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NUMERICAL ANALYSIS OF NAVIER-STOKES
EQUATIONS BY A HYBRID FINITE

.....

ELEMENT METHOD*
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(Peking Umvsmty, Be-:}ﬁ:g, Ghm)

.. Tt ig known that the advantages of the hybrid ﬁm‘be element method lie in
- many agpects. Firstly, the trouble of using finite elements of class Cf"(k; 1), which
ig sometimes reqmred for conforming methods, is avoided. Secondly, some derivatives
of the solutions can. be obtained- smultaneuusly, ‘such ag the stress tensor, which is of
more importance sometimes. Thirdly, some’ spema.l interpolation ‘functions can be
ensily used for special goals, for ingtance, we ma-,jr use the amgular Expanmon ag the
interpolation functions for fracture mechanics. .

The drawback of this method i also ‘obvious, ag more variables are involved in
the equations to be solved, it is more complicated to construct the stiffness matrix
for each element and the program would be more complicated. But the scale of
algobraio systoms is the same ag that of the comforming methods. Therefore if the
problem is of large scale and requires a high -precigion, the hybrid finite element
method may be a good ohoice.

We have applied the hybrid finite element. method 't-o mcompreas:tble viscous
flowd-#¥ and digcovered another advaniage, namely, it improves convergenoce and
s‘tabllltj'

If a primitive variables formulation is used. fm: Na‘mer—Stokes flow, then the
Babuska-Brezzi condition is necessary for a ﬁonformmg finite element approach, the
- degree of freedom of the velocity field should be mmch bigger than that of the
pressure field, and it causes a logs of precision. For example, ag the gquadratio six
nodes triangular elements are used for the Stokes problem, only a precision of O(h)
can be obtained™™, in contrast with the preoision O(%?) for the game elements used in
an elastic problem. Some suthors have improved the results for Stokes flow, e.g. the
work of Santos™.

-We discovered that for the hybrid finite element method, althrough some kinds
of Ba.buska—Brezm conditions have o be satisfied, they incur no loss of precision. For
example, when the quadratio six-nodes triangular elements dre used for the velocity
ﬁeld the ‘precigion is O(h%). Therefore, we get the optimal degree of precigion. Some

soxamples-have gshown that the approximate solution iy in: good agreement
'mth“ 'lihB »analyhca;lfmluhon by our method. 1 this paper we ‘generalize our method =
to. the non]i;lﬁﬂfﬂpmhlem ‘In tha ﬁrst section we dednce 50O formulations of tha'-r 5 ,'
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understanding of our method. In the second sectlgn we discuss the Stokas problem
which is the foundation of the mexi section. Most of the materlal in Section 2 has
been published, but we will give 2 new and simpler proof. In the third section we
discuss the hybrid finite element method for Naﬂer—S‘bOkes equa.tlons

8§ 1L Some VanatlunailLF ormulatrons
- '”r“"ﬁﬁi g, *

Let the fluid be mmmpressxhla vwoous "and Hewhnﬁn The space is d—dimen-
sional (d=2 or 3), and the govemmg equa.tmnﬂ of a sisa.tlonﬂ.ry flow are
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where z= (%) are tha spatlal ca.rl:eman coordinates ti’f; ‘aT0. body forces, o= (o) the
stress tensor, which is gymmetric, p the hydmatatlc pressure, u= (w) the velocity,
g={8y) the velocity strain tensor which is also.-sy1 iric, and » the constant of
viscosity. We assume the fluid density is p=1, and ( ),; denotes partial differentia-
tion with respect to#z;. For simplification, we_will not indicate the range of indices

v, 3,

_ Let us conmder a domain QCR’, mth bounda:;y an We consider the above
equations with bounda.ry value G Banls W

w(w) =uq(m'), mE aa, | (1.5)
where up= (Uo:i) i8 & known function sa,tlsfymg .
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where n= (n;) is the unit exterior normal vector a,long 00.
~ First we consider’ the Stokes equation, thad: 13 tha onnvactlon term in equa.twn
i 1) is 1gn0red it becomes
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Theabounda.ry va.lue pmblem (1 2) (1 6) correaponda natura.lly to the fol'lowmg
fun,ctmna.l |
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