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. Abstract

Under the condition that the triangnlation of the given domain is strongly regular, the maximum
norm estimate with accuracy O (h2) of the linear finite element approximation is obtained, the optimal
points of etresses at the midpoints of common sides for all adjacent elements are shown, and the
estimate with higher accuracy for the extrapolation approximation based on mesh refinement and
extrapolation is given.

§ 1. Introduction

The I ~-error estimates of the finite clement approximations for second order
linear elliptic boundary value problems have been established by Frehse, Nitsche,
Rannacher, Scott, et al. Fried has published an example which indicates that the
pointwise estimate

[ o, <SR -t (1)

may be of optimal order in the usual case. However, if some resirictive assumptions
are imposed, then the convergence order can be improved. As an example, when the
triangulation of the given domain is sirongly regular (seo0 [6]—I[T7] or the next
section), and u€ H® (2) NWZ (£2), the following result is obtained for the linear

finite element approximation in {7]:
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where DC . .

In the present paper, we shall prove in section 2 the following

Theorem 1. If the triangulation II, of the given domain €2 4s strongly regular
and wCWE(Q) N HLQ), then the poimtwise accuracy of the linear fintte element
approzimation w* will be

max |u( p) —u*(p)| <ch?(|u] s, (3)
One of the new developments in finite element analysis is the investigation of

the phenomena of superconvergence. Obviously, it i of interest to improve the
sccuracy of stresses by using the optimal points of stresses. The superconvergence
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estimate for the gradient with accuracy O(4?) has been obtained in [5, 6] by using
the means of gradients for two adjacent elements as the approximations to the
gradient at the midpoints of common sides for some elements. However, it was not
proved that there exist the optimal points of stresses for all elements and it was not
stated where the elements which have the optimal points of gtresses are located. In
[8], the above resuli was improved and the inner superconvergenoe estimates of
gradient for the optimal point of stresses was obtained. In seotion 3, we shall prove
the following,

Theorem 2. Iy the triangulaiion II, is strongly regular and u & C*(Q) N H{(Q),
then the midpoints of common sides for all adjacent elements are the entirely optimal

povnts of stresses with accuracy O(kﬂln 715'>

In the last seotion, the exfrapolation for the finife element approximations is
congidered. The mesh refinement for the triangulation II, of 2 should be a new
triangulation which is achieved via dividing each triangle of II, info four small
equal iriangles. Let %* be the linear finite element approximation over the
triangulation I, and «*? the new approximation over a mnew friangulation.
The numerical results show that the acouracy of the extrapo]ation approximation

1(4'&” 2 _u*) is much better than +*3, However, the theoretical bagis for this algo-

rithm still remains an open question and we mll iry o give some answer to this
guestion. We prove, |
Theorem 3. _Assume that the iriangulation II, is strongly regular end u€O*(Q)
H3(Q). Let o*, v»? be the linear finite clement approximation over II, and the
refinement resg:ecﬁévely._ We have for the nodes of II, - -

. _%._ (I@m —uP) %_..—..0( R In %) . 4)

§ 2. Maximum Norm Estimate

For simplicity we shall consider the 2-dimen sional Poisson equation
— = in Q
u=£ on 653 | o

Suppose that the friangulation II; of 2,(CQ) is
strongly regular, i.e. I, satisties the following GOIldl— -
tions: .

cl: Kach friangle T" ¢ II, containg a circle of radius
cih and is contained in a circle of radius cih, 0<ci<leq
independent of 2 and T (gquasi-uniform).

c¢2: Any two adjacent triangles of Il form an

approximate parallelogram, i. e. there exists a constant
¢ independent of &, such that (see Fig, 1)

| P12 Psps | <Sch?. (6)

Let & be the piecewise linear finite element space on Q, with zero on Q\£,,
«* €S, the finite element approximation satisfying




