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UNIQUENESS OF THE SOLUTIONS OF u, = Au™
* AND u, = Au™ — w» WITH INITIAL DATUM A MEASURES:
THE FAST DIFFUSION CASE
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Abstract In this paper, we study the Cauchy problems
e = Au™ u(z,0)=p

and
= Au™ —w" u(x,0)=p
: ] oyt : : :
where p = 0, m > (l - E) and p is a finite Radon measure. We prove the uniqueness

of solution and the existence of solution.
" Key Words Porous medium equation; Cauchy problem; initial datum a measure;

UM1GUeness.
Classification 35K.

1. Introduction

In this paper, we consider the Cauchy problems

ug = Au"™ in S = R™ x (0,T) : (1.1)
wl(z,0) = p in R" (1.2)
and I |
uy = Au™ — u.P in St (1.3)
wz, =g inR" (1.4)

where n > 1, m > (1 - %)t p >0, p € MH(R"); M(R") (resp. M*+(R")) is the set
of finite (resp. and nonnegative) Radon measures on R".

Equation (1.1) arises in many applications. We will not recall them here, since
they can be found in many papers, for example [1] [2]. It is also a model of p]iysiﬁai
phenomena when the initial datum is a measure (see [3])-
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For the cases of regular diffusion (m = 1) and slow diffusion (m > 1) it has been
shown in respectively [4], [5] that the problem (1.3) (1.4) has a unique solution when
eithcrmzl,p}ﬂ?ﬂrmbl,pglr

The object of this paper is to extend these results to the case when

m‘}(l—%)t p =0

where (5)* = max(0, §). We will prove

.i_
Theorem 1  Let (1 - %) < m < 1. Then Cauchy problem (1.1)-(1.2) has o

unique solution.
Theorem 2 Letm > (1 —%)_I_, 0<p -::m—i—%
Then problem (1.3) (1.4) has a unique solution. .
Clearly Theorem 2 generalizes the result in [5]. For simplicity, we prove only The-

orem 2 for

(1—§)+{m{1

In fact, when m > 1, the proof of Theorem 2 needs only a minor change.

Note that for m < 1, u € L'(R") N L*(R"™) and u > 0 do not imply »™ € L{(R")
and u™~1 € L*(R") in general, and P is not Lipschitz continuous for 0 < p < 1. Thus
there are some differences between the proofs of Theorems 1, 2 and that in [5], [6].

A Prn:ﬁf of Theorem 1

Definition 2.1 4 solution u of (1.1)(1.2) is a nonnegative function defined in St
such that

(a¢) v € LNST)NL=(R" x (5,T)) ¥s € (0,T),

(B) we = Au™ in D(S7),
where in DV(St) means in the sense of distributions in St

(¢) for every z € C§°(R")

Tmess [ u(tx= [ xu (2.1)

We denote by Cp(R") (resp. Cy(R")) the set of continuous function on R™ with
compact support (resp. bounded). _

Definition 2.2 A sequence yu, € MT(R") is said to be converging to p in
a(M(R"), Co(R")) (resp. o(M(R™), Co(R™) if for any ¢ € Co(R™) (resp. ¢ €
Cy(R")) |

lirn Qlin = oIl (2.2)

TE—ri30 Eﬂ Hr

Definition 2.3 Foru, f € D'(R"), o > 0 we say u = K, * f if

ou—Au=f inD'(R") (2.3)




