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§ 1. Introduction

1. The nonlinear wave equations are often appeared in fhe physical, chemical,
mechanical, biologiocal, geometrical problems and others. For example, the Sino-

Gordon equation |,
) Usy — gy = SIN U, (1)

the nonlinear vibration equations

YUgp— Uy 1&3 == 0, (2)
Uy — Uy + U =0 (3)

and the equation
%ﬂ—“u«mg‘l"ﬂiﬂh%=0 (4)

belong to the number of the nonlinear wave equations. A lot of works contributed
to the study of the various problems of the nonlinear wave equations™ ™ and the
fairly wide systems of nonlinear wave equations™®™?%, such as the periodic
boundary problem, Cauchy problem, firs, second and other boundary problems. In
the expressions of the conditions of so—called the absorbing boundary problems for
the wave equation, there are the derivatives with Tespeot 1o the time variable and

space variable®™ ¥,
Lot us consider in the present work the system of nonlinear wave equations of

the following form

WUy~ Uz gra,d F(’M) =f(m1 t: W, Uy, 'u’t): (5)
which contains the above mentioned nonlinear wave equations as the simple
gpecial cases. Here u(w, t)=(us(w, ¥), -, un(®, 1)) is a m-dimensional vector

funection, F{u) is a soalar function of vector variable 4 G R™ and f(w, {, v, p, ¢) i8 a
m—~dimensional veotor funotion for the scalar variables «, ¢ and the veotor variables
w, p, ¢ER™ In the rectangular domain Qr={0<o<l, 0<i<T}, we take into
account of the boundary problem with the nonlinear mutual boundary conditions

of the form
u, (0, 1) =D (u,(0, 1), u:(1, 8), w(0, t), u(l, ), 1),
—a, (1, ) =Dy (1,0, 8), u.(l, 3, u(0, 1), u(l, 1), t)
" % Received June 11, 1984.

(6)
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and the initial conditions

u(z, 0) —p(2),
7
Hf(m: 0)=';6‘(m): ( ‘

where Doy, p1, Yo, %1, 1) and Dy(py, p1, %o, Us, £) are two m-dimensional veotor
functions of ¢€ [0, T'] and uy, ui, Py, P1ER™ and p(@) and Y(a) are two m—

dimensional vector functions of 2 € [0, 1].

We are going to construct the global generalized solution of the general
nonlinear mutual boundary problem ¢6) and (7) for the system (5) of nonlinear
wave equations by the finite difference method. The convergence of the solutions of
finite difference scheme is established and the limit is the solution of the problem
(6) and (7) for the system (B) of nonlinear wave equations.

By similar way we also consider the mixed problem with the boundary

conditions

'u‘#(ﬂ: t) =@ﬂ(u’m(0.& t): u(OJ t)r t)r
u(l, 1) =0

and the initial conditions (7) for the system (5) of nonlinear wave equations.

We adopt the similar notations and conventions used in [23—24].

2. Buppose that for the system (5), the general nonlinear mutual boundary
conditions (6) and the initial vector functions in (7), the following assumptions

are valid.
(I) The scalar non—negative convex function F(u)>0 of the m—dimensional

veotor variable w CR™ is twice continuously differentiable with respeot to u CR™.
(II) f(@, {, u, p, ¢) is a m—dimensional continuous in (@, , u, P, ) € Qr X R*™

veotor function, continuously differentiable with respect to variable z and vector

variables u, p, ¢ €R™. Further for any (2, {) €Qr and u, p, ¢ €R™, there are

J@ b, u, 0, 1% |fela, b, w, p, O | <A{F(w)+|u|>+]|p|*+]|g|*+1},
fulw, b, u, p, @) |P*<A{F (u) + |u|*+1}, (9)
fﬂ'(m! tr 'u’.! .p: Q) I: Ifﬂ(m: t: ﬂ’: P Qr) , Q‘A:

where A4 is a constant and for brevity |+| denotes any components of the
appropriate vector functions and any elements of the mentioned matrices.

(III) @o(po, p1, o, %1, t) and Di(p, D1, Uo, %, 1) aTe two m—dimensional
continuously differentiable vector functions of the variable +€[0, T] and the
(Do, Dy)
| 3(.@0: Pi)
of the 2m—dimensional vector funection (&,, @;) with respect to 2m-dimensional
veotor (po, p1) I8 positively definite, i.e., there is a positive number ¢>>0, such

that

(8)

veotor variables wug, uy, 2y, p1 ER™, The 2m X 2m Jacobi derivative mairix

(n S )= |a|? (10)

for any 2m~dimensional vector € R*”, Furthermore, thers are



