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Abstract

In this paper we study the MSOR method with fixed parameters, when applied
to a linear system of equations Az = b (1), where A 1s consistently ordered and
all the eigenvalues of the iteration matrix of the Jacobi method for (1) are purely
imaginary. The optimum parameters and the optimum virtual spectral radius of
the MSOR method are also obtained by an analysis similar to that of [5, pp. 277-
981] for the real case. Finally, a comparison of the optimum MSOR method with
the optimum SOR and AOR methods is presented, showing the superiority of the
MSOR one.

§1. Introduction

To solve the linear system of equations:
Azx = b, | (1.1)

where A € R™*, b€ R™ and det(A) # 0, we consider the modified successive overre-
laxation (MSOR) method with fixed parameters (see e.g. [5, Chapter 8], [2]). We also

assume that A has the form

- 1.2
'l » (1.2)
where Dy and D, are nonsingular diagonal matrices. If we partition z and b in (1.1) in
sccordance with the partitioning of A in (1.2), we can write system (1.1) in the form

o [ [;

| K Dz} lz bl
The MSOR method is 'dgﬁ_ned by
gond ) = 7 gt b, om = 0,1,2, 00, (1.4)
where -
(1 = u.:)I; wkF
Lyw = (1.5)
el -w)G wW'GF + (1 - W)
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and |

o s
Faf = . . L
o ww'Gey + we;p ¢ - '

In (1.5) and (1.6), |
F=-D'H, G=-D;'K, ¢; = =D 'b1, ¢z = —D7 by, (1.7) .

I and I; are identity matrices of the same sizes as Dy and D; respectively and w,w'(#
0) are the real relaxation factors. If w = ', the MSOR method reduces to the SOR.
method and we write |

= Lo

In the following we first find necessary and sufficient conditions for strong conver-
gence and then determine the optimum parameters and the optimum virtual spectral
radius of the MSOR method under the assumption that the eigenvalues of the iteration
matrix B of the Jacobi method for system (1.3) are all purely imaginary. For this pur-
pose we follow an analysis similar to that given in [5, pp. 277-281] for the case where

all the eigenvalues of B are real. For other results in the real case see also [4].
’

§2. Convergence Analysis

According to Theorem 2.1 [5,p.273] for the matrix L .+ the following are true: (i)
If X is an eigenvalue of L, .+, then there exists an eigenvalue £ of the iteration matrix
B of the Jacobi method for system (1.3) (note that

B = [G " (2.1)

where 0y, 0y are square null matrices of the same sizes as Dy and D, respectively),
such that |
A4+w-1)A+uw' —-1)= w2 . (2.2)

(ii) If € is a nonzero eigenvalue of B and if X satisfies (2.2), then A is an eigenvalue of
Ly . If £ =0is an eigenvalue of B, then A=1-w andfor A = 1 -’ is an elgenvalue
of w,w' .

We can write (2.2) as follows: |
M-bltc=0, (2.3)
where | | | | ‘_

¢=(w- 1)(.;.: ~1), b=w—w-w'+2=1+c- wf(1-€%) (2.4)
 Since b = b({z), followmg §6. 1 [5 P- 17(]] we can define the wrtua.l spectral radius of

ww' by

(o) = max wi &, 2.5
P(Lw.w’) , Pﬂ;gl;? Y(w,w',€%) , (2.5)



