-(A4) hold, α1 > (ζ2/η2)α2 and θ ∈ (1/2, 1]. Then for sufficiently

small h, the solution of the SST method is mean-square exponential stable.

Proof. Using (A2), (3.1) and (3.7), we have

|xn+1|2 ≤ |xn|2 +
1− 2θ

θ2
|Xn − xn|2 + h|g(Xn, Un)|2 + 2h〈Xn, f(Xn, Un)〉

+ h

∫

Z

|γ(Xn, Un, ξ)|2 υ(dξ) +Mn

≤ |xn|2 +
1− 2θ

θ2
|Xn − xn|2 − α1h|Xn|2 + α2h|Un|2 +Mn

≤
(

1 +
1− 2θ

θ2

)

|xn|2 + 2
2θ − 1

θ2
〈Xn, xn〉

−
(

α1h+
2θ − 1

θ2

)

|Xn|2 + α2h|Un|2 +Mn. (3.15)

For θ ∈ (1/2, 1], applying the elementary inequality, we obtain

2
2θ − 1

θ2
〈Xn, xn〉 ≤

(

α1h+
2θ − 1

θ2

)

|Xn|2 +
(2θ − 1)2

θ2(α1hθ2 + 2θ − 1)
|xn|2.

Substituting this into (3.15), one gets

|xn+1|2 ≤
(

1 +
1− 2θ

θ2

)

|xn|2 +
(2θ − 1)2

θ2 (α1hθ2 + 2θ − 1)
|xn|2 + α2h|Un|2 +Mn

≤
(

1− α1h(2θ − 1)

α1hθ2 + 2θ − 1

)

|xn|2 + α2h|Un|2 +Mn

= (1 − α1,hh)|xn|2 + α2h|Un|2 +Mn,
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where

α1,h :=
α1(2θ − 1)

α1hθ2 + 2θ − 1
.

It is easy to see that α1,h → α1 as h → 0.

Therefore, for any fix ε > 0, we can choose h small enough to satisfy

α1,h ≥ α1 − ε =: α′
1.

In particularly, α1 > (ζ2/η2)α2, we can choose ε small enough to satisfy

α′
1 = α1 − ε >

ζ2

η2
α2.

Consequently, we obtain

|xn+1|2 ≤ (1− α′
1h)|xn|2 + α2h|Un|2 +Mn. (3.16)

For any A > 1, we have

A(i+1)h|xi+1|2 − Aih|xi|2

≤ A(i+1)h(1− α′
1h−A−h)|xi|2 +A(i+1)hα2h|Ui|2 + A(i+1)hMi. (3.17)

Summing the both sides of (3.17) from i = 0 to i = n− 1, we get

Anh|xn|2 ≤ |ϕ(0)|2 +D(h)

n−1
∑

i=0

A(i+1)h|xi|2

+ α2h

n−1
∑

i=0

A(i+1)h|Ui|2 +
n−1
∑

i=0

A(i+1)hMi, (3.18)

where

D(h) := 1− α′
1h−A−h.

It is obvious that D(0) = 0 and

D′(h) = −α′
1 +A−h logA ≤ 0

for 1 < A < eα
′

1 . Hence, for any h > 0 and 1 < A < eα
′

1 , we have D(h) ≤ 0. Since

|xi|2 = |Xi|2 + θ2h2|f(Xi, Ui)|2 − 2〈Xi, θhf(Xi, Ui)〉
≥ |Xi|2 − 2〈Xi, θhf(Xi, Ui)〉
≥ |Xi|2 + θh

(

α1|Xi|2 − α2|Ui|2
)

,

we get

|Xi|2 ≤ |xi|2 + θhα2|Ui|2
1 + θhα1

(3.19)

and

D(h)|xi|2 ≥ D(h)
[

|Xi|2 + θh
(

α1|Xi|2 − α2|Ui|2
)]

.
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Substituting these into (3.18), we have

Anh|xn|2 ≤ |ϕ(0)|2 +D(h)

n−1
∑

i=0

A(i+1)h
[

|Xi|2 + θh
(

α1|Xi|2 − α2|Ui|2
)]

+ α2h

n−1
∑

i=0

A(i+1)h|Ui|2 +
n−1
∑

i=0

A(i+1)hMi

≤ |ϕ(0)|2 +D(h)(1 + θhα1)

n−1
∑

i=0

A(i+1)h|Xi|2

+ α2h[1− θD(h)]

n−1
∑

i=0

A(i+1)h|Ui|2 +
n−1
∑

i=0

A(i+1)hMi.

