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Abstract

A third order small parameter method and its Nordsieck expression are given in this paper. It is
based on Gear’s method of order @ and order 3. For moderate stiff problems this method is suitable.
In [1] we proposed a second order numerical method for stiff ODHs. The purpose of this paper
ia to Taise the order from 3 to 8 and give its Nordsieck expression, making it automatically suit

varying stepsize calculation.

»

S 1.‘ Derivation of the Method and the Truncation Error

For the differential equation

y'=F(&, y),
from the second order Gear formula

4 1 2
yﬂ+1= 3 Yn 3 yﬂ-1+_§"hfﬂ+1’

weoe have

4
%‘ hyiﬂ =Y+l g Yn +%" Yn-1

and from (1.1) we have

8Yn+1= 8f i1,
where ¢ >0 is a gmall parameter.
1.3)+ (1.4) yields

. 4 1
—3— hyﬂ+1 '=jp[ Ef:n+:[."i":";fn+1'_ gﬂhﬁ'g ?iir"""j']i‘I

where

p= 3 3 O{P{li

We rewrite the third order Gear formula ag follows:

18 9 B, kB )
Yara= Ty Yo~ g Yty Vet T\ M)
From (1.5) and (1.6), we have
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Yni1= 18 Yn— yn—:l'l"'i'i_ yﬂ-—ﬂ"‘“’“j’_’i‘ f’[ Efn-!-i yn+1"_3“yn+'8_ ?/n-:l.]- (1'7)

11 11
Expanding both sides of (1.7) in the Taylor expression form, we get
g &L B e 1.8
Vamfam o o +O(). (1.8)
Then the loeal trunecation error is
2 h‘i T 1 9
9 = e Un 7 ( - )

§ 2. The Stability Region

For the model equation
Yy =AYy, (2.1)

the eigenequation of scheme (1.7) ig
e Bpau- (12 N (08, 2
(1 A 1_1'30“”")“ A \g e g=t B
The stability region in the sA~plane ig the outside part of the following ourve
(p=e*, §=0°=360°),
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g . —. (2.8)
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The outlines for p=1.0, 0.9, 0.8, 0.5 are given in Figs. 1 to 4, where p=1.0
means A—>o0. Because of the symmetry we only give the upper half part.

Unfortunately, when p=1 the unstability region includes a section of negative
real axis, and this will cause some trouble in praotice. Therefore, we need to find a
value po 80 that when p<p, the stability region includes the whole negative real
axis. We introduce a lemma ag follows ([2]):

Lemma. The roots uy (6=1, 2, 8) of a real coefficient cubioc polynomial

wP+ppt+q v

satisfy |um] <1, if and only if

(1) 14-7r>0, 1—7>0;

(ii) 1+p+g+7>0, 1-p+q —7>0;

(iii) 1—g+pr—72>0, |

It is easy o check that the left—hand side of (2.2) satisfies (i) and (i) of the
lemma for any real sA<0 and 0<p<{1. As for (iii), we have

9 - A g TN ey
(1""1T P~37 ps?») (1~g+pr—r?)

o L—p)"+= 1f‘2_'1 —£ er+ - (eb)?.

+ If &) is real negative, it no longer satisfies (iii) for any 0< p<1. But we see that, if
p—>0, (iii) is satisfied for any sA <0, so there exists a value P, for which if p<yp.
(iii) holds for any eA<0. In order to find p, we regard it as a quadratic equation of
gA. and from the diseriminant we get




