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- Abstract

In this paper, the concept of optimally scaled matrix and the estimate of ||[M ™' N||oo
in our previous paper are used to find the upper bounds of the spectral radii of the

iterative matrices SOR, SSOR, AOR and SAOR. The sharpness of the upper bounds
of the spectral radii of SOR and AOR is established. The proofs are very intuitive and
may be considered as the geometrical interpretations of our theorems.

§1. Introduction

It is well-known that if the coefficient matrix A of a system of linear algebraic equations
. @

Az = f (1)
is a nonsingular A-matrix and
0 <w < 2/[1+ S(|J])], (2)
then the spectral radius S{L7) of the SOR iterative matrix
LA =(D-wL) (1 - w)D +wl]} (3)
satisfies (see [1], for example)
S(L4) < [1-w| +wS() = 6 @

where D = diag(A},B = D — A, L and U are lower and upper triangular matrices of B
respectively and

J=D"'R (5)

is the Jacobian iterative matrix of A.
In [2], it is proved that the upper bound in (4) is sharp, that is, given v € [0,1) and
w € [0,2/(1 + v)], the equality

sup {S(LA)} = |1 —w|+wv
AcH,

holds, where H, is the set of all nonsingular H-matrices with
Wiss S('Jl): (6)

which is obviously less than one, and L# is the SOR iterative matrix of A.
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For the symmetric SOR (SSOR) iterative matrix

Sa = US LS, (7)
wh;ere
UA = (D - M) (1 -w)D+wL] (8)
we have from |3]
| S(85) <1 —w|+wS(J]). (9)

In this paper, we use the theorems abour |M~!N|lo and the optimally scaled matrix
in |4 to derive the upper bound of L2 and S* and then generalize our results to the AOR
and SAOR matrices

LA =(D—-rL) '(1-w)D+ (w—r)L +wlU], (10)
and
54, = UALIA,, (1)
where
UA, =(D-7U)"{1-w)D+(w— 1)U +wl]. (12)
We obtain #
S(54) < (11 - w} +wv)?, ' (13)
S(L2,) <11 —wl+wy (14)
and
S(S2)) < (|1 - w|+ wv)?. (15)

The upper bound in (13) is obviously better than in (9).

Further, we prove also the sharpness of the upper bounds of S(LA) and S{L2,). Our
method is very intuitive and may be considered as a geometrical interpretation of the upper
bounds and their sharpness. Moreover, the matrices used here are more general than those
in [3].

t2. The Upper Bounds of the Spectral Radii of L2, 52, L2, and §7,

First, for completeness, we present the theorems in [4], which will be used here, as our

lemmas:
Lemma 1. If M = (my;) and N = (n;;) are n X n matrices and

| ] 3"2 Imisl, 1=1,2,---,n, (16)
IFs
then
[M 71V oo < max [ 3 Il (Imaal = D lrmis ] (17)
j 154
Lemma 2. If A is an irreducible matriz, D = diag(A) 13 nonsingular and B= D — A,
then there is a posttive diagonal matriz Q@ = diag(g1,92, -, qn) such that the matriz

A = (&;) = AQ (18)



