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W =-INTERIOR ESTIMATES FOR FINITE ELEMENT
METHOD ON REGULAR MESH*
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(Xiangtan University, Hunan, Ching)

Abstract

For & large class of piecewise polynomial subspaces S* defined on the regular mesh, Wi~-interior
estimate |Ua]1,., o, Clupl-s,0, UsE 84 (Q)) satisfying the interior Ritz equation B(u,, p)=0, Vpc
§4(Lh), LyC T CO, is proved. For the finite element approximation 4, (of degree r—1) to u, we

have WlL*“-interior error estimate lu—uil1,e, 0, <R 2| ully, 0 0 + |u)1g). If the triangnlation is
strongly regular in Oy and r =2 we obtain W *—interior SRPOTCONVErgence

max | D(u—us) (@) | <oB?(|Ink| [ ]s,u,0,+ |4[2.0)-

’ § 1. Introduction

Let Q be an n-dimensional bounded domain with the boundary 2Q. Denote the
norm and semi-norm of the Sobolev space W4r(Q), 1<p<<oo, respectively, by

[ulssa= 3 1 Duliner, [ulspo= 3 D} i

We simply write W*2=H* |y|,.q o= (%)% if p=2.
We consider the elliptic boundary value problem
{ — = j(m;jD;u—i—&wu) +ﬂio.Diu+ﬂuuu =f_,, in Q
u=20, on g2
and a bilinear form

(1.1)

B(H, ’IJ) =j i iI';_f.DﬂLDj'U d:‘ﬂj D{]H=t&,

Li,3i=0
where the coeflicients a;; are suitably smooth in . Suppose that

B(w, v)=e|v]3,0, 0>0, voc H(Q). (1.2)

On a regular (i. o. quasi-uniform) mesh—domain 5 of 2 we give a finite dimensional
subspace S*CC (), consisting of piecewise polynomials of degres r—1, and

Sm(ai) ={p € S*(Q) |supp e 02}, hocQ,

An approximate solution wu, C S*(82) 1o u satisfies the inferior Riiz equation

B(u—u, 9) =0, Ve€S§*Qy), (1.8)
An important special case occurs when Lu—0. Then U €ES*(Q) satisgfieg™
B(u, ) =0, VpcSMQy). (1.4)

. Buch u, will play a central  role in deriving the interior error estimates. For the
regular megh in 0, J. Nitsche and A. Schatz™ firgt proved L -interior estimate
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fun)l 10,0 U] 5,0, Q0T Ly, (1.5)
where 8=0 is an integer, arbitrary but fixed, and |ua | 5.0 negative norm. For the
aniform mesh, J. Bramble, J. Nitsche and A. Schatz® later proved L~—intferior
estimate | |

[P PSRN [N (1.6)
For the regular mesh, A. Schatz and L. Wahlbin® also proved it by the itechnique
of estimating derivatives on annuluges. The present paper extends these results and

proved the following
Tundamental Lemma. Suppose that the triangulation ds regular in £,CCQ,

and 1, € S satisfies (1.3). Then
|t 1,000 2 <) 2n ) —s, 0. (1.7)

Using the lemma, we may derive W' “~interior error estimate (Theorem 1) and
Wi =—interior superconvergence (Theorem 2) for the general problem (1.1).

§ 2. Some Assumptions

[7] and [8] discuased a priori estimate and the solvability of solution u€ W (Q),
1< p< oo, for the problem (1.1). We obtained |

Lemma 19, Let QC OV, a, EWH=(8), i+j#0, ap& L™(£2), Felr(Q), 1<p
< oo, and wEW*2(Q) is a unique solution of (1.1). Then

Nu"ﬂ!ﬂ-ﬂgﬂgl | filo.p.0, (2.1)

where p=max(p, '), P =p/(p—1), and the consianis A and ¢ are independent of p
and f.

Let Q=G be a sphere with radius R suitably small. Suppose that the Green
function g(z, y) for (1.1) existy such that

o(|]n1m*—y| | +1), n=2and a=0,

1rg(a, v) 1<} 2.2
D@ OIS g jpmyia,  n>20r |a] =1, e
By the Green function g(s, y), the solution v of (1.1) can be expressed by

u{z) =L 9(z, ¥ W)dy. (2.3)

If i<g<an/(n—1), we have

ulsao<e(] [ lo—yloel s dadg) (], 17 @) 1dy) " <elflosa
(2.4

We now turn to the finite dimensional subspace S*(€2)™ and make the following
assumptiong (for l<p=<<co):
Al. TFor each u€ WH(Q), 1<t<r, there exists a p€5*(£2y) such that

"u_‘PHssnqu‘f’hfﬂ“u $epy Gy s=0, 1, (2-5)

&

A2, Let 0w €C5(Gy) and un ESM(@), GG Q. Then there exigts p € S*(&)
such that

| wur— @[ 1.0.6< P[] 1.5.6. (2.6)
A3. For each AE (0, 1], there exists a mesh—-domain Gy, GoT CEC C&, such.
that, for all @ € 8*(2;),



