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Abstract We study the structure and behavior of non-negative radial solution for
the following elliptic equation

Au=u", ze€R"

with 0 < v < 1. We also obtain the detailed asymptotic expansion of u near infinity.
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1. Introduction

In this paper, we consider the structure and behavior of non-negative radial solution
of the following nonlinear equation

Au=u", zeR", 0<v<l. (1.1)

Problem (1.1) appears in several applications in mechanics and physics, and in partic-
ular can be treated as the equation of equilibrium states in thin films. For backgrounds
on (1.1), we refer to [1 - 7] and the references therein.

The Cauchy problem

u=Au+dv’, zeR", t>0, p>1,
(1.2)

uli=o = ¢ € Co(R") = C(R") N Lo(R™), ¢ 20, ¢#0
has been studied by many authors ([8 - 12]). The structure and expansion of the non-

negative radial solution of the steady-state problem of (1.2) also have been studied in
[12, 13]. The author also refers to [14, 15] when this paper is in preparation.
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2. Structure and Behavior

Definition 2.1 We say that u is a reqular solution of (1.1) if u € C*(R"™) and
u satisfies (1.1). We call u a singular solution of (1.1) if u € C*(R™\ {0}) N C(R™)
satisfies (1.1) in R™\ {0} with non-removable zero at x = 0.

In the follows, we set

2 L:[5(5+n—2)}”11.

Proposition 2.2. When 0 < v < 1, all nontrivial non-negative radial regular
solutions of (1.1) are included in a family {uq}a>0 with u, being the unique positive
solution of the problem

-1
W+ S = in (0,00),

. 2,
u(0) = «, u'(0) = 0. 21

Uq S increasing in v, rz/(yfl)ua(r) — L asr — o0 and us(r) = aul(a(”*l)/QT).
Moreover, the only radial singular solution of (1.1) is

uo(r) = Lr?/(=v),
Proof We can obtain the result by phase plane analysis, see [16]. Assume u is a
nontrivial non-negative radial solution of (1.1). Let
r=lz|, t=—Inr, v(t)=r"u(r). (2.2)
By u, and u,,, then we have

n—1
Upr + uT:TJVU ’
T

ie.,

V" — (26 +n — 2)v + (6% 4 nd — 26)v = v”. (2.3)
d
Let ¢(v) = v/(t), then vy = d—Zq. Denote Cy = 2§ +n — 2 and by (2.3) we have

d _ v
qd—z — Cog+v(L* 1 = hH =0. (2.4)

On (v, v;) plane, we know (L,0) is the only unstable equilibrium point, which implies
v(t) — L as t — —oo. That is

lim =20y (r) = L.

r—00

If uo(0) = a > 0, by scaling invariance, we have uy(r) = aui(a=1/2r). All
solutions of (1.1) form a one-parameter family of solutions.



