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- Abstract

A modified Calahan method for parabolic equations with time—dependent coefficients is presonted.
It is shown that the convergence oxder is O (h"+14+-%¥%) ‘while the convergence order obtained in [1] for
a standard Calahan method is only O (R™+1+-k2).

§ 1. Introduction

Sammon™™ considered the single step methods (including fully disorete finite
olement methods) for parabolic equations with time-dependent coefficients (PETO).
The convergence order he obfained is O (k1 +F=*3@) under the restriction k<<ORh*
where A and & are respectively the step lengths-of space and time, while O(A"+%%)
is the optimal order that we usually gek for parabolic equations with fime—
independent coefficients. It was asserted in [1] that this estimate cannot be generally
improved. It is then an interesting problem whether we could give some schemes
for the PETC with convergence order better than O(A'**+F="®?) in some special
oages. Ag a trial in thig respect, we consider in this paper a modified Calahan method
{g=38 in this ocase, see [2]) for the PETC. The convergence order we shall show is
optimal, O(A™*1-+4®), under the same restriction k<Oh? agin [1].

" We shall desoribe in this section the problem to be dealt with and give some
notations and definitions. In Sections 2 and 3 we shall do some preparative work
and in the last section we shall give our main result, the convergenoce order
estimate. ,_ #

Lot Q be a bounded region in R¥ with smooth boundary I" and #*>>0 a constant,
T =[0, t']. We consider the following PETC,

du

'E;=A“: (, 3) €2XT, (1.1)

u|p=0, t€T, | | (1.2)

| _ . 'M]f=ﬂ‘u0: ﬂie Q_: - _ - ‘(1.3)
-y ' ' N8 | Tp——
where A=A(t)=§155:(aﬂ(m, :)E), ay=ay(z, 1)

are preseribed smooth functions in axT, Q=0+TI; w=u’(z) is a given smooth
‘funetion in Q2. |
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Tet He=H*(Q) (s:>0) be Sobolev spaces of degree s s the
olosure of Uy (&) in the norm |-{s; (-, ) denotes the inner produﬁt in L2 H®. We
also use ( , ) to0 denote the dual pair (of. [6]) of H} and ity dual apaca (H} ) = H "
normed by

| "'U“...f" Sﬁp ('U._r '?”)t
weH:
- =1

- Let SI(h>>0) be a family of finite dimensional subspaces of Hi with the
approximation prope-rty’

(H1) inf (Jo—va]othlo— vnlli)-@h*‘”llwll.-.n, WEH""I‘IH

Va8

where and bellow we always use O to denote generalized constants whioch are not

necessarily the same at any two places.
Define

X ov ow ri
a(t; v, w) = ;(::ai; T~ 31:{) for v, we Hj, t€T.

Toke k—t"/M as the time step length and #—sk for s=0. The modiﬁed Calahan
method for (1.1)—(1. 3) ig to ﬁnd {U“}H {,C:S;., suﬁh that for #n=0, 1, «-+, M —1 and

all QJhESn, ~

(W, o) +bha(t™ B WL, o) = —ka( U, o), (1.4)
(Zm+2, o )+bkm(t"+3 Z ) = —ka (87 U, o)

+ eka (st Ur, lﬂvn) a(t" u», v )—i—a(t”ﬁ W=+l wy), (1.5)

S -l-%- Zm, (1.6)

U°=u®, ' ' (1.7)

where b=%—(1 —i—%—x/ ?) : c-——-%’-w’ 8: (Wt ,, {Z"} 51 ©85; %° ig an approximation

of »? in 8} satisfying
(H2) -+ . 1 — 2|5 -i—h“u“-—u“[] SO | psae

Throughout this paper we shall always assume that the ﬁondltmna (H1), (H2)
end the following hypotheses (HS) and (H4) are valid,

.—1) @y = Oxu, for (ﬂﬂ, t) EQXT,
N N i

2) {Zﬁiﬂ'ﬂ'j?aizlﬁ;'fﬂr (‘le R TN)GRN_, (ﬂ}, tJEQXT;
3 Je=1 e

Ty 0 . Q== oo, v %G . w8
(H3) {3) T coo(R2xT), for 4, j=1, 2, -, iN; 3=0, 1, , 4

4) (1.1)=(1.8) possesses a unique solution % and
\\u\lp-m=ﬂﬁp\\%(i) | << o0, p=max(r-4, 8);

l*Ei) ||w|\.+g€OI|Aw\|., for vEe H*Y2NHG, t€T, s=>—1.
(H4) k<<Oh.
-~ Remark 1. Condition 5) of (H3) is valid when I’ and @8 are sufficlently




