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Abstract In this paper, we consider a quasilinear elliptic eigenvalue problem.
For the unbounded coefficients, we allow the eigen exponent greater than the Sobolev
imbedding critical exponent; for the equations, we also allow the coefficient of suitable
amallness condition greater than 1.
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1. Introduction

Let ¢ be a bounded domaim in R™ with suitable smoothly boundary 91} We
consider the following eigenvalue problem for the elliptic systems under natural growth

conditions
— Do ([u]r~?a (2, u) Dgw’) + (1/2)[u]P 2 Dyia™*(z, u) Do Dgud = Alu|?~2u!
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where [u] = (a®?(z,u) Dyu* Dgu*)' /2. By convention, repeated Greek indices are summed
from 1 to n, Latin indices from 1 to N. Unless otherwise stated all integrals are taken

over {1.
Problem (I) may be regarded as the Euler equations of the functional

1(w) = (1/p) [(uPda (1)

~under the constrain

Ky = {ue WyP(Q), [Jull =1} (2)




The research for this problem was started in Ref [1]. In Refl[l], N = 1,¢ < p* =
np/(n —p),n > p = 2,(a*?) is a uniformly bounded and strictly positive definite
symmetric matrix.

In Ref.[2], Shen Yaotian and his coleagues broke the restriction of uniformly bounded
coefficient and so on, they considered the problem (I) when p = 2, ¢ < p” and the strong
nonlinear natural growth which satisfies the Aj condition. The method used in Refs.[1],
[2] was to consider the minimization problem of the functional (1) under the constrain
K1, and they proved that for some special admissible functions the minimum w satisfies
the Euler equations. Furthermore by the De Giorgi-Moser techniques they proved the
boundness of u.

In Ref. [3], the author considered the problem (I) under the general natural growth
condition when g < p°. Different from Refs. [1| [2], we consider the minimization
problem of the functional (1) under the constrain

K, = {ue WyP(Q), |lully =1, sup [u| 5 K}

then we prove the minimum u of abov~ problem satisfies the variational inequality for
some special admissible functions, and by the Moser iteration we obtain a uniformly
prior estimate for the L™ norm of the minimum u, so u satisfies the Euler equations.

The Refs. [1]-[3] have a common suitable smallness condition: there exists a con-
stant 0 < a < 11'5uch that

{—1;’2]14:"121‘*1;{1“*@{1:,13,]{,,:‘;‘;3 < aa“ﬁ{m,u}fﬂﬁﬁ
for a.e (z,u,f)eQx RY x R" (3)

Related to the regularity theory of elliptic systems [4], the condition 0 < a < 1 in
(3) is reasonable in some sense, but if we pay attention to the work of Ladyzenskaya
and Ural'tseva [5] about the Holder continuity of the bounded weak solution for elliptic
equations under the natural growth condition (N = 1), we may ask the question:
does there exist a solution in the super limit case for the suitable smallness condition
(N = 1)7 In this paper, we attempt to prove the existence of problem (I) in some super
limit cases for the suitable smallness condition when ¥ = 1.

Another question is that, for the natural growth condition itself there is no growth
restriction about u, so if the eigen exponent g is equal to or greater than the critical
exponent of Sobolev imbedding W, P(Q) — L*"(Q) (g > p*), does there also exist a
solution of problem (I}7 In this case, in addition to the instinctive difficulty of the nat-
ural growth functional (it means the differentiability of the natural growth functional),
we also have the difficulty with lack of compactness (g > p*) or boundness (g > p*). In
this paper, by using a variation [3] of Hildebrandt’s variational method [6], we present
an existence result of problem (I) for some super Sobolev imbedding critical exponent
when the coefficient is unbounded.
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