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Abstract In this paper, firstly we give an atomic decomposition of the local Hardy
spaces P[0 < p < 1) and their dual spaces, where the domain @ is exterior regular
in £™(n = 3). Then for given data f € h2(Q2), we discuss the inhomogeneous Dirichlet

problems:
{ bw=f ‘in:0} (1)
u=0  on di
where the operator L is uniformly elliptic. Also we obtain the estimation of Green
potential in the local Hardy spaces RE({1).
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0. Introduction

In [1], the authors brought forward the two questions. What are the possible notions
of HP(€) that generalize the usual Hardy spaces HP(R")? And in the context of the
relevant HP?(), can one utilize these spaces to partial differential equations. In [1-3],
the boundary of the domains £} in R™ are O or Lipschitz. In this paper, we only
request that the domain is exterior regular. Let’s restrict n = 3.

We say that a domain § is exterior regular (brev., 2 € ER(n)) as [4], if Q is a
bounded domain in R™, and there is a constant ¢ > 0,8y € (0, 1), such that for all cube
) centered at 94 with side-length less than or equal &, then there exists a subcube
Q¢ with side-length cI(@) and Q¢ C Qn (2)°.

We recall the local Hardy spaces AP(R™) for 0 < p < 1 in [3], AP(R") = {f €
I'(R™) : “sup |pe=f(z)| € LP(R™)}, where ¢ € CF°(R"), [ ¢(z)de = 1,¢, = t7"¢(t " x).

<t :
In [5], the author gives the atomic decomposition and their dual space in R™. Let
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hP()) denote the local Hardy spaces in @ as [1], i.e., RE(Q) = {f € DY) : dF €
HE(R™), st Flo= f}

Naturally, we may ask how about the atomic decompositions and their dual spaces
for hP(£2) for the general domains £1.

Definition 1 [Let the domain §@ be bounded and connected, 0 < p £ 1, and the
function a(z) € LE(Q), (then there exists a constant &y = bo(St) = 0),

(1) there exists a cube @ C £, such that supp a C Q, lallzziqy = (] Mkl S

(2) [qa(x)a“dz =0,|a] < [n(1/p — 1)], where [z] denotes the integer part of a real
number x;

(3) the side length of the eube [{Q) > bo;

(4) if 1(Q) < &g, then 4G C

(5) @ C Q, and I(Q) < dist(Q, I2) < 41(Q).
The function a(z) is called (p, I)-atom if a(x) satisfies (1) (2) (4) {brev. Q@ € 1).
The function a(z) is called (p,II)-atom if a(x) satisfies (1) (5), (brev. €} € Ir).
The function a{z) is called (p, III)-atom if alx) satisfies (1) (3), (brev. ¢ € 11T).

We have the following atomic decomposition theorem (See [1]):

Theorem 2 Let Q € ER(n),0 < p < 1, then f € hB(Q) iff the funclion f has the
atomic decompositon, {hat ts

flz}) = Z"J"Hlf +Z:‘lﬂﬂn +Z}L,r”ﬂ”;r in D'(£1)

where ay (respectively arr,arrr) is (p0)-atom (respectively (p, IT)-atom, (p,III)-atom),
and 3 |Ar]P 4+ T |AmlP + T Al < oo

For o € (0,20), let An(R™) denote the inhomogeneous Lipschitz spaces ([5] or see
it 1in the first section}, and let

C2(1) := {u is continuous function : 3F € A*(R"), s.t.u = Flal
B LR el Caff2) : ulan = 0}

We have the dual theorem as follows:

Theorem 3 Lei € ER(n),nfin+1) <p < la=n{l/p—1), we have the dual
theorem: (RE(S2))* = C§(82). :

Let L = —&;(ay;(x)d;) be uniformly elliptic operator, i.e. 34 > 0,z € {1, satishes
the following:

(1) aifx) = aji(z) € L*°(0) is real-valued and measurable function;

(2) A EP < ) ai(@)&do < A€, VE € R™.
1,7

We know that there is a Green function G(a,y) for uniformly elliptic operator in
the domain £ x Q\{(z,y) : z,y € O,z =y} (See [6]).

Definition 4 For a function f € h2(0), we say that v € L'(Q) is ¢ weak solution
of the equation Lu = f vanishing at the boundary 2 if it satisfies: |

f uL®dz = (f, ®)
i



