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Abstract

In this paper we obtain a Hoffman-Wielandt type theorsm and a Bauer-Fike type theorem for
sinpular pencils of matrices. Thess resulte delineate the relations between the perturbation of the
eigenvalues of & -gingular diagonalizable pencil 4-AB and the variation of the orthogonal projection

AH
onto the column space R (BH)

1. Introduction

Let A and B be complex m X% matrices. A pencil of matrices 4-—-AB is called
singular if msn or m=n but det{4d—AB) =0, A prevalent viewpoint is that in this
oase any complex number A is an eigenvalue of A—AB (ref. [6]), consequently it is
difficult 1o investigate the perturbation of the eigenvalues of singular pencils. In this
paper we adopt a new definition for the eigenvalues of a singular pencil which ig due

to P. van Dooren®, and relate the perturbation of the eigenvalues of 4—AB and the
variation of the orthogonal projection onto the column space R (ﬁﬂ) to each other,
thus obtain.a Hoffman-Wielandt type theorem (§ 3) and a Bauer—Fike type theorem
(§ 4) for singular pencils which are generalizations of the main results for regular
pencils in [8] and [3].

Notation: Capital case is used for matrices and lower case Greek letters for
scalars. The symbol €™** denotes the set of complex m X n matrices. 4 and AT stand
for conjugate and transpose of A, respectively; A¥=A4%, I™ is the nXn identity
matrix, and O is the null matrix. The matrix | 4| has elements |ay| if A= (ay). A>
0 (>0) denotes that H is a positive definite (semi-positive definite) Hermitian
matrix. The colume space of A is denoted by % (4) and the null space by N (A4).
R (4)* is the orthogonal complement space of R (4). G4,a denotes the oomplex
projective planE. The chordal distance between the points (a, 8) and(y, &) on G 5 is

a8 — By
P((a,l B): ('}": a)) \/' imﬂ_l_lﬁ—r'(l,ylﬂ_l_‘alﬂ)
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The matrix pencil formed of 4 and B can be expressed more precisely as pd—AE,
(}": H‘) E Gl. .

2. Preliminaries

In this seotion we give some definitions and basic results.
2.1. Bigenvalues and eigenvectors
Definition 2.1. Let A, BEC™* and max rank(ud—AB)==Fk. A number—pair

(o ) EG1rn
(z, B) €@y 5 98 an eigenvalue of the pencil wA—AB if rank(84—aB) <k,

The set of all eigenvalues of A —AB is denoted by A(4, B).

The following consequences of Definition 2.1 can easily be verified.

i) If pwA—AB isa regular pencil (i. . m=n and det (wA—AB)#0, (A, w)
€ Gy 5)™, then Definition 2.1 is coincide with the nsnal definition™.

i) If PeC™™and Q€ C™"are non-singular, then

AMPAQ, PBQ)=MA(A, B). (1.1)

Kronecker showed that if w4 —AB is a singular pencil, then there exist non-singular
matrices P and @ such that™1%#

L., (A, ) i
'L, (A, @) '
P(uA—AB)Q= L5, (r, m) (A, w)EGLa (1.2)

LT (M, w)

- wAs—ABy _|
Where L,(A, w) EC=E+D and LT(A, w) € C7+D*" are elementary Kronecker blocks,

e. g. Lg(A, u)= (“’ -4 _E) wAy—AB, is a regular pencil.

From the Kronecker s canonical form (1.2) it follows tha,t
We say that a singular penecil wd—AB contains an r-order regular part if
pAy—ABy& €™ in the form (1.2). The symbol &7*" is used to denote the set of all
m X n gingular penoils, each of which containg an r-order regular part.
Definition 2. 2. Let ud —AB € @™ A non—zero vector o€ L is called an
eiyenvector of the simgular pencil wA —AB corresponding to the eigenvalue (&, B) if
8 Axz=aBz, (Az, Bx)+ (0, 0).
2.2. Singular diagonalizable pencils and singular normal pencils
Definition 2.3. A pencil uA —ABEC &7 ¢s called déagonalizable of there exisi r
Vinsarly independent sigenvectors @y, +-+, @, of wA—AB and @ complement space R (@,
0 ml')r Gfm(ml; "t ﬂ}‘,-) satisfy@ng
R(zy, -, o,)° A (A NA(B).
The set of all such pencils s denoted by 27",
Definition 2.4. A pencil ud—ABE SP** is called normal if there exist r ortho-