By (A3), we have

|Ui|2 ≤ ζ2

(

h

i−1
∑

j=0

e−η(ti−tj)Xj

)2

≤ ζ2

(

h

i−1
∑

j=0

e−η(ti−tj)

)(

h

i−1
∑

j=0

e−η(ti−tj)|Xj |2
)

≤ ζ2

η
h

i−1
∑

j=0

e−η(ti−tj)|Xj|2. (3.20)

Therefore, one has

Anh|xn|2 ≤ |ϕ(0)|2 +D(h)(1 + θhα1)
n−1
∑

i=0

A(i+1)h|Xi|2

+ α2h[1− θD(h)]
n−1
∑

i=0

A(i+1)h ζ
2

η
h

i−1
∑

j=0

e−η(ti−tj)|Xj|2 +
n−1
∑

i=0

A(i+1)hMi. (3.21)

Due to 1 < A < eα
′

1 , we have

n−1
∑

i=0

A(i+1)h
i−1
∑

j=0

e−η(ti−tj)|Xj |2 =

n−2
∑

j=0

A(j+1)h|Xj |2
n−1
∑

i=j+1

A(i−j)he−η(ti−tj)

≤ Ah

eηh −Ah

n−1
∑

j=0

A(j+1)h|Xj |2.

Consequently, one gets

Anh|xn|2 ≤ |ϕ(0)|2 + F (h,A)

n−1
∑

i=0

A(i+1)h|Xi|2 +
n−1
∑

i=0

A(i+1)hMi,

where

F (h,A) := D(h)(1 + θhα1) + h2[1− θD(h)]α2
β2

η

Ah

eηh −Ah
.

Hence, we have

F (h, 1) = −α′
1h(1 + θhα1) + h2(1 + θα′

1h)α2
β2

η

1

eηh − 1
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≤ −α′
1h(1 + θhα1) + h(1 + θα′

1h)α2
β2

η2

≤ −h

[

α′
1 −

β2

η2
α2 + θα′

1h

(

α1 −
β2

η2
α2

)]

.

For α1 > (β2/η2)α2, we can choose α′
1 ∈ (0, α1) such that α′

1 − (β2/η2)α2 ≥ 0. Consequently,

F (h, 1) < 0 and F (h,A) is continuous with respect to A, there is ε > 0 such that for any

A ∈ (1, (1 + ε) ∧ eη∧α′

1), we have

F (h,A) < 0.

Since ∆wi is independent of Fti and g(Xi, Ui) is Fti-measurable, we have g(Xi, Ui) is in-

dependent of ∆wi. It is known that E(∆wi) = 0 and E(∆wi)
2 = h. Notice that w(t) is

independent of Ñ(t, ·), we have

E

〈
∫ tn+1

tn

∫

Z

γ(Xn, Un, ξ)Ñ(dz, dξ), g(Xn, Un)∆wl

〉

= 0,

E

(
∫ ti+1

ti

∫

Z

γ(Xi, Ui, ξ)Ñ(dz, dξ)

)

= 0,

E

∣

∣

∣

∣

∫ ti+1

ti

∫

Z

γ(Xi, Ui, ξ)Ñ(dz, dξ)

∣

∣

∣

∣

2

= hE

∫

Z

|γ(Xi, Ui, ξ)|2ν(dξ).

Hence, we have E(Mi) = 0. Therefore,

E
(

Anh|xn|2
)

≤ |ϕ(0)|2 := c1 < ∞.

By (3.19) and (3.20), one has

|Xn|2 ≤ 1

1 + θhα1

(

|xn|2 + θh2α2
ζ2

η

n−1
∑

j=0

e−η(tn−tj)|Xj |2
)

. (3.22)

Then

E
(

Anh|Xn|2
)

≤ 1

1 + θhα1
E
(

Anh|xn|2
)

+
θh2α2ζ

2

η(1 + θhα1)

n−1
∑

j=0

e−η(tn−tj)A(n−j)h
E
(

Ajh|Xj |2
)

≤ c1
1 + θhα1

+
θh2α2ζ

2

η(1 + θhα1)

n−1
∑

j=0

(e−ηA)(n−j)h
E
(

Ajh|Xj |2
)

. (3.23)

Define un := E(Anh|Xn|2). We can see that

un ≤ c2 +

n−1
∑

j=0

ljuj,

where

c2 =
c1

1 + θhα1
, lj :=

θh2α2ζ
2

η(1 + θhα1)
(e−ηA)(n−j)h ≥ 0.
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By the discrete Gronwall inequality, we have

E
(

Anh|Xn|2
)

≤ c2 exp

[

n−1
∑

j=0

lj

]

≤ c2 exp

[

θh2α2ζ
2

η(1 + θhα1)

Ah

eηh −Ah

]

=: c3 < ∞.

