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PINNING OF VORTICES FOR A VARIATIONAL PROBLEM
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Abstract This paper iz concerned with the minimization problem related to the
superconducting thin films having variable thickness. The asymptotic behavior of the
minimizers is discussed. The singularities are found to be located at the thinnest posi-
tions of the film and the vortices of u. are proved to be pinned near these regions.
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1. Introduction

Three-dimensional thin films of superconducting material, say  x (—da(z), da(z)),
are modeled as two-dimensional objects by Q. Du and M.D. Gunzburger in [1]. The
reduced model is derived in [1] (see (1.1) in the following). It is believed from numerical
computation that vortices are pinned near the relatively thin regions of the sample. The
contexts of our study are the asymptotic behavior of the minimizers and the pinning
mechanism of vortices.

Scaling the physical parameters in the model derived in [1], we consider the following
functional

Gelu, ) = 5 [ ale){IVaul + 550~ [uP)? + 24P} (L)
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where §} is a bounded smooth domain in R®, a(z) is smooth such that 0 < aj' <
e(z) < ag, |Val|, |[D%| < a9 in @ with constant ay > 0, u € H'(Q, R2) and A, the
vector potential, is a real valued 1-form: A = A;dry + Asdzs, Vaiu = Vo — i du,

As it is well known, the main characteristic of G (u, A) is its gauge invariance, i.e.,
Gelug, ap) = Ge(u, A) if ¢ € H*(Q, R) and uy = ue?, As = A+ d¢. In this case, we
say that (u, A) is gauge equivalent to (wug, Ag).

Since a Dirichlet-type condition is not consistent with the gauge invariance, we
proceed instead as follows to have a well-posed minimization problem. Let d > 0 be an
integer and g : df) — R be a smooth function.

Consider the space (see [2])

V ={(u,4) € H'(2,R*) x H(2,R?) -
lu| = 1 on 802, deg (u,00) =d > 0,J - 7 = g on AN}

where 7 denotes the unit tangent vector to 9§ such that (1, 7) is a direct, v denotes
; 1, -
the exterior normal to 602, and J = (iu, V 4u) where (a,b) = =(ab + ab) for complex

numbers a, b. It is clear from [2] that ; ir‘111]f VGE (1, A) is achieved.
i, AJE

In the sequel, we choose the gauge transformation as follows ([1]): d*(a(z)A4) = 0
in {2, A-v =0 on 0. From [1], we know, there is a minimizer (1., A.) of (1.1} in V
such that d*(a(z)A,) =0in 2, A; - v = 0 on 4.

Similarly to [2], we know, for (u, A) € H' x H', there is (i, A) € H' x H! gauge
equivalent to (u, A) such that d*(e(z)A) = 0in @, A-v = 0 on 8. This claim has a
local version, Le., (! can be replaced by G, any smooth subset of £2. In what follows,
for the minimizer of G; in V, we always assume that it is subject to above gauge
transformation.

Carrying out an asymptotic analysis, we are able to prove the following theorems,
our main results. For this aim, we distinguish two cases. Let m = n:__%na{:r:] and

a”'(m) = {x € Q| a(z) = m}.
CaseI o '{m)cC
N = Carda~Y(m) > d (I(i})

Or
N =Carda }(m) < d (I(ii))

Case II o '(m)nan#

N =Card(a '(m)NQ) = d (I1(i))



