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Abstract

Based on domain decomposition, we give two multiplicative schwarz methods with time
stepping along characteristic for semi-linear, convection diffusion parabolic problems. we
give some a priori error estimates, which tell us that the convergence of the approximate
solution are independent of the iteration times at every time-level. Finally we give some
numerical examples.
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1. Introduction

Multiplicative Schwarz method, based on domain decomposition, is a powerful iteration
methods for solving elliptic equations and other stationary problems. A systematic theory has
been developed for elliptic finite element problems in the past few years, see [2, 5, 11, 12].
But there are little works of domain decomposition methods for time-dependence problems.
In [11], Lions gives a kind of Schwarz alternating algorithm in two subdomain case for heat
equations and gives a convergence result but does not give any error estimate. In [7, 8] Dawson
and coworkers give a nonoverlapping domain decomposition method for parabolic equations,
but since they use explicit schemes at intersection points, the stability condition At < %H 2 is
needed. In [3, 4] Cai consider a kind of additive Schwarz algorithms and multiplicative Schwarz
method and prove that the convergence rate is smaller than one for parabolic equations. In [13]
the authors give the multiplicative Schwarz methods for linear parabolic problems.

In this paper we are interested in solving the convection diffusion problems using domain de-
composition method. We use time-stepping along characteristic method mentioned by Douglas,
Russell [9], which was powerful especially for convection-dominated equations, and Galerkin ap-
proximation in the space variables. At a fixed time level, the resulting equation is equivalent
to an elliptic problem which depends on a time-step increment and the approximate solution
at last time level. Therefore we can apply the multiplicative Schwarz method, originally pro-
posed for elliptic equations to the convection diffusion equations at each time level. The crucial
mathematical questions is then to know how the convergence and the error depend on the space
mesh, the time step parameter and the number of iterations at each time level.

The outline of this paper is as follows. In Section 2 we present the continuous and discrete
convection diffusion equations and give two kinds of multiplicative Schwarz algorithms with
time-stepping along characteristic. We also give the optimal order error estimate results, which
tell us that the approximate solutions converge after one cycle of iteration at each time level. In
Section 3 we give some lemmas. In Section 4 we give proofs of theorems mentioned in Section
2. Finally in Section 5 we give some numerical examples.
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Throughout this paper, c or C',with or without subscripts, denotes a generic, strictly positive
constant. Its value may be different at different occurences, but is independent of the spacial
meshsize h and time increment At¢, which will be introduced later.

2. Schwarz Algorithms and Convergence Results

Without loss of generality we consider the following model problem in a bounded polygonial
domain QCR?

du 2.9, u
E-l—b-Vu—i;la—xj(aija—mi):f(u) in 0, (1)
u =0 on 01, (2)
u(z,0) = u’(z) in Q, (3)
where b = (b1,b2), b- Ju = 5159 + by 86332 J=(0,T] denote the time interval, a;; = aj; and
there exists a positive constant v such that
2
D ai&&i>EP €= (6,6) €R?, (4)
ij=1

The standard variational formulation of the above problem is: Find u(t) € L?(J; H3(2)) such
that

(B ) +alu,v) = (F0),v) v € HY(Q), )
(w(0),v) = (,),

where
2

ou 81;
/ Z i 8:@ 8x] (6)

_ /Q Fluyvde.

Let At denote time increment, t" = nAt,u"™ = u(t"), for any point x = (z1,z2), let T
denote the point along the approximate characteristic direction,

_ [ z-bAt=(x1 — biAt,z2 — b2 At) when x —bAt € Q,
r= 2Y (z) — X (x) when © —bAt & Q,

where Y (z) € 9Q denote the project point of z, X (z) €  denote the symmetric point of x
about 0€). We also let

" = (@, "), (7)
thenl9:10,14]
u" — "t Ou 0%u
T_8_+bvu+0(82 ) (8)
where 7 denote the unit vector at characteristic direction for the transfer term (% +b. v u).
Then equation (1) can be approximated by
ul — ,anfl e "
(7711):(.]0(“ 1)7U)+(p 7U)7 (9)



