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Abstract In this paper we discuss a Cauchy problem for nonlinear wave equation
with delta initial data, including delta impulse and/or delta displacement. The solu-
tion of the Cauchy problem in appropriate sense is given. Meanwhile, the singularity
structure of the solution is also described.
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1. Introduction

Many physical phenomena involve propagation of waves, which are often described
as the propagation of singularities of solutions to hyperbolic equations in mathematics.
Therefore, singularity analysis for nonlinear hyperbolic equations attracted many math-
ematicians’ attention (for instance, see [1] and the references cited there}. Particularly,
the essentially multi-dimensional phenomena caused by triple interaction of waves or
by intersection of singiularities of initial data are more interesting and challenging (See
[2-6]). In previous works such a problem is mainly studied in H* space with s > n/2. It
means that the solution of the related problem exists in classical sense and it only car-
ries weak singularities. However, the ease when the solutions carry stronger singularity
often appear in various physical problems, such as electromagnetic waves or seismic
waves. As people knows, in this case the existence of solutions and the singularity
analysis must be considered simultaneously. In [7] we considered a multi-dimensional
Riemann problem for a nonlinear wave equation. That is a Cauchy problem with ini-

tial data being different constants in four gquadrants. In this paper we will continue to
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study the case when the initial data have singularities as strong as delta measure, and
the problem is still essentially multidirnensional. We are going to consider two cases:
delta impulse and delta displacement, both often appear in various physical problems.
Here we refer readers to [8-10], where the propagation and interaction of delta waves
are considered, particularly in one space dimensional case.

Since the solution of nonlinear equation will have singularity as strong as delta
wave, the nonlinear composition may not work in usual sense. So the concept of the
solution should be clarified first. As in [8], our solution will be understood as a sum of
a regular part and a singular part, where the regular part is the solution of the equation
with modified nonlinear part satisfying homogeneous initial data, and the singular part
is the solution of corresponding.linear equation with delta measure as initial data.
Through careful analysis on the possible spreading of singularities of solution to 2-
d wave equation we confirm the existence of the solution of our Cauchy problems.
Comparing to the discussion in [8-10] we will more emphasize the singularity structure
of the solution of nonlinear wave equation.

Our Cauchy problem for nonlinear wave equation is

{Duzfml (1.1)
u |s=0= @[z, 1), ut |i=0= ¥(z, y)

where ¢(z, v) and ¥ (x,y) has the form
cré(z)H(y) + axd(a) H(—y) + frd(y)H (z) + G2 (y) H (=)

or simply take the form §(z)H(y), where H{z) is Heaviside function. In this paper we
always assume that f(u) is smooth with respect to its argument in order to avoid the
singularity caused by nonsmoothness of f. In the case of delta displacement we also
assume that f(u) and its derivative are bounded uniformly. For instance, Ou = sinu
15 a model of such nonlinear eguation. _

Take {4.(z)} as a normal d-sequence, which converges d(x) in distribution sense. For
instance, d.(z) = Ea(;}, where a(z) € C2 and fﬂ’{ﬁ]ds = (). For the convenience
of our discussion, we also require suppd. C (—e,¢) and & > 0. Let H, = H * 0.,
de(m,y) = 6:(z)dc(y). Assume that u.,v, and w. are the solutions of the following

problems respectively:

{ O, = f(u)
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{D“:ﬂ (1.3)

Ve |t=0= @ * O, tgs [t=0= 9 * d¢
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