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Abstract We prove the refined ABP maximum principle, comparison principle,
and related existence and uniqueness theorem for the paositive solutions of the Dirich-
let problems of second order fully nonlinear elliptic equations on arbitrary bounded
domains,
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1. Introduction

This paper is concerned with positive solutions of secoind order fully nonlinear
elliptic equations of the form

F(D*u,z) = f(u,z)

in a general bounded domain 2 ¢ R®, Fully nonlinear elliptic equations in regular
domains have been treated under the natural styucture conditions by several authors,
notably Evans [1], Trudinger [2] and so on. However, there seem to be few results in
general bounded domains. For an irregular bounded domain £2, the boundary condition
w = [ on &1 is too strong a hypothesis, Generally, one cannot prescribe boundary values
of solutions at every point of 80, In such case, it is difficult to estimate bounds of the
solutions for the usual maximum principles arve invalid. But, Berestycki, Nirenberg and
Varadhan [3] worked with a refined version for the linear elliptic equations in general
bounded domains.
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Similar to that paper, a function wg is infroduced, which is the limit, in some sense,
of the function sequence {up} defined as follows: let {£3} be a sequence of smooth
domains satisfying

ﬂk;:ﬂk‘:ﬁk"'l-‘ ;;:1:21"'1 Uﬂtzﬂ-
fe=1

We always assume that F € CT{BR™*" x ) satisfies the structure conditions:
(F1) AlE|® < FY&6 = A7MEL,
(F2) [Fal, [Fra] € p(L+ 7)), | Fral < g,

(F3) Fry <0,

for all (r,x) € R™*™ x , where A, i are positive constants, and FZ(r,2) = Bz lriz),

By the standard existence theory for classical solutions [4, Theorem 6.14], there is a

unique solution wy € C2%(Qy,) of

F3(0,2)Dyup = =1, in (1)
e =0, on J0 (2)

where & € (0,1). By the usual maximum principle and the interlor Schauder estimates
[4, Theorem 3.7 and Theorem 6.2,

0 <uplx) 2 C, xE&h

”'{lf-j.; ” R 1) “5; &,

where the constant ¢ and a & (0,1) do not depend on k. Using the maximum prin-
ciple again we find that the sequence {uwi(x)} is strickly monotone increasing in k.
Consequently, up — ug in C2(0), and ug € CH(Q) N L=(0) satisfies

F9(0,2)Dijup = ~1, ug >0, inQ (3)

It is easily seen that the function ug defined above is independent of the choices of
the subdomains £2;.

The following notation will be used. For a sequence 2! — 30, we say z' —> 800 if
ug(z') — 0. Given v € C(Q2), the notation u = 0 on #0 means: along any sequence
oh 2% 36, we have u(z') — 0. For a regular domain €, it is the same as u(z) = 0 for
x € JLL

In the above sense, the houndary condition

lim sup u(z) <10
o —

is replaced by

lim sup u(z!) <0, if 2! 2% 80
=+




