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Abstract

In this note the exact non-Jocal radiation condition and its local approximations at finite artificial
boundary for the exterior boundary value problem of the reduced wave equation in 2 and 3 dimengjons
are discussed. Based on the asymptotic expansion of Hankel functions for large arguments, an
approach for the construction of local approxzimations is suggested and gives expression of the normal
derivative at spherical artificial bonundary in terms of linear combination of Laplace-Beltrami
operator and its iterates, i.e. tangential derivatives of even order exclusively. The resalting formalism
is compatible with the usual variational principle and the finite element methodology and thus scoms
to be convenient in practpeal implementation.

Boundary value problems of P. D. K. involving infinite domain occur in many
areas of applications, e. g., fluid flow around obstacles, coupling of structures with
foundation and environment, scattering and radiation of waves and so on. For the
numerical solution of this class of problems, the natural approach is to cut off an
infinite part of the domain and to set up, at the computational boundary of the
remaining finite domain, appropriate artificial boundary conditions. In the usual
treatment, the lafler is carried out, however, "in an oversimplified way without
sufficiont justification. Along this line of approach, there is recent interest and progress
leading to a latter understanding of the nature of the problem and several sequences
of improved artificial boundary conditions. In the following we shall discuss briefly,
for the reduced wave equation with spherical computfational boundary, the exact
integral boundary condition at the gpherical computational boundary, and suggest,
using asymptotic expansions of Hankel functions, a method for derwmg a sequence of
approximations of the non-local boundary operator by means of tangential
differential operators on the boundary, in a form which is compatible with the
variational form and the finite element method for the original problem.
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The general solution of the 2-D reduced wave '(Helmhbltz) equation

o , 32'_1 34‘3,‘1' bl
ox® oy r or or  r? 6%’
in the exterior ,={r>a} to the circle I'y={r=a} of radius « -s&tisfying the
radiation condition at infinity

dgu+wu=0, A= (L)

* HReceived March 19, 1983.



No. 2 ASYMPTOTIC RADIATION CONDITIONS FOR REDUCED WAVE HQ. 131

wu=0{r"1),
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Ur +tou=o0(r %) as r—>oo
can be represented as a Fourier series
u(r, 9) —i AH® (wr)ems, (1.3)
where H{” is the Hankel function of the 2nd kind of order n, a.nd in pa.r'bmular
u(a, 8) = 2 A HP (wa) e, (1.4)
So (1.8) can be written as : |
_ sy HP (o) (2) (7 0
u(r, 0) =3Y 3 (o VAnH P (wa) e,
(1.4) and (1.5) together give the Poisson integral formula
=Py (1.5)

expresging the solution w=wu(r, §) in domain 0, in terms of its Dirichlet data
=w(a, #) on boundary I';, or explicitly

u(r, ) ~P @) u(a, ) =| " PO-0)ua, 0)dl, 0<O<2r,r>a, (1.6)
» .

where
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+ denotes the circmlar convolution |
| aw - e R
F @90 = | FO-009@)d0.
Differentiation of (1.3) gives

w(r, 0) =3 Ay HE (or) e (1.8)
and | _
| 2 e _ H? (wa) (2 W
u,(a, §) = 2 A,&JH (wa)e =33 (w57 o )A,.;I,, (wa)e".  (1.9)
(1.4) and (1.9) 'liogﬂther glve the mtegral 1'913131011

Uy = _Ki | (1.10)

expressing the solution’s normal derlva;twe Uy = — sy =y (@, 6) (v is directed to the
exterior of the domain £,), i.e. the N eumann data on I, of ‘ﬁhe solution % in termg
of the corresponding Dirichlet date #, or explicitly | |
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The integral in (1.11) is highly singular caf non-integrable type, it is to be
understood in the sense of regularization of divergent integrals in the theory of
digiributions. K is in fact a pseudo-differential operator of order 1 on the boundary
maniford I’y and defines a linear continuous map |



