Journal of Computational Mathematics, Vol.9, No.2, 1991, 97-104.

NONLINEAR STABILITY OF GENERAL LINEAR
METHODS*!)

Li Shou-fu
(Department of Mathematics, Xiangtan University, Xiangtan, Hunan, China)

Abstract

This paper 18 devoted to a study of stability of general linear methods for the

numerical solution of nonlinear stiff initial value problems in a Hilbert space. New
stability concepts are introduced. A criterion of weak algebraic stability is established,

which is an improvement and extension of the existing criteria of algebraic stability.

1. Introduction

The main goal of this paper is to make further advances on the theories of algebraic
stability for general linear methods (c¢f. [1-4]). In Section 2, we introduce a family of classes
of nonlinear test problems, {K,, : or < 1}, in a Hilbert space. Section 3 is concerned
with general linear methods in brief. In Section 4 a series of new stability concepts is
itroduced. In Section 5 we establish the criterion of (k, p, ¢)-weak algebraic stability, which
15 an essentlal improvement and extension of the criteria of algebraic stability presented by
Burrage and Butcher!4,

t2. Test Problems

Let X be a real or complex Hilbert space with the inner product {- , -} and the corre-
sponding norm || - |, D an infinite subset of X, and f : [0, 4+00) x D — X a given mapping.
Consider the initial value problem

=

{ y'(t) = ft,y(E), ¢ =0, (2.1)

y(0) =+, €D, (2.2)

which is assumed to have a unique solution y(t) on the interval [0, +c0),

Definition 1. Let 0,7 be real constants with or < 1. Then the class of all problems
(2.1)—(2.2} with

2Re (u—v, f(t,u) — f(t,0)) <allu—v|?+7|f{t,u) — f(t,v)I* Yu,veD, ¢>0 (2.3)
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15 called the class Kq y.
From Definition 1 we obtain the following propositions:
Proposition 1. If o < 0, > 0, then K, ; C Ky_¢ r4+eM(0,r), Where

M(o,7) = [(1 +V1—er)/o]’. (2.4)

Proposition 2. If r < 0, > 0, then K, , C Ks4en(o,r),7—¢» Where

N(o,7) =[(1+V1-o071)/7]° (2.5)

Proposition 8. If X is the usual N-dimensional complex U-space and for fixed ¢,
P(t) € X, A(t) is an N x N complex matrix, then the linear system

y'(¢) = A(t)y(t) + ¥(t), t>0; y(0)=:, teD=X (2.6)

belongs to the class K, , if and only if o > sup Aln;x, where A,ax denotes the grﬁat’est
£>0
eigenvalue of the Hermite matrix A* + A — 1A A,

In the literature only the special cases Ko o, Koo and Ko, have been used respectively
as the test problem class (cf. [1-5]).

' 4

§3. General Linear Methods

Consider the general linear method for solving (2.1)~(2.2):

Y™ =Y B AT YY) + Y B, i=1,2,0 s
i=1 7=1

gl =Y A, v + ) D By, =12, (3.1)
1=1 9=1
Yn — Zﬁj‘y}n]l
=1

where h > O is the stepsize, ¢/ and f; are constants in the base field of X, }’;{"},y}"}

and y,, are approximations to y{?}{")}, Hi(tiﬂ}) and y(t, + nh) respectively, Tf"} = tp_1 +

i h, tE"') = ¢, + v;h, t, = nh, 4;, vi,n are nonnegative constants, and each H..-(tE"}] IS a plece
of information about y(t).
Throughout this paper we always assume that each y-["'}

;' is an approximation to y{ti"}}
for © < [ and the following equalities hold exactly:

yt:: =hf(t£ﬂl:yt{ni]: 1= 1,2,,1; ﬂ:{}, 1,2,'*'1 (3_2)

where ! is a fixed nonnegative integer not greater than r/2. _
For any given M x N matrix A = [a,;| we define a linear mapping A : XN — XM such
that for any U = (u;,u2, - JUN) € X% with each u; € X,

AU =V =(u1,uz,--—,vM)EXM,



