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Abstract. This paper is intended to be a first step towards the continuous dependence
of dynamical contact problems on the initial data as well as the uniqueness of a solu-
tion. Moreover, it provides the basis for a proof of the convergence of popular time
integration schemes as the Newmark method. We study a frictionless dynamical con-
tact problem between both linearly elastic and viscoelastic bodies which is formulated
via the Signorini contact conditions. For viscoelastic materials fulfilling the Kelvin-Voigt
constitutive law, we find a characterization of the class of problems which satisfy a
perturbation result in a non-trivial mix of norms in function space. This characteriza-
tion is given in the form of a stability condition on the contact stresses at the contact
boundaries. Furthermore, we present perturbation results for two well-established ap-
proximations of the classical Signorini condition: The Signorini condition formulated in
velocities and the model of normal compliance, both satisfying even a sharper version
of our stability condition.
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1. Introduction

One of the most popular time discretization schemes for dynamical contact problems
is the Newmark method. Unfortunately, this scheme may lead to artificial numerical oscil-
lations at dynamical contact boundaries and an undesirable energy blow-up during time
integration may occur [6, 19]. In [16], Kane et al. suggested a variant of Newmark’s
method which is energy dissipative at contact. Unfortunately, this scheme is still unable to
circumvent the undesirable oscillations at contact boundaries, for which reason Deuflhard
et al. suggested a contact-stabilized Newmark method [6,19]. Up to now, the question of
convergence of Newmark schemes in the presence of contact has completely been avoided
in both the engineering and the mathematical literature – a difficult problem due to the
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non-smoothness at contact boundaries. Our aim is to apply the established proof tech-
nique for discretizations of evolution problems by Hairer, Nørsett and Wanner (also known
as “Lady Windermere’s Fan”, cf. [12]) to the contact-stabilized Newmark method. For this
purpose, the necessary first step is to find a norm in which we can expect a perturbation
result even in the presence of contact.

The classical approach modeling contact phenomena between elastic bodies employs
Signorini’s contact conditions which are based on the non-penetrability of mass and lead
to nonsmooth and nonlinear variational inequalities. The first existence and uniqueness
results for evolution problems in elasticity were obtained by Duvaut and Lions [7]. They
studied the special case of prescribed normal stresses where the contact surface is known in
advance. For the case of linear elasticity in conjunction with Signorini’s contact conditions,
to date, existence has only been provided in some simple geometric settings and for one-
dimensional problems. A general theory for multi-dimensional dynamical contact problems
is still missing.

Basically, the serious mathematical difficulties with the well-posedness of purely elastic
problems result from the irregularity of the velocities at contact. However, the assumption
of viscous material behavior allows the derivation of existence results. In [14] and [15],
Jarušek proved the existence of a weak solution for the dynamical frictionless Signorini
problem between a viscoelastic body with singular memory and a rigid foundation. More
recently, the existence of weak solutions in viscoelasticity with Kelvin-Voigt constitutive
law has been studied by Cocou [3] and Kuttler and Shillor [22]. Migòrski and Ochal [26]
established the existence for a class of unilateral viscoelastic contact problems modeled by
dynamical hemivariational inequalities. In 2008, Ahn and Stewart [1] proved an existence
result for a frictionless dynamical contact problem between a linearly viscoelastic material
of Kelvin-Voigt type and a rigid obstacle. A survey of existence and uniqueness results is
given in the monograph [10].

Unfortunately, there are still fundamental and unresolved mathematical difficulties
even in the analysis of viscoelastic contact. These are caused by the Signorini conditions
on the unknown displacement field itself. Therefore, Martins and Oden [25] proposed
the normal compliance condition, likewise leading to a problem with a much simpler
mathematical structure. Their model assumes that the normal stresses on the contact
surface depend only on the normal displacement field which results in a relaxation of
the non-penetration of mass. They presented existence and uniqueness results for lin-
early elastic and viscoelastic materials, but unfortunately their proof of uniqueness ex-
hibits a fundamental error in the estimation of norms (they used a norm inequality in the
wrong direction). Their model of normal compliance was used in various papers, see,
e.g., [4,18,20,21] and the monograph [17]. One of its main advantages is the higher reg-
ularity of the solutions in time [23]. However, for the medical applications that we have
in mind (such as the movement of the knee joint, see [19]), a mutual interpenetration of
the bodies is unacceptable and normal compliance models are ruled out.

Most of the papers cited above concern existence and uniqueness results for dynamical
contact problems. However, to the best of our knowledge, there are still no mathematical
results concerning the continuous dependence on the initial data (“dynamical contact with


