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NUMERICAL METHOD FOR THREE-POINT VECTOR
DIFFERENCE SCHEMES ON INFINITE INTERVAL
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Abstract. A three-point vector difference scheme on a infinite interval is

considered. Method of reduction of this scheme to a scheme with a finite

number of nodes is proposed. Method is based on the extraction of sets of

solutions of the difference equation, satisfying the limiting conditions at infinity.

The method is applied for numerical solution of an elliptic singularly perturbed

problem in a strip. Results of numerical experiments are discussed.
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1. Introduction

Some physical processes, as pollution transfer or chemical reactions, are often
modelled by boundary value problems on unbounded domains. For computer com-
putations one has to construct finite difference schemes with finite number of nodes.
Two approaches are in use: transformation of a boundary value problem on an
unbounded domain to one on a bounded domain and construction a formal differ-
ence scheme in an unbounded domain and then transformation it to a constructive
scheme with a finite number of nodes. In this paper, we employ the second ap-
proach.

To solve these types of problems various numerical methods are proposed in
the literature. We now discuss some results on this topic. Shishkin [11] considers
an elliptic problem on the half-plane, where the difference between the solution
and its limit condition at infinity is estimated. In the case of small difference,
the constructive difference scheme is introduced for large enough finite domain. In
Koleva and Vulkov [6], parabolic problems on unbounded domains with nonlinear
boundary conditions are investigated. For artificial boundary condition, the integral
relation of the solution and its derivatives is proposed. In Zaharov [16], Burger’s
equation on infinite interval is investigated. The boundary condition at a finite
point is formulated as a result of integration of the differential equation from the
given point to infinity. For construction of artificial boundary conditions, one can
use the method of difference potentials [8].

In this article a three-point vector difference scheme with infinite number of
nodes and zero boundary conditions at infinity is considered. It corresponds to
approximation of a two-dimensional elliptic equation in an infinite strip with zero

Received by the editors November 20, 2005 and, in revised form, February 5, 2007.
2000 Mathematics Subject Classification. 65N06, 65N22, 65N45.

Supported by the Russian Foundation for Basic Research under Grant 04-01-00578 and by National
Fund of Bulgaria under project HS-MI-106/2005 .

190



DIFFERENCE SCHEME ON INFINITE INTERVAL 191

boundary condition at infinity. The difference scheme has infinite number of nodes
and is not suitable for computer realization.

The main goal of the present paper is to develop the method of reduction of
difference schemes with infinite number of nodes to constructive difference schemes
with a finite number of nodes. It can be done by extracting sets of solutions
satisfying the boundary conditions at plus and minus infinity. The extracted set
will be given in the form of a two-point difference equation and can be used as a
boundary condition for constructing a scheme with finite number of nodes.

The present paper extends [14], [15]. In [14] for vector difference schemes on a
semi-infinite interval, the method of extraction of a stable set of solutions is pro-
posed. Scalar difference schemes on an infinite interval are considered in [15]. The
case of vector difference schemes on an infinite interval is discussed in this article.
We note that for differential equations, the method of extraction of stable set of
solutions to carry condition from a singular point was proposed by A.A. Abramov
in [1] and has been worked out in many publications (see, for example, [2]).

We shall use the following notation for vector and consistent matrix norms:

‖Z‖ = max
j
|Zj |, 1 ≤ j ≤ N, ‖G‖ = max

i

N∑

j=1

|Gij |.

A vector inequality should be considered as a system of componentwise inequalities.
According to [13] D is scalar matrix, if D is diagonal matrix with equal diagonal
elements.

2. Preliminary Analysis

Consider the original vector scheme

(1) LiU = CiUi−1 −GiUi + DiUi+1 = Fi, −∞ < i < ∞,

(2) Ui → 0 as i → ±∞.

For each i let Ui and Fi be N -dimensional vectors, Ci, Di be positive diagonal
matrices of order N and Gi be M -matrices ([13], p. 269). We assume that

(3a) Ci → C+∞, Gi → G+∞, Di → D+∞, Fi → 0, i → +∞,

(3b) Ci → C−∞, Gi → G−∞, Di → D−∞, Fi → 0, i → −∞;

(4a) ‖G−1
i Ci‖+ ‖G−1

i Di‖ ≤ σ < 1,

(4b) Qi = Gi − Ci −Di, Qjj
i ≥

∑

k 6=j

|Qjk
i |+ ∆, ∆ > 0,

−∞ < i < ∞, 1 ≤ j ≤ N.

Our goal is to transform scheme (1)-(2) to a difference scheme with a finite
number of nodes and estimate the accuracy of this operation. Firstly, we shall
study the properties of scheme (1)-(2).

According to the next lemma, the inequality (4a) may be a corollary of (4b).

Lemma 1. Let Ci, Di be positive scalar matrices. Assume also Gi — M–matrices,
the condition (4b) holds. Then there exists such σ < 1, that (4a) is fulfilled for any
i.