Thus, we get
logE|Xn|2

nh
≤ c3

nh
− logA → − logA < 0.

Namely, the SST method is mean square exponentially stable with rate logA. �

4. Numerical Experiments

In this section, we support the results obtained in Theorems 3.2 and 3.3 numerically with

some examples. We use discrete Brownian paths over [0, 1] with ∆t = 2−12. The SST method

with step size h = ∆t is taken as an approximation of the analytic solution and we compare

it with the numerical approximation using h = 25∆t, h = 26∆t, h = 27∆t and h = 28∆t over

M = 4000 sample paths. Then the mean-square error is denoted as follows:

Errorh :=
1

M

M
∑

i=1

∣

∣X i
h(T )−X i

∆t(T )
∣

∣

q
, q ∈ [1, 2), (4.1)

where X i
h(T ) denotes the numerical solution of the SST method along the i-th sample path at

t = T with step size h, and the strong convergence order is defined numerically by

Order =
1

log 2
log

Errorh
Errorh/2

.

Consider the following SVIDE:

Y (t) = ϕ(t) +

∫ t

0

(

−aY 3(z)− bY (z) + c

∫ z

0

κ(z − s)Y (s)ds

)

dz

+

∫ t

0

(

eY (z) + k

∫ z

0

κ(z − s)Y (s)ds

)

dw(z)

+

∫ t

0

∫

Z

(

lY (z) + n

∫ z

0

κ(z − s)Y (s) ds

)

ξÑ(dz, dξ) (4.2)

with initial data ϕ(t) = 1 and λ = 1/2.

Firstly, we discuss a particular type.

Example 4.1. In SVIDE (4.2), we take a = b = e = 1 and c = k = l = n = 0. We can see

SVIDE (4.2) reduce to SDE which is studied by many authors.

From Table 4.1 and Fig. 4.1, it can be observed that if θ ∈ [1/2, 1], the SST method is

convergent. We can see the error gets smaller as θ stays the same and the step size gets smaller.

The error gets smaller when the step size is constant and θ gets bigger if θ ∈ [1/2, 1].

See from Fig. 4.2, we can see the SST method is mean square exponentially stable when

θ ∈ (1/2, 1].
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Table 4.1: Strong convergence order of the SST method for Example 4.1.

Stepsize
θ = 0.5 θ = 0.75 θ = 1

Error Order Error Order Error Order

25∆t 0.0094 - 0.0090 - 0.0088 -

26∆t 0.0145 0.6306 0.0134 0.5725 0.0129 0.5566

27∆t 0.0227 0.6487 0.0213 0.6714 0.0198 0.6176

28∆t 0.0388 0.7690 0.0340 0.6751 0.0319 0.6897

Fig. 4.1. Absolute errors of the SST method of Example 4.1 in average.

(a) (b)

(c) (d)

Fig. 4.2. Mean square exponential stability of the SST method of Example 4.1.
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Secondly, we consider a more generalized type.

Example 4.2. In SVIDE (4.2), we take a=b=e=1, c=k=0.5 and l=n=0.25 and κ(t) = e−2t.

The strong convergence results of the SST method of Example 4.2 are shown in Table 4.2.

From Table 4.2 and Fig. 4.3, if θ ∈ [1/2, 1], we can see that as θ remains unchanged, the step

size gets smaller and the error gets smaller. When the step size is constant, the error becomes

smaller as θ gets bigger if θ ∈ [1/2, 1]. Observe Fig. 4.4, we can see the SST method is mean

square exponential stable when θ ∈ (1/2, 1].

Fig. 4.3. Absolute errors of the SST method of Example 4.2 in average.

(a) (b)

(c) (d)

Fig. 4.4. Mean square exponential stability of the SST method of Example 4.2.
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Table 4.2: Strong convergence order of the SST method for Example 4.2.

Stepsize
θ = 0.5 θ = 0.75 θ = 1

Error Order Error Order Error Order

25∆t 0.0034 - 0.0031 - 0.0030 -

26∆t 0.0056 0.7250 0.0049 0.6360 0.0047 0.6241

27∆t 0.0096 0.7871 0.0079 0.7050 0.0078 0.7485

28∆t 0.0174 0.8481 0.0140 0.8207 0.0136 0.7922
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noise, J. Math. Anal. Appl., 416:1 (2014), 126–142.

[25] Q. Zhu, Razumikhin-type theorem for stochastic functional differential equations with Lévy noise
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