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Abstract This paper concerns the Cauchy problem for semilinear wave equations
with two space variables,of which the initial data have conormal singularities on finite
curves intersecting at one point on the initial plane. It is proved that the solution is of
conormal distribution type,and its singularities are contained in the union of the charac-

teristic surfaces through these curves and the characteristic cone issuing from the intersec-
tion point.
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1. Introduction

Consider the semilinear Cauchy problem _
Py = f(t,x,u), (¢,2) € QC R (1. 1)
#(0,2) = g(z),  Au(0,2) =k(z), z€ &N =0CR (1.2
for a second order strictly hyperbolic partial differential operator P=P(t,z,3,,d,). We
are concerned with the singularities of the solution u knowing the singularities of the
Cauchy data g and k.

There has been a considerable amount of work in this direction,e. g. Bony [1],
Ritter [10],Rauch and Reed [ 9], Metivier [6,7] and other papers cited there. The re-
sults applied to (1. 1) — (1. 2) show that the singularities of u will lie in the character-
istic surfaces through the curve to which conormal singularities of g or & are confined.
In case there are more than one such curves present in &) {t=0} ,the singularities of u
may spread to the characteristic cones issuing from the intersection points of these
curves, as was illustrated in an example given by Rauch and Reed [ 8 |. The relevant
analyses to treat this type of phenomenon were later carried out independently and by
different methods in Bony [ 2] and in Melrose and Ritter [ 4 ], where the singularities of
I the solution « to (1. 1} for £==0 were studied khowing its singularities for {<0.

We study the case where the Cauchy data g and & have conormal singularities a-
long finite € curves which can intersect each other transversally. The result shows
that, locally in ¢, the singularities of the solution u to (1. 1)— (1. 2) are localized in the
characteristic surfaces through these ciirves and in the characteristic cones from the in-
lersection points of these curves. Bony [ 3] has announced a similar result which as-
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Sumes uC H*,5™>3/2, and deals with weak singularities. In our result , besides the dif-
ference of the methods, it is assumed only ¥ & L™ and the Cauchy datum & may have
jump discontinuities (i. e. strong singularities) over curves,

The spaces of conormal distributions uszed to describe the singularities of solutions
are equivalent to the spaces in [2] and [4]. We prove the main theorem by an im-
provement of the approach in (4], where there is loss of derivatives for the result. This
defect is overcome in Our treatment.

2. Notations and Statement of the Result

For the sake of simplicity , we will state and prove our result only for the speci al
wave operator & — of — 3, . The proof in this paper is valid for general second order

strictly hyperbolic operators with O™ coefficiénts,

Let 2 be a bounded region of containing 0, o=a() {t=0},and

P=3—2 — 2 (2.1)
Suppose £ is a domain of determinacy of @ with respect to P. Let € ,i=1,-, N, N>
1,be € curves in w intersecting transversally at one point,say O= ((, 0, 0). We as-
sume that there is no other intersection of any two of these curves. The two characteris-
tic surfaces through C; are denoted by Sia8upii=1,+, N, the characteristic cone from
0 is
o= 1tz ,2,) . 8F — z; — 2 = ()

It is assumed that G j=0,4,2N,are all regular ¢ surfaces inf £\ and have no
triple intersection there ,otherwise we can shrink £,

Following the notations in [47,[5],for any Lie algebra %7 | of vector fields (i.
e. homogeneous first order differential operators) on a manifold M R™, we define
the associated space of conormal distributions

LIX(M,” )={v e LI(M) Vi Vio € L20M) |

for any RIS et S e s St | < p < oo}

For any finite collection & of = submanifolds of M ,define the Lie algebra of ¢
vector fields
e e C™(M,TM) .V is tangent to each submanifold in &}
Now let
E, = {CN O, = lywe= N
5= {8N\0,.8\0,0}, 0 S i<l j= 2N
The main theorem which will be proved in Section 6 is
Theorem 2, | Suppose ue L™ is a solution lo the Couchy problem
Pu = f(t,z,u), (£,z) & 0 (2. 2)
ul(0,2) = g(x), du(0,r) = i(z), zE€ w (2:550
where & C™(Q2 'Y, P is given by (2. 1}. If for tnteger 0=kl oo, there exists some P
2 such that
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