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Abstract Delay parabolic problems have been studied by many authors. Some
authors investigated more general delay problem (refer to [1], [2]), some investigated
concrete delay partial differential equations. Recently, we have done some work on delay
parabolic problem. We discussed semilinear parabolic delay problem and obtained some
results on the existence of solutions. In particular the results on existence of periodie
solutions are characteristic (see [3], [4], [5], [6]).

The purpose of this paper iz to study delay equation with quasi]iﬂear perturbation.
We present the existence of global and periodic solutions of abstract evolution equations
in Section 2. The abstract results are used to obtain the existence of global and periodic
solutions of delay parabolic problem with quasilinear perturbation in Section 3. We
make preparation for our investigation and give a generalization of Gronwall inequality
{(Lemma 1.3) which is used in next sectiom.

1. Preparation

If X and ¥ are Banach spaces such that X is continuously imbedded in ¥ then
we write X — Y X 1s compactly imbedded in ¥, then we write X —— ¥. Let A
be a linear operator in some Banach spaces. We denote by R(A, A) the resolvent of
complexification of A. L(X,Y) denotes the Banach space which consists of all bounded
linear operators from X to Y and equipped with operator norm. -

Let X be a Banach space and let T be a fixed positive number. Suppose that:

(A1) {A(#)|0 < ¢ < T} is a family of closed densely defined linear operators in }{'
such that the domain D(A(t)) of A(t) is independent of ¢.

(A2) For ea,t:h t € [0,T] the resolvent R(A, A(t)) exists for all A with ReA < 0 and

1RO, A@)] < L+ ]A) ™

where C' is some constant that is independent of A and &.

These assumptions imply that A(f) has an inverse A=1(¢) € L{X.X). Write A(0) =
A llzllh = |Az||(z € D(4)), consequently X; = (D(A),|| - ||1) is a Banach space and
Ay — KA. :
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(A3) The map A(-): [0,T] — L(X;, X) is Holder continuous.

Assumption (Al) and (A2) imply that —A(t) is the infinitesimal generator of a
holomorphic semigroup {e”™ |0 < 7 < 400} in L(X,X). We introduce fractional
operator A*(t)(a € (0,1]) in usual way (refer to [7], [8], [3]). Which has dense domain
and we have that D(A%(1)) — D(AP(t)) for a« > 3 > 0. Let ||z]lo = [|A%*z||(z €
D(A%)). Xu = (D({A%*),]| - ||lo) is a Banach space and X3 — X, (0 <a< g <1).

Consider linear initial value problem

it + A(t)u = g(t) l=f1="23 (1.1a)
u(0) =z (1.1b)

with g € C([0,T],X) and = € X. By a solution « of (1.1} we mean a function u €
c([0,T], X)nC((0,T], X) with u(0) = z,u(t) € D(A) for ¢t > 0 and @(t) + A(t)u(t) =
g(t) for 0 < ¢ < T. Our assumptions imply the following theorem:

Theorem 1.1 (1.1} has a unigue solution u for every Holder confinuous right-
hand side g. Moreover w € C1{([0,T], X), provided x € D(A).

There ezists a unique evolution operator U(t,7) € L(X,X),0 <1 <t < T, such
that every solution u of (1.1} can be represented in the form:

u(t) = UL, 0)z + j: U(t, r)g(r)dr 0<t=<T

The operator U(t,7) is strongly continuous on the elosure of the set A = {({,7) €
[0,T)?|0 < 7 < t < T} and satisfies U(t,t) = id;, U(s, t) - Ult,7) =U(s,7}(0 <7 <t <
& =T
J In the following lemma we collect the most important regular properties of the
evolution operator. For abbreviation we denote the norm in L(X,, Xg) by || - ||a.8-
Lemma 1.2 (1) Suppose 0 < o < § < 1, then

U@, )lap < Cle, B,7)(E = 7)77
forf—a<y<land0<r<t<T. [fOL B <a<]l, then
| 1Tt 7l < Cle, B)
(2) Suppose that 0 < a < 3 <1, then
U, 7) — U(s,Dllga < Cle, B, M)t — 57

for0 <y < 3 —a and (t,7),(s,7) € A.
(3) Let0<a<1,0<eg<T, and g € C([o,T), X) then

|| L t U(t, 7)g(r)dr — L .5 U{s,f}g{ﬂdﬁfnu
< Cla, B)|s — t|" max |lg(7)ll
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