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Abstract In this paper, the local and global existence of solutions for the Cauchy
problem of the critical and suberitical nonlinear Schrédinger equations in H* (s = 2)
is studied by using the manner of formal differentiation with respect to time. Some
conjectures posed by Cazenave and Weissler in [1] are verified.
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1. Introduction

There are some recent papers [1, 2] devoted to the study of the Cauchy problem for
nonlinear Schrodinger equations

iug + Au— Aulffu=0, u(0 z)=ep(x) (1.1)

in the critical space H* (p = 4/(n —25),0 < s < n/2), where u(t, z) defined in R x R"
is a complex valued function, A is the Laplace operator on R® and A € R. I is known
that the solutions of {1.1) formally satisfy the conservations of charge

le(2)

r2rr) = llellizamny (1.2)

Let us recall that p = 4/(n — 2s) (s = 0) is said to be an HS-critical exponent and
pe (0,4/(n—2s5)) (p € 0,00) if 3 = n/2) is called an H®-subcritical exponent for the
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problem (1.1). A large amount of work has been devoted to the study of the global
existence of (1.1) in H'-subecritical cases (See [3, 4, 5]) and their references). It is
known in particular that for initial data in H' and H?, the corresponding solutions are
called finite energy strong solutions and strong solutions, respectively. The classical
global solutions in H'-subcritical cases for space dimensions n < 11 were established
by Hayashi and Tsutsumi in [6] and [7]. Also, some nontrivial generalizations to the
nonlinearities were considered by Kato in [3] and [4]. Recently, by resorting to the
analytical method, Struwe [2] has shown the spherically symmetric solutions in the
H'?_critical case. For general H’-critical cases, Cazenave and Weissler in 1] gave a
systematic consideration to the local and global solutions in H*.

The method of formal differentiation with respect to time for nonlinear Schrédinger
equations was first used by Segal in [8]. Kato in (3], Hayashi, M. Tsutsumi in [6] and
[7], Y. Tsutsumi in [5], Cazenave and Weissler in [1] have developed this method in
the most recent years. Using this method, we can decrease one time of differentiation
for the nonlinear term AjulPu and avoid the loss of derivatives so that the existence of
solutions in H* covers the sufficiently small p. We remark that for the smaller p, it is
more difficult for us to prove the existence of the regularity solutions. Cazenave and
Weissler in [1] studied the case s = 2 by formally differentiating nonlinear Schriddinger
equation with respect to time and proved the local existence of solutions of (1.1) if p
is an H*-critical or H*-subcritical exponent. Also, they showed that the solutions are
global if p is H-critical and ]l 2 is sufficiently small. Moreover, they conjectured
their work could most likely be developed for all s > 0 (See [1], Theorem 1.4). We shall
continue the work of Cazenave and Weissler and prove the global existence of solutions
of (1.1} in H® for all s > 2 if p is an H*-(sub)critical exponent and ol gnsz—2pp is
sufficiently small. ;

We first state our main results. For the sake of convenience, let us follow [1] and
give the following

Definition  (g,7) is said to be an admissible pair if r € [2,2nf(n — 2)) and
2/g=n(1/2=1/r). (Ifn=1,2,2<r < oo is allowed.)

The following is a particular admissible pair (7, p) defined by

_ n(2+p)
i n(2+p) —4

v=2+p, (1.4)
Theorem 1.1 Let s =n/2—2/p > 2 and [s]* < p+ 1. Then there exists o

solution of (1.1) satisfying 8ju € L®(0,00; H*"¥(RM)) (j = 0,1,-- -, [5/2]) if © € H?

and ||w|| g+ 18 sufficiently small. Moreover, this solution enjoys the following properties:
(i) Hue L’I{ﬂ,m;ﬂfﬁw] (=0,1,---,[3/2]) for every admissible pair (g, 7).

" [#] denote the largest integer less than s



