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Abstract

The equiﬁbrium strategy for N-person differential games can be obtained from
a min-max problem subject to differential constraints. The differential constraints
can be treated by the duality and penalty methods and then an unconstrained
oroblem can be obtained. In this paper we develop methods applying the finite
element methods to compute solutions of linear-quadratic N-person games using

duahty and penalty formulations.
The calculations are efficient and accurate. When a {4,1)-system of Hermite cu-

bic splizes are used, our numerical results agree well with the theoretical predicted
rate of convergence for the Lagrangian. Graphs and numerical data are included
for 1llustration.

§1. Introduction

As in Part T and Part II, we consider an N-person differential game with the fol-

lowing dyna.mca

(DE) = :c(t) A(t):t:(t) EB (t)u,(t) f(t) on [0,7],
e
a:gﬁ) o€ R". " | o | (1.1)
The matrix 'a‘.‘nd'"ii*écti:ir functions A(t), f(£), Bi(1), wi(t), = 1,--+, N, satisfy the same
. conditions as in'Pa.rtVI and I1 ([6] and [7]). Each player wants to minimize his cost
JI(‘T" u) Ji(miﬂll'f'iﬂN): '= 11“'1N- (1-2)

* Received December 31,/1988. s '
") Suppotted i in part by NSF Grant MCS 81-01892 and NASA contract Hﬂ NASI-IS&ID




322 GOONG CHEN, WENDELL H. MIES, WAN-HUA SHAW AND ZHENG QUAN

Let

F(z,u; X,v) = F(z,ul,n-,uy;ml,---,J:N,vl,---,ﬂN) |
- i [J;(:r:,u) - J;(mi,vi)] , - . (1.8)
i=1 .

where X = (z},--- 2N, vt o= (g, Uie1y Uiy Yig1,y .,un) and each z* is the solution
of .

(DE); = () — A(t)z(t) - ; B;(t)u;() — Bi(t)vi(t) — f(t)=0, on [U,T],_

j#i
mi(0)= Zo, i=1,---,N. | - (1.4)

Following [6] and [7], we consider the primal and dual problems:
(P) i:_nf sup{F(z,u; X,v)|(z,u) € H} x U subject to (1.1}, (X,v) € [H1Y X U
¥ X,v '

subject to (1.4),i=1,---,N}

(D) sup inf L(Pﬂa p)'r where L(pnip) = L(po, e U R 1?”) = inf Sup L(Poa D
poc L’ pe[LAN _ % X v

z,u; X,v) with the Lagrangian L : L2z[L3N x H;, x U x [H IV x U defined by

N
L(po,p;z,u; X,v) = F(z,u; X,v)+ (pn,:i: — Az — Zﬁjﬂj - f>

j=1

N .
+Z<p;,:i:i—A:ri —ZBjUJ' —B,;v;—f) (1.5)

1=1 i#e :
for =, X satisfying z(0) = 20,X(0) = Xo = (zo,+*+,%o). We inherit the notations
U =TI, U; with U;L%(0,T) from Part I, and the notations of L? and Sobolev spaces

™

H*, HL and H], are the same as in [6] and [7]. We sometimes denote L? = L*(0,T)
without mention of dimensions. |
In this paper, we consider the linear quadratic problem whose cost functionals are

given by
T - .
Kz = 3 [ G0 - 2Ok, + M@ u)mldts  (19)
i=1,---, N, (z,u) feasible

just as in [6], {7]; here we assume that Ci(f) and M;(t) are matrix-valued functions of -
- appropriate sizes and smoothness, and z;(t) is a vector-valued function, Furthermore,

M;(t) induces a linear operator M;: L2, — L7,, which is positive definite: ‘
(Miui,w)s > plluillly . 1<d < N, for some y> 0. (an

In §2, we formally derive the matfix Riccati equation from the duality point of;f

view. §3 is devoted to error estimates and numerical computations. We prove sha}pﬁg
_ error bounds using the Aubin-Nitche trick. We finally present in §4 some numencal‘*%

o



