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MULTIGRID METHOD FOR ELASTICITY PROBLEMS'
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§ 1. Introductlon

The mulh.gnd msthod is a fas’s 1tera.t1va method developed durmg the sixties
for solving elliptio partial differential equations with boundary value condition. Itg
difference irom other iteration methods is that the convergence rate is independent.
of the grid size 2, a.nd the operating amount for’ obtalmng the approximate solutions
with the same accuracy is O(N) where N is the number of the unknowns in
equations, Sinoce the seventies the MG method has been widely used in many other
problems successfully, including some elliplic varialional inequalities, whose
physical baakgrﬂund sincludes some fluid flow through porous medium, and the
water cone problem of an oil well™® %, This paper disousses how the MG method is
used in some elastic mechanical problemﬂ, mcludlng general two- or three—
dimensional elasticity problems and a type of variational inequality of elasticity
problems, whose physical background is elastic-rigid and elastio-elastic contact.
problems without friction. - We will prove the oonverganﬁe of the method and give

some numerical examples. |
We would like to thank Zhnu Shu-zi for his helpful dmousamn and suggeﬂtlon..

§ 2. Mathematical Problems and MG Method

Consider an elastic body Q and a rigid body @, and suppose that o= (x4, @s, 23)
is a set of Cartesian coordinates of a point in the space, u(a)=(uy(®), u(s), ua(2))
is its displacement funoction, sy, oy are tensors of strain and stress respectively, f==
( f1, fa, fo) i8 a vector of the body force, p= (11, pa, ps) i8 a vecitor of the surface.
force, the boundary of Q, 8Q=I"yUI . UL,. On I', and I, displacements and surface.
forces are prescribed respectively. I, is the boundary where £ and £2; are contacting--
or will contact. 8o I'; is unknown in the problem and is assumed to be a smooth
surface. = (ny, ng, %) i & unit external normal vector of 22. Now we consider:
two types of problems: (I) linear problems, (II) nonlinear problems.

Problem (1.I). Finda d.wplaﬁement function u(z), salisfying the followmg-

relations: o
(3!& - By ; ¢ (2.1).

ey (H») = 85(u) ==

(W) = u(8) = g;m(u)_amm(u), (2.2).
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Curbfim0, 0€0, 4 =123 . . (2.8
cuy=p, € I'y, - y | = 8 (2.4)
ui—';f'h o€ Ly, - (2. 5)

where &§;; is Kroneckar g symbnl and A, w are two constants which are agsumed 10
s&tmfy A>0, w>>0. Conventionally, repeated subsonpt é denotes summation for ¢=
Problem (11. 1) Find a displacement vector u{w) and 1;]15 contact bounda.ry

I, satisfying (2.1)-—(2.5) and relations: 3 | ’ e
W"I_—sgﬂ o n'go

Op* (uini_" S) ={) i
where g is the initial gap betweﬁn Q and 24, T ig nﬂrmal stress

Go= oy, | (2.7)
We deﬁna the funotion space H and its'convex subset K ', |
Hﬂ{u=(u'1: u’ﬁ: uﬂ‘)lmeﬂi(g)r t&ﬂu-h ‘.’b‘GFﬂ 2w | (2-8)
K= {t&EH wy— 80, mGF,,} - (2.9)
The norm in H is | - -
N : i 1/3. |
. : | ﬂ im{j' (wﬂ}i"l" ‘U{.,j'u{. j)dﬂ? } - (2.10)
Pefine a bl—hnear functional and a linear functional ag follows: ' |
| | II(H ‘!.?) '='J. C'-"u(ﬂ) B“(‘U)dﬂi ; (2.11)
f(‘l?) I f;‘Ui dz +I _’pﬂh ds. - . (2 .12)

According to the Korn inequallty, a(u, *u) is H —mermve, i.e. there exists a>0
such tha-.t
a(u, v)>aloli, VoE€H. (2.13)
Problems (1.1), (II. 1) have tha f ollowing equivalant varlatmna.l problems‘-“*
Problem (I 2)

{ Fmd uC H such that (2.10)
a(¥, v} = f(v), WGH. '
Problem (1.3). ¢ " s
| | { Find u€ H such thab a4
J (u) QJ(-::), Ve€H, *
where ..T (v) = 5 a.(q;, v) — F(v). T
Problem (11.2). g .
e | {Fmd wCK smzh that (216)
a(x, —u) E#f(v u«), WGK' "R
Problem:(IL.3). - . kg
F‘md uEK Euoh tha.t (2.17)

I (u) <J (v), *qﬂgz, * s



