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Abstract In this paper we prove the existence theorem of the strong solutions
to the obstacle problems for second order fully nonlinear elliptic equations with the
Neumann boundary conditions

F(z,u,Du, D*u) > 0,z € 2
u<g,zefl

(u— g)F(z,u, Du, D*u) = 0,2 € D
Dyu =z, u),z € 0

where F'(x,z,p, r) satisfies the natural structure conditions and is concave with respect
to r,p, and (x, z) is nondecreasing in z, and g(«) satisfies the consistency condition.
Key Words Obstacle problems; Neumann boundary conditions; logarithmic mod-
ulus of semicontinuity; global second derivative estimates.
Classification 35J65.

In paper [1] Hu Bei proved the existence theorems of the viscosity solution and the
strong solution to the obstacle problems for second order nonlinear elliptic equations
with the Dirichlet boundary conditions. In this paper we are concerned with the ob-
stacle problems for second order fully nonlinear elliptic equations with the Neumann
boundary conditions of the form

F(z,u,Du,D%*u) >0, z€0 (1)
u<g, ze (2)
(uw—g)F(z,u,Du, D%u) =0, zeQ (3)
Diuw= p{z,u)," = €00 (4)

where (! is a bounded domain in B" with boundary 80 € %, v is the unit inner normal
tod0. g€ CHN), p e CHNx RY), F € CT). HereI' = @ x R! x R™ x $", and §" is

the n(n + 1)/2 dimensional linear space of n X n real symmetric matrices, Du = {D;u)
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and D%u = [D;;u] are respectively gradient vector and Hessian matrix of the function
u, Dyu = vi-Diu.

Letting (2,2, p,r) denote the point in I', we assume that F satisfies the following
structure conditions:

(F1) AP < Byl < Al€P, for all € € R,

(F2) 2F(z,2,0,0) < 0, for all |z| > 2,

(F3) | F(z,2,p,0)| < pol|z[}(1+ [p|*),

(F4) (1 + [p[)| Fol, | F2l, | Fzl £ pa(l2| 01+ |pl* + |7]),

(Fﬁ'} | Frzls [ Fre] < #Iilzl T |F‘|}s

[ Fpzs [ Fpzls | Faaly | Foxl | Fre| < pa(l2] + [p1)(1 + |7]),

(F6) F' is concave with respect to r, p, _
for all (z,2,p,r) € I, where A, A 31 are positive constants, pg, gy, g2 are nondecreasing
functions.

Furthermore we assume that ¢ is nondecreasing in 2 with

(®1) .20,

{QE] ‘P[mazi] L0< 5‘?[3:33)1-
for all (z,z) € 30 x R! and for some two constants zp, za.

At last we assume thal the obstacle function ¢ is compatible with the boundary
condition, that is

(G) Dug < @z, q), for all z € 81

In order to obtain the existence theorem of the strong sr:rIutmrts to the obstacle

problems (1), (2), (3), (4), we consider the following approximate problems by means
of Lions’s penalty function method

I-"[:r:,u,ﬂu,ﬂﬁuj —Be(et—g)=0, ze (5)
Dou=(z,u) +e(u—g), =€ (6)
where € € (0,1) and
Belelioms bt i1 @)
|"'5 ) =
Fafest T

From the existence theorem [2, Corollary 7.10], the problem (5), (6) has a solution
e € CH*(12) for some & € (0,1). To prove that {u.} contains a converging subsequence,
and the limiting function u is the strong solution of the obstacle problem (1), (2), (3),
(4), we need to establish the C*({1) estimates of the approximate solution wu,, which is
independent of e. From now on we denote by C' the positive constants, depending only
on , A, A, pto, ta, g2, 21, 72, 23, F, @, g, 9, and adopt the summation convention, i.e.
the repeated indices indicate summation from 1 to n.

Theorem 1 Let'u € CHQ) N CYRN) be a solution of (5), (6), and suppose (F1),
(F2), (®1), (92) hold. Then

gup u| £ C (8)
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