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A DIFFERENCE SCHEME FOR THE
HAMILTONIAN EQUATION*
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§ 1

. In the recent DD-5 Beijing conference, Feng Kang proposed three types of
difference schemes for the Hamilfonian egquation from the viewpoint of symplectio
geometry. In this paper, we give a further discussion on these schemes and propose
another difference scheme suitable for the nonguadriec Hamiltonian function of
second order.

We congider the following system of eanonical equations
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with Hamiltonian function H (p1, Da, ***, Pry @15 G2, **s Gn). Lot the space RB™ be
equipped with a symplectic structure defined by the differential two form
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(1.1) can be rewritten as | | |
dz ==J-1H.""'JH| - | (1.3)

dt
with solution z(%). s
Assume that for each £, 2(0) =>z(t) defines a diffeomorphism g(Z). Then iig
Joocobian G(Z) is a symplectic matrix, i.e.

FDIGE) =T, (1.4)
Suppose H, can be writien as A(z)z. Then equation (1.3) has the form
- dz
r —JA(2)z. (1.5)

We oall the first scheme investigated in [1] (one-leg C-N difference schems) the
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Euler scheme

+1_ oL 1 |
z" Ai 2?".= _J.A- 2"1_#_. _ (1.6)

Multiplying (1.6) by 4. z“+12+ 2" and summing over all m and noting that J is

antisymmeirioc, we have

ﬂn-}‘i_ pn 5M-}'I -[—ﬁ"
( g oy ) e

At
If the matrix is a symmetrioc constant, wo have
( nt+1 Azn'!*i) s (Z", Azn). (1-7)
Let | H|*1= (2", A2***). Therefore we have
| H "= [H|"=eee = | H | I (1.7)°
-1 -
The amplification of this scheme ig [I -+ %J A] 1 — —;-J' A] , Which isa symplectio

operator. When (1.5) is well posed, then this scheme is absolutely stable.
Now we congider the hopscotch method for the system of eq_u&tzon (1.5). The
method requires that we combine the ﬂlmple one-gtep processes

; gt At J Az, | (1.8)
gl At J Azt '- | (1.9)

using them at alternate node points on the #-axis. If (1.8) is used at those points
with m even and (1.9) is used at those with m odd, and Jf we define

9m={1 if m is even,

(0, otherwise,

then the hopseotch method is .

L AT At =gt — Mg T A, (1.10)
Writing (1.10) Wrbh (n+1) replacmg n and el1m_111a‘h1ng #*1 from this equetion,
we have

22 gt A1 (J Az J A) ~ AT A, T
Whﬂn n is odd, the above equation reduces to |
2?12 = gr— 2 ALS Azt (1.12)

which is just the leap—frog secheme. Multiplying (1.12) by Az"“ on both sudes and
summing over all space points, we have

(ﬁn+ﬂj A2“+1) (£n+1’ Azn)_ _ : (1' 13)
We first nse the forward timé difference scheme |
| A |
_ _,51 T4 (1.14)
We obtain | |
| (21, A2°) = (2°, Az°).
Therefore

(2, A" = ("1 AZ") = eve = (z: , Az2%) = (20, A2°). (1.15)
We oall these schemes quasi-energy conservative. Let (1.12) be rewritten in form



