J. Partial Diff. Eqs. 13(2000), 341-360 |
(@International Academic Publishers _ Vol.13, No.4

RENORMALIZED ENERGY WITH VORTICES
PINNING EFFECT®
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Abstract This paper is a continuation of the previous paper in the Journal of
Partial Differential Equations [1]. We derive in this paper the renormalized energy to
further determine the locations of vortices in some case for the variational problem
related to the superconducting thin films having variable thickness,
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1. Introduction

Three-dimensional thin films of superconducting material, say 2 x (—fa(z), da(z))
are modeled as two-dimensional objects by Q. Du and M.D. Gunzburger in [2]. The
reduced model is derived in [2] (see (1.1) in the following). It is believed from numerical
computation that vortices are pinned near the relatively thin regions of the sample.

Scaling the physical parameters in the model derived in [2], we considered in [1] the
following functional

Gl 4) = 5 [ a(@)(Vauf? + 55(1 - [u)? + 144"} (L)

where {2 is a bounded smooth domain in R? a(z) is smooth such that 0 < ag! <
a(z) < ag, |Val,|D%e| € ag in 2 with constant ag > 0,u € H*(Q, R?) and A, the vector
potential, 1s a real valued 1-form: A = Ayde, + Asdag, Vau = Ve — 1du.
Since a Dirichlet-type condition is not consistent with the gauge invariance, we
proceed instead as follows to have a well-posed minimization problem (see [3] or [1]).
| Let d > 0 be an integer and g : 902 — R be a smooth function.
Consider the space (see [3] or [1])

V = {(u, A) € H(Q, R?) x HY{Q, B?) :
lu| = 1 on 82, deg(u,80) =d > 0,J - 7 = g on Q)
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where v denotes the unit tangent vector to 8 such that (n,7) is a direct, n denotes

. ; 1l s
the exterior normal to 80, and J = (iu, Vau) where (a,b) = o (ab + a@b) for complex
numbers a, b. i

In [1], we chose the gauge transformation as follows (2]): div(a(z)A) =0in 2,4

v = 0 on 3. From [1], we know, there is a minimizer (e, A:) of (1.1) in V such that
divie(z)4.)=0in Q, A, - v = 0 on 0.
Let m = ming a(z) and a~}(m) = {z € Qa(z) = m}.
Case I o~ '(m)CQ: '

N = Carda=Ym) > d I(i)
or
N = Carda=!(m) < d I{ii)
Case II o~'(m)nan £ 0:
N=Cad{a Y(m)nQ)>d I1(i)
or
N = Card(e™ " (m)Nn) < d T1{ii)

We obtained in [1] the following results.
Theorem 1.1  Suppose that I(i) ( or I(ii), or II(1), or II(i)) holds. Let (te,, Ae, )8
be any sequence of minimizers of (1.1). There are a subsequence, (u.,,A: ), points
@1, gy, € QN < 00) and w., A, smooth except at @1, -, App Such that i

{div[ﬂ(ﬂ:}ﬂ*} =0 inQ (12) '
Agrv =10 on Of2 ;

and
M

Ug, — Uy Strongly in H, (ﬂ-]'l,. U{‘li}) and in WHP(Q),%p < 2 (1.3)

i=1

Set he, = eurld, , h, = curlA,. We have

Ny
he, — he strongly in Hy, (ﬂ\ U{;L;}) and in WhP(Q), vp < 2 (1.4)
; =1 .
Theorem 1.2 Lefu, Ry, 01, - ,an; be the same as in Theorem 1.1. We haue

{i} A1, s Ny € ‘I_l{m} a ﬂj Ef:[(‘:l { or HH}J or Hl:l:l::l .FJ.',-!'J'MS;

ay, . an, €a”m), if II(ii) holds - (1.5)
(ii) Let d; = deglu,,a;), then

di=1,Nog=d if N>d (1.6)
No

&>21,% di=d ifN<d (1.7)

i=1



