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Abstract
In this paper, an abstrémt error estimate of tmixed finite eloment methods msing noneonfnrmlﬁg

elements is presented. In addition, a class of nuncoqfﬁrm;ng rectangular elements is proposed, -and .
‘applied to Etnkea equations. The upt:mal exTor aat:mate s gwen | -

I Introductmn _

Thé mixed finite elemant method has been apphed to many d;ﬂ'arenﬂa ﬁelds Huah
as solid mechanios, fluid meohanics, and so on. The Btudy— of this method can be
reduced 1o the following abstract saddle-—pomt problem Let V and W be two real
Hilbert spaces, whose norms, scalar products and dual spaces are denoted by |-|v,
(e, Dy, V7 w, (0 2w, W' respectively. Let I , +» denote duality bgjweeq
both ¥/ and V and W’ and W. The va:rmtmml problem is - -

Fmd (v, p) €V xW, such that

| {ﬂ(ﬁ- v)-+b(v, p) =<f, w) Yovev, (1.1)
b(u, ¢) =<9, ¢, - VgeW, '
where a(+, +) and &5(+, ) are bounded b]lmea.r forms on V%V and ¥V x W,
rcﬂpeﬁmvely, and feV’, gEW’ are given. -

Given two finite dimensional subspaoces V;C:V und WiCW, 0<<h<<hy, the ﬁmte
element apprommatmn of (1.1) is the solution of the followmg problem e

HFind (‘Mn, Ph) GV],}(W;, sach th&‘l; &

{ﬂ(fh, v) +5(v, ;) =<7, vy, YUEV,,

; b(ﬁ;, q)ﬂ@: Q>: Chge Vgewl
In 1974, Brezzi'’ studied the saddle—point . problam (1.1) and its finite element
approximation. The main results are the foﬂgw;n_g

Let Z={vEV; b(v, @)= =), YeEW}.

( ) there 13 A ﬂﬂnstant a>0, such that

' (1.2)

a(u v)?aﬂwlh VwEZ (13)

(11) ‘bhare exlstaa.mnB'Mf B::—o such jhi? S E M e BN "
e b T % I S

A Thf L =8 ] - . (1.4

S EEm{ﬁﬂEﬂ'F?{} ]'vﬂf 9’ A ﬁ &t [T ( ?E

then prohlem (1 1) hasa uniqne aolutmn (u, ,hp);: | T
Lat Zl- {”EVM b(ﬂr g)‘f;o: i VQE Wﬂ}ﬁ"ﬂ E SR UEL NN s s s o
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(i) Z, is not empty, _ .
(i) there is a constant a >0 independent of 4, such thai

_ wli, Divatloll, We£F, vl L o« il
(iii) there exists a constant 8*>0 independent of 4, such that |
Inf Bup ool =g, | 1.4),

g€ Wali{0) veV\(0} -“W"Y“'Q'F ~
then problem (1.2) has a unique solution, and the following error estima tes hold:

aEW,

o —tta] v +- lp— o8] wsO{ u{]elvf,. ﬂ“‘““'»’n“v'i‘ﬂlenf lp—alw}s 1.5)

whero C is a constant independent of h. S

To get the optimal error estimates of the mixed finite element approximation of
problem (1.1), ‘we musf choose finite dimensional subspaces ¥ » and W, carefully.
Firstly, Vs and W should approximate ¥ and W mththe game order of precision.
Secondly, ¥V, and W, must satisfy the compatibility condition (1.4)a. Babuska™
tudied finite eloment approximation of general variationally posed problems. The
major ;@sglts_ of [2] apply to problems (1.1) and (1.2); #wo similar conditions
squivalent to (1.4) and (1.4) reSpéGﬁVBly_'ﬂain be obtained,” In general, conditions
(1.4) and (1.4), are called Babuska-Brezzi conditions. |
" '*‘ Th_e_ boundary ‘value problem of Stokes equations 'ri_'sl"ﬁ"'f"ii:lbdel of the absiract
variational problem (1.1). Suppose QER® is a rectangtlar domain with boundary
' We consider the boundary value problem of Stokes equations:

—pAu-tgradp=f, -on 2, |
divu=0, on &, (1.6)
u|r=0, | _

where u= (u, ug) is the velocity vector, p is the pressure, p is a positive constant, the
ooofficient of kinematic viscosity. Let ¥V =H;(£) X H(Q), W=H"(Q)/Po(£2), where
HLi(Q), H°(Q) denote the usual Sobolev spaces on 2, and Po(2) denotes the space of
all constants.on £. Then the boundary value problem (1.6) is equivalent to the

following variational problem:
Find (u, p) €V X W, such that

, {a(u, 94+, p) =<f, ), VOEV, 4.7)
_ _ b(“:'Q)'_':O: e VQ'EWJI
where a(u, v)=w (grad v, grad ?)";?[_"4,%1(%’-”,%: s s

b(v, p) =~ (div v, pla=—(div ¥, Plmxare,,.. - -
For.example, 2 is divided into nine equal. rectangular .elements. The subspace of
velocity field ¥ is formed by pleuawwﬁbﬂlne&r fmmqsmgﬁe gubspace of pressure
W, is formed by piecewise constants, but up to now, it di;ﬁ%gﬁf nown whether subspaces
Va.and W, satisfy the B-B condition or not™. Somefinite element schemes satisfying
the B-B condition have been proposed by many ‘authors. For instance, quadratio

conforming triangular elements for the vélbéifjr."ﬁéia @nil piecewise constant iriangular

‘elements for the pressure were used by Cronzeix and. Raviart®: :Their corresponding
subspaces V' and W) satisfy the B-B condition, but with a loss l:lfp:l:e':l'flﬂln:}l:t1:1f'fi11‘3"_ﬁiiﬂ15
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