Journal of Computational Mathematics, Vol.8, No.4, 1990, 381-385.

APPROXIMATE SEVERAL ZEROES OF A CLASS
OF PERIODICAL COMPLEX FUNCTIONS*®
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Abstract

This paper discussed the number of zeroes of the complex function F ¢ - C
defined by

n

F(Z) = E(ah cos(kZ) + by sin(kZ)) + ao + cnIm(Z) + - - - + awn(Im(Z))™,
k=1

where Im(Z) is the imaginary part of Z, |an|+|ba| # 0. Let n, = max {0,k|bx # —iar}

and ny = IIEEE {0,klbr # iar}. We prove that if 0 is a regular value of ¥ and

ning # 0, then F has at least n; + no zerces in domain (0,2x] x K and n; + n2
of them ca.n be located with the homotopy method simultaneously. Furtheromore, if

a; = -+ = am = 0 and nynz # 0, then F has exactly ny + na zeroes in domain
(0,27] x R.

§1. Introduction

Let C be the complex plane. We rega.rd C as R? by identifying Z =z+wyel,z,ye R
with (z,y) € R?. Define a complex function F : C' — C by

F(Z) =T(Z) + f(2), (1.1)

where T is a triangular polynomial with degree n and f is a polynomial of Im(Z) with degree
m. That is

n

T(Z) = ) (akcos(kZ) + bi sin(k2)),

flZ) = ao+ ayIm(Z) + - + am(Im(Z)]“’,

where ay, bx, a; are all complex numbers and a.n, # 0, jaq| + by, | # O.

By the definition of F, F is a periodical function of Z with period 27. So we need only
to discuss the zero distribution of F' in domain (0, 27] x R. Section 2 studies the number of
geroes of F and develops a method to calculate several zeroes of F'. Section 3 gives some
numerical examples.
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§2. Approximate the Zeroes

4

Let ¢ : R? — Q9 be a smooth mapping. Let z € RP be a regular point if the Jacobian
matrix of ¢ at z is of full rank. We call y € R? a regular value of ¢ if ¢~ 1(y) + {z €
RP|¢(z) = y} contains only regular points of ¢.

Lemma 11}, Let ¢ : R? x R — R” be a smooth mapping. If 0 13 a reqular value of ¢,
then for almwst all d € R?, 0 13 a regular value of the mapping ¢(-,d): R — R".

Consider the function F' of form (1.1). Since B 1, by Lemma 1, for almost all
&

ao € C, 0 1s a regular value of F. In this section, we always assume that 0 is a regular value

of F.

Lemma 203, Let H : R" x (0,1] — R" be a smooth mapping. Suppose O 13 a regular
valve of H, H(-,0) : R™ — R™ and H(:,1) : R* — R™. Let (z',t') and (z%,¢°) be two
boundary points of a component of H™1(0).

(a) If ¢! = ¢2, then

oH | |, gl , o o
sgn det E(I , ) = —sgn det E(m , £°).
(b) If t* # 2, then "
sgn det %g-(:rl,tl) = sgn det %[zz, %)

where sgn is the sign funciton.
Let ¥ =T+ f:C — C be as in (1.1). T is a triangular polynomial with degree n.
Define the auxiliary function G : C — C by

G(Z) = c[e'™? 4 e~*"21%), (2.1)

where ¢ is a nonzero complex number. It is easy to know that G has exactly n; + n, zeroes
in domain (0, 27| x R; they are

2k + 1
Z = i m k=01, ,n;y +n, — 1,
n; + no

and 0 is a regular value of G.
Define homotopy E: C x [0,1] Xx C — C by

E(Z,t,a) =tF(Z)+ (1 -t)G(Z) +t{1 — t)a. (2.2)
Then, E(-,0,:) = G(-) and E(-,1, ) = F(-). Since 0 is a regular value of F and G, and

oK

35 = t1-1),
by Lemma 1, for almost all « € C, 0 is a regular value of H(-,:}) = E(-,,a): Cx{0,1] = C.
Fix a € C such that 0 is a regular value of H. H~{0) = {(Z,t) € C x [0, 1]|H(Z,t) = 0} is
a one-dimensional manifold. That is, H~1(0) consists only of simple smooth curves.



