J. Poartial Differential Eguations
Fol. 2, No.3(1989), 79—82

A COUNTEREXAMPLE IN THE THEORY
OF COERCIVENESS FOR ELLIPTIC SYSTEMS

Zhang Kewei
{(Peking University, Beijing, China)
(Received June 20, 1988; revised September 10, 1928}

Abstract

In this note we exhibit an counterexample to solve an open problem presented by
M. Glaguinta negatively. The problem is that if linear second order strongly elliptic
systems in the sense of Legendre -Hadamard satisfy weak coerciveness condition, i.e.,

Garding’s inequality, when the coefficients of the system are in L

In [3), Giaquinta mentioned the following open problem:

Suppose

D A B ol 4 € LT

D A ety Z=elZ]f|9]® for pERY.LER

i. ., Legencre-Hadamard condition, where ¢ => 0 is a constant, a, § =1, ..., nid j=
1, coee W (N = 1) and the summation convention is understood.

Define
a(u, p) = J AT (2) D' Do’ + bDu'v? + el D’ +
o

+ d, ue?) d, w, »E Cr(Q2: RY) ¢ %)
The problem is, under the above assumptions, if a ( », =) is weak coercive, i. e., if
there exist 4, = 0 and A, such that

alu, ) = A, J | Du | *dz — A, J |2 |z, u e OF (2 RY)
o @

This type of problems is the content of Garding's inequalit}f which is very important
in the theory of partial differential equations. It is known that the answer of the above
problem is positive when Af (z) is uniformly continucus on &2 (see (3, page 121]) . For
more information on the theory of coerciveness we refer to (11, C4).

In this note we will show by a counterexample, that the answer of the above
problem is generally negative when A?f e L™.
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Notations ' We will use notations and conventions of [£]. In particular we adopt the
summation convention with «, # running from 1 to n and i, j running from 1 to N .
Example For a N>2, define Bz t) = {yE R", |y —z| <"¢} for
z & R £t >0, and set .
D,=B(p 1/2, B,=B(p. 1/2'"), D=B(, 4

where
=G 0 o 0); &=301—1/2, k=0. 1, 2. ...
Choose ¢ € C,(R" to satisfy
=1 en B 1/2), &=0 on B\B® 1
{Diéil. |DE| =€, € is a positive constant

Define
§d,;,— (K4 2) 8} xEEﬂB., maxia, f i jr=2
AT (z) = {63, ‘2 € U B, max{a B i j}>2
6745, r € D\}lﬂl

where d°, &;; are Kronecker symbols and
1 ifiz=jand (a. 5 is an even permutation of (i, j)
=<+—1 ifiz=jand (o, § is an odd permutation of (i, 5)
0 ifi=jor (a. f is not a permutation of (. j)

and we will choose K >0 at the end of the proof bellow.

It is obvious that Af (x) € L™ () , such that

i @ ety = |2|%|n]|% for FER, € R" and xE€ D
We now prove that for every A = 0, there exists u € €57 (D: RY) such that

| cast @ Dapg 4211ty ax <0
£

For the given A >0, choose an integer m =}, such that i == A& . Define
v'(z) = (exp2™ (r,— 5,) ) cos2™z,, v*(z) = (exp2™(z, —s,)) sinZ™z,
for 2= (z, 24 ... £,) € D, (', " is the solution of the Cauchy-Riemann equations
(see [5]).

b= ' slel =l R
and
| Dy | =2"|v] ' (2
Set
- (‘[u‘{ﬂg‘,{ﬂ} zEe D i=1,.2
u (r) =
0 zEe D 2<i< N
where
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