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~ Abstract

This paper describes a method for investigating the analyticity and for obtaining perturbation
expansions of eigenvalues and eigenvectors of a matrix dependent on several parameters. Some of
resulis of this paper provide sustification of the applications of the Newtoen method for inverse matrix

eigenvalue problems.
- § 1. Introduction

Although investigation for the analyticity of eigenvalues and eigenvectors has
a long higtorg™ % 81%  relatively little attention has been paid to the analyticity
and perturbation expansion of eigenvalues and eigenvectors when the matrix
depends analytically on several pa-.rameterﬂ and we feel that this problem should
be discussed whenever one is trymg t0 ‘treat inverse matrix eigenvalue problems
(ref. [2, B, 8]). The object of this paper is to deseribe & method for investigating the
analyticity and for obtaining perturbation expansions of eigenvalues and
eigenvectors of a matrix dependent on, several complex or real paramseters. Our
approach is on. the basis of the theory of implicit functions and matrix operations.
Some of our results provide justification of the applications of the Newton method
for inverse matrix eigenvalue problems. .

Notation. The symbol €™* denotes the set of complex m Xn matrices and R™*
the set.of real m X n matrices, C*=C1 C=C? R*=R"! and R=R. A(A) stand for
the set of eigenvalues of a metrix 4. I is the nxn identity matrix, and O is the
null matrix. The supersoript H is for conjugate transpose, and 7' for transpose. |z|

denotes the usual Eunclidean ‘vector norm of @ and | 4| denotes the spectral norm of
A, " |

Before all we cite the following implieit function theorems,
Theorem 1 1. m_ If the oomplem—mlw ﬁmctmm

fi(gzh e fu "?1; e, ), G 1

are analytio funatwm 0 f 8-+1 oamplem variables in some nmgkbourhood of the omgm of
C*+, 4f £,(0, 0)=0, i=1, -, 8, and &f |

a(fif e fed g e
— 3(‘51: "% gl) bk fDT gi' : gl

?‘?1=Iil =7}t:=0’

then the equations, . - | -
| fi(fh vor, gy M, s 7)) =0, =1, .-, 8
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have a unique solution
vanishing for mi= vy = 0 and ﬂnmlgﬁo in some néﬁ-ghba%rﬁobd of the origin of €'
Theorem 1.2 377, If the real-value functions * "~ .. . -
fi(éil % gl; ﬂ:u **% ﬂt)j i_lr *e*, 8
are real analyiic functions of 8-t real variables in yome neighbourhood of the origin of
ﬁﬂ-t’ ‘iffi(oj O) ={}, .i,g'l, TTRE ard 'frf S T T

3( 1, *°% f!) ey ese o b am )y S e S, =
dﬂt‘—a—‘(gh =y ‘5.) '15'0 . fm‘ £1_ ‘ f; T T 0:

then the equaiions ; | L .
| C flEsy ey €y v, ) =0, G100, 8
have @ unique solution

Eo= gi(m, **» ny), T=1, 3
vanishing for ny=—<-+=n;=0 and real analytic in some neighbourhood of the origin of
R,

F

L ]

§ 2. Simple Eigenvalues and Associated Eigenvectors

Tet p= (p1, =+, Pw)TE€CY (or Rﬂj, and.A(p)==(a¢;(p)) c €»* (or R**) be an
analytio (or real analytic) function in some neighbourhood B (0) of the origin.

1.e.,

A(p) =A@ +E(p), BE(p)={eu(p)),

“whero _
su(p) =3 DNl phpl, 1S4, <N, p € B(0)

r=1 3t="r

-and 2'& = t;["""“ +tn.
Suppose that A 18 an eigenvalue of A(0), then there exist vectors =, ycC* (or
‘R*) such that | | |

A0 zs=Aw, yTA(0)=Ay". | (2.1)

‘Quch vectors, z, ¥ will be called right and left eigenvectors of A(0) corresponding
to the eigenvalue A.Tespectively.

First applying Theorem 1.1 we prove the following theorem, )

Theorem 2.1. Let pE€C¥, and A(p) €EC™" be an analytio function of p in some
netghbourhood B(0) of the origin, Suppose that X, i3 @ simple eigenvalue of 4(0), and
z,, Yy are associaled eigenveciors saiisfying the rdations (2.1) and o] =1, yiwy=1.
Then |

1) there ewists a simple eigenvalue M (p) of A(D) which is an analytic funciion of
p in some neighbourhood By of the origin, and Ay (0) =As;

2) the right etgenvector &, (p) and left eigenvestior ¢1(p) of A(p) corresponding fo
A p) may be defined to e anolytic functions of p in By, and (0) =24, ¥1(0) =v1.

Proof. By the hypotheses there exist X,, Y,€C*® D guch that



