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Abstract In this paper we establish the existence of local solution to the Cauchy
problem for a class of semilinear second order hyperbolic equations including degener-
ated type equations with discontinuous coefficients and data.
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1. Introduction

In this paper we are concerned with the Cauchy problem for a class of second order
hyperbolic equations with discontinuous coefficients and data in the two dimensional
case as follows

(P) {ﬂﬂ: — a(y) gy — tyy = flu)
u |t=0= 0, u¢ li=0= P(z,¥)
where a € L®(R!) and satisfies

cmin(|y|*, 1) < a(y) < b

a.e. in B! with positive constants ¢ and b, &, and f € C(R!) with f(0) = 0.
In the paper [1], Chen has established the existence of solution for the Riemannian
problem when a = 1. After that, Chen and Fang treated the Cauchy problem for
_ second order strictly hyperbolic equations with cross discontinuous data in the case of
smooth coefficients in [2]. In the paper [3], the author gets the existence of solution for
the Cauchy problem with nonsmooth data when « is a positive even integer. Moreover
if we let a be pilecewise-constant valued, these equations are similar to the equations
that describe wave motion in the different media. The method we use here may be
used to solve the problem of wave motion in different media.
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2. Some Notations and Main Result

Firstly, we give some definitions as follows

Definition 1 H**(R?) = {u € LARY)|(1 + |Dy|? + |1Dy? ] 1+ |Dm|2} =u =
L*(R?%)} and be equipped with the norm lullss = ||[1+|£J'x_~f2—|—|4[3i |2}§[1+1D %)= z 'i'..t-HLg{RgJ.

Definition 2 X%%(R?) = {u e L‘*{Rg}jmﬁl +|D:?)2u, € L2, uy € H} and be
equipped with the norm |[ullx,0, = |ullz2 + llatugly , + [l lo,s.

It is obvious that these two function spaces are Hilbert spaces. Without confusion,
we set H5S = H5 (R?) and X% = X0 (R?) in the following discussion.

It is c:bm 1i0us that we have

Lemma 1 ©2°(R?) is dense in X% under the norm |- llx0s -

Proof For any u € X% **, we have by easy computation

Iew = wllx g, =0

as € — 0, where J? is a standard molifier in R' (see Schechter [4]).
Set u; = J¥u, then u. € H(R?).
So if we denote u.,g = J}(u.), then we have for any fixed & > 0

||Hs,:5 — |l = 0

43 & = 0. Thus the desired result follows immediately.
Then we have

Theorem 1 (Existence) If 5 > and ¥ € H"*(R?), then there erists

o
2(a +2)
@ T > 0 and a function u defined in [0,T) x R? such that u is a strong solution to
the problem (P) and u € L*([0,T], X*$(R2)), u; € L>=([0,T], H%*(R?)). Moreover,
u € C([0,T] x R?).

Theorem 2 (Uniqueness) If u and v solve the problem (P) in wmkﬂsensa with

u,v € L¥([0,T], X% (R?)), us, vy € Lee([0, T), H%*(R?)) for some s > m, then
w=wvin [0,T] x R2.

3. A Class of Sobolev Inequalities

In this section we will establish a class of Sobolev inequalities.

L] Ll EI .
Proposition 1 [fs > -TE]" then for any function u € X% (R?) we have

2(e
|u|poocrzy < C()||ullx 0.6
where the constant C(Q) is independent of u. Moreover, u € C°(R?) and

sup |u(z + h) —u(z)| = 0
TE K2



