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A FINITE ELEMENT. APPROXIMATION OF
NAVIER-STOKES EQUATIONS USING
~ NONCONFORMING ELEMENTS*
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§1. Introduction

"' In this paper, steady ‘incompressible flow of viscous flnids is considered. The
finite element approximation of this problem has been treated by some authores®—%.
By means of a primitive variable formulation, the numerical treatment of Navier—
Stokes equations naturally leads to the mixed finite element method, in which the
Babuska—Brezzi condition is required for the conforming finite element method. It
means that the finite dimensional subspam of the velocity field and the snbspace of
‘pressure must satisfy a cerfain matchable relationship. For example, in the two
dimensional case, triangnlar élements are used; the subspace of the velocity field is
formed by piecewise linear functions and the subspace of pressure is formed bj'
piecewise constant funotions for a eonforming finite element method. It is
straightforward to show that they do noi satisfy Babusgka-Brezzi condition. If the
subspace of the velooity field is formed by piecewise quadratic functions instead of
piecewise linear functions, then they satisfy the Babuska-Brezzi condition. However,
2 loss of precision is algo inourred. The optimal error estimate cannot he obtained in
this situation. M. Crouzeix and P. A. Ramrt proposed 10 use the nonconforming
triangular elements 0 form the approximatmn space of velooity field to solve stokes
equations. A few years later, the nonconforming triangular elements were applied to
stationary Navier—Siokes equations by R. Temam™ and t0 nonstationary Navier-
Stokes equations by R. Rannacher™. In those cases the optimal error estimate can.be
obtained, and therefore nsing nonoanformmg elements may be a good choice for the
‘finite element appmxlmamun of N avier—Stokea equations, Recently a class of
nonconforming rectangular elements Were used for the numerical analysis of siokes
equations and an optirfial: grTor esﬁmé,te was given™. The aim of this paper is to
analysq $he. el::_::«s:n:l;'TL 19@1;1;1&1;9 of a8 ﬁmte element appmxlmatmn of Navier—Stokes

Fa

; equations usmg gen. ot monoonfﬂrmjng eleme nts mﬂludmg nunﬂonformlng

*.mtangulal;elame o e
,;,,,, et 2 be a bﬂﬂpﬂﬁd domain of R"(n==2 3) with a Inpschltz oontmuoua bﬂﬂhﬂary

t IV'"-”(Q;) 0‘5&? 'lihra Sobolev Bpane 011 Q Wl’[ih norm | +| g g.0. AS uﬂtlal when,
43

z) } Q) ig de y, H“(ﬂ) whan -m.==0 WPy is. denoted by L,(Q)
irzﬁué’;r &i&%t Hpt ﬁﬁ?ﬂi(ﬂ) #=0on 20}, E’-(H‘l(ﬁ))' W1th nﬁfn}_l"‘lx

I h,g,p‘! ﬂ]ld M-{JLELQQQ}‘HJ Ldﬁ“ﬂ} 'Wlth norm ﬂ II=H uﬂ.ﬂ.ﬂ.

3 - ' :_':"_-\.-"a_l::"‘-ll-'- . -"-." . _A .-I._.': L i bt
: ia = L - e, 3 E: P 2 -
= Vo - ] s 3 Fy 2
ol PP il SPSPRNE | L e
- . B h o PRS- = .
‘.gﬂ-"‘i‘-ﬁ'ﬁi% N -mﬁ-‘&‘e':&: F LR




78 JOURNAL OF COMPUTATIONAL MATHEMATICE Yol. 2

‘We congider the follomng houndary va.lue problem of Na,vmr—ﬂwkes equatlnnﬂ

- pAﬂ—[—-? u,-—-——!—grad A=Ff, in Q, - (1 1)
“- dwu._o w@, .. @
L ; @=0, on 980, e T v (1.3)
where #= (1, - ) ig -Ishe velonity veotor, A is the preasura a.nd p is a positive
constant, -I;he oﬂeﬁiment of kinematio viscosity. Eq. (1.1) can be rewritten as
-y +-—i —g—%——l——ﬂ?‘_.-——(u,u) +gradA=f, inQ, (1.1)’
=1 Oz
Then the bnundary value problem (1.1)', (1.2),(1.8) is equivalent +o0 the following
variational problem:
Find (8, A) EX XM, guch that |
(8, v)-l-ari(ﬂ u, v)+b(v l) =<{f, >, yveX, (1.4)
i : i §, =1 J & 311'-; 395; 4 T D
: =l'n OUs M N1, '
ay(w; 1, ©) =2 jzj (22 0= w)da, (L.7)
L b, 0= | pdiveds, ' 1.8)
_ _ o, oo=8{ fods. (1.9)
'Obviausly,' | | S - | : . |
| | a(w; v, V) =0, Vw, vEX, (1.10)
. Let V={velkX, di‘?’ v=0}, and | | '
N i ‘ﬂ:l(w ﬂ 9)1 B (1.11)
u.wET’ ﬂﬂ? ’ o i
sup J—['f v} . | (1.12)

‘Suppose € (H"-(Q))‘ and _UJL<1 Then problem (1.4)—(1.5) has s unigue
solutmn (u 2&.) € X XM (so0 [3]) In thls paper wWe restna’s ourselvas Wit]:un t]:na case.

, . §2. An Abstra.ct Error Estimate ,
Leﬁ H = (Lg(ﬂ))' Thmughout thls m‘mn we suppose _f GH For each k>0, 16t

M* and X* be two fnite dimensional spaces such that MMCM ﬁhd X"CH but X*

is not & subspace ¢ of X in the general case. Let f+|» denote the nnrm 'of X* (examples

of X* will be given the: next seohnn) In erdar 10 djsok' btz ‘the vanatmnal

problem (1.4)—(1 B), o firgt extend the definitions of PACH *‘%‘) a,,(w ¢, v) and

B(®, ) 10 (IUX‘)’,{.,(XUﬁ‘)“ and (.X'UX') xM and &enata tham aa az (u v),

al(w;u v) and b"(v 1) a.nd = : .
L, e 0, Ve, 0E€X,

ax(w g, v)=a(w;u, v), YW, L, vex




