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THE STABILITY OF THE �-METHODS FOR DELAYDIFFERENTIAL EQUATIONS�Jing-jun Zhao, Ming-zhu Liu(Department of mathemati
s, Harbin Institute of Te
hnology, Harbin 150001, China)Shen-shan Qiu(Department of Computer S
ien
e and Engineering, Harbin Institute of Te
hnology, Harbin150001, China)Abstra
tThis paper deals with the stability analysis of numeri
al methods for the solu-tion of delay di�erential equations. We fo
us on the behaviour of three �-methodsin the solution of the linear test equation u0(t) = A(t)u(t) +B(t)u(�(t)) with �(t)and A(t); B(t) 
ontinuous matrix fun
tions. The stability regions for the three�-methods are determined.Key words: Delay di�erential equations, Numeri
al solution, Stability, �-methods.1. Introdu
tion1.1. The three �-methodsWe deal with the numeri
al solution of the initial value problem:( u0(t) = f(t; u(t); u(�(t))); t > t0;u(t) = u0(t); t � t0: (1.1)Here f; u0; � denote given fun
tions with �(t) � t, whereas u(t) is unknown (for t > t0).With the so-
alled one-leg �-method, linear �-method and new �-method, one 
an
ompute approximations un to u(t) at the gridpoint tn = t0+nh, where h > 0 denotesthe stepsize and n = 1; 2; 3; � � �.The one-leg �-method was 
onsidered in [1, 2, 3, 4℄un+1 = un + hf(�tn+1 + (1� �)tn; �un+1 + (1� �)un;uh(�(�tn+1 + (1� �)tn))); n � 0 (1.2a)where � is a parameter, with 0 � � � 1 spe
ifying the method.Further we de�ne uh(t) as follows:uh(t) = u0(t); t � t0;uh(t) = tn+1 � th un + t� tnh un+1; t 2 (tn; tn+1℄; n � 0:� Re
eived O
tober 12, 1997.



442 J.J. ZHAO, M.Z. LIU AND S.S. QIUThe linear �-method to problem of type (1.1) gives rise to the following formulaun+1 = un + hf�f(tn+1; un+1; uh(�(tn+1))) + (1� �)f(tn; un; uh(�(tn)))g; n � 0;((1.2b))whi
h was 
onsidered in [1, 2, 4{7℄.Finally,we 
onsider the new �-method as follows:un+1 = un + hf(�tn+1 + (1� �)tn; �un+1 + (1� �)un;�uh(�(tn+1)) + (1� �)uh(�(tn))); n � 0; (1.2
)whi
h was 
onsidered in [1℄.1.2. The test problemConsider the test problem( u0(t) = A(t)u(t) +B(t)u(�(t)); t � t0;u(t) = u0(t); t � t0: (1.3)Here A;B : [t0;1) ! Cd�d (d � 1), t � �(t) � �0 (t � t0), �0 is a positive 
onstant,u0(t) is a known 
omplex fun
tion for t � t0.Applying (1.2a), (1.2b), (1.2
) to (1.3) we have the following re
urren
e relations:(I � �x(tn+�))un+1 =(I + (1� �)x(tn+�))un + Æ(tn+�)y(tn+�)un�m(tn+�)+1+ (1� Æ(tn+�))y(tn+�)un�m(tn+�); (n � m); (1.4a)Here Æ(tn+�) = �(tn+�)h � r(tn+�);r(tn+�) = h�(tn+�)h i; Æ(tn+�) 2 [0; 1);m(tn+�) = n� r(tn+�); tn+� = tn + �h;x(t) = hA(t); y(t) = hB(t):(I � �x(tn+1))un+1 =(I + (1� �)x(tn))un + �y(tn+1)(Æ(tn+1)un+2�m(tn+1)+ (1� Æ(tn+1))un+1�m(tn+1)) + (1� �)y(tn)(Æ(tn)un+1�m(tn)+ (1� Æ(tn))un�m(tn)); n � m (1.4b)and(I � �x(tn+�))un+1 =(I + (1� �)x(tn+�))un + �y(tn+�)(Æ(tn+1)un+2�m(tn+1)+ (1� Æ(tn+1))un+1�m(tn+1)) + (1� �)y(tn+�)(Æ(tn)un+1�m(tn)+ (1� Æ(tn))un�m(tn)); n � m: (1.4
)Here, Æ(t) = �(t)h � r(t); r(t) = h�(t)h i, 0 � Æ(t) < 1, m(t) = th � r(t).


