
J. Partial Diff. Eqs. 20(2007), 349–364

c©Editorial Board of JPDE and

International Academic Publishers Ltd Vol.20 No.4

SINGULAR SOLUTION OF A QUASILINEAR CONVECTION

DIFFUSION DEGENERATE PARABOLIC EQUATION

WITH ABSORPTION

Zhang Peixin
(Department of Mathematics, Huaqiao University, Fujian 362021,China)

(E-mail: xmu-zhpx@126.com )

(Received Dec. 8, 2006; revised Mar. 28, 2007)

Abstract In this paper the existence and nonexistence of non-trivial solution for

the Cauchy problem of the form







ut = div(|∇u|p−2∇u) − ∂

∂xi

bi(u) − uq, (x, t) ∈ ST = RN × (0, T ),

u(x, 0) = 0, x ∈ RN\ {0}

are studied. We assume that |b′i(s)| ≤ Msm−1, and proved that if p > 2, 0 < q <

p− 1+ p

N
, 0 ≤ m < p− 1+ p

N
, then the problem has a solution; if p > 2, q > p− 1+ p

N
,

0 ≤ m ≤ q(p+Np−N−1)
p+Np−N

, then the problem has no solution; if p > 2,p−1 < q < p−1+ p

N
,

0 ≤ m < q, then the problem has a very singular solution; if p > 2, q > p − 1 + p

N
,

0 < m < q − p

2N
, then the problem has no very singular solution. We use P.D.E.

methods such as regularization, Moser iteration and Imbedding Theorem.
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1. Introduction

In this paper we consider the Cauchy problem

ut = div(|∇u|p−2∇u) − ∂

∂xi
bi(u) − uq in ST = RN × (0, T ), (1.1)

u(x, 0) = 0 x ∈ RN\{0} (1.2)

where p > 2, q > 0, and bi(s) ∈ C1(R).

The equation (1.1) is a prototype of a certain class of degenerate equations and

appears to be relevant to the theory of non-Newtonian fluids. When the initial datum

is a measure ,the case is also a model for physical phenomena. The goal of this paper
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is to give necessary and sufficient conditions which guarantee that (1.1)(1.2) has a

non-trivial solution. For the case when p = 2, bi(u) = 0, it was shown in [1] that if

0 < q < 1 + 2
N

, the problem (1.1)(1.2) has a solution satisfying the initial condition

u(x, 0) = δ(x) (1.3)

where δ(x) denotes the Dirac mass centered at the origin, and that if q ≥ 1 + 2
N

, the

problem (1.1)(1.3) has no solution. In addition, it was shown in [2] and [3] that if p ≥ 2

and p−1 < q < p−1+ p
N

, the equation (1.1) has a very singular solution, i.e.,a solution

ω with the following properties:

ω ∈ C(S̄T \{(0, 0)}) (1.4)

ω(x, 0) = 0 if x ∈ RN\{0} (1.5)

lim
t→0+

∫

|x|<r
ω(x, t)dx = ∞ ∀ r > 0. (1.6)

In this paper, we are interested in the effect of the convection term ∂bi
∂xi

(u) on the

existence and nonexistence of singular solution to Cauchy problem (1.1)(1.2). For the

case p = 2, bi(u) = um, [4][5] proved that if 1 < q < 1 + 2
N

and 1 < m < 1 + 1
N

,

(1.1)(1.3) has a unique solution and that if q ≥ 1 + 2
N

and 1 < m ≤ q+1
2 ,(1.1)(1.2) has

no singular solution and if 1 < q < 1 + 2
N

, 1 < m ≤ q+1
2 , then (1.1)(1.2) has a very

singular solution. Here we use the method similar to that in [6].We assume that

|b′i(s)| ≤Msm−1 if s ≥ 0. (1.7)

We shall prove the following theorems:

Theorem 1 Suppose that (1.7) holds and let p > 2, 0 < q < p− 1 + p
N

, 0 ≤ m <

p− 1 + p
N

, then (1.1)(1.3) has a solution;

Theorem 2 Suppose that (1.7) holds and let p > 2, q > p − 1 + p
N

, 0 ≤ m ≤
q(p+Np−N−1)
p+Np−N , then (1.1)(1.3) has no solution;

Theorem 3 Suppose that (1.7) holds and let p > 2, p − 1 < q < p − 1 + p
N

,

0 ≤ m < q, then (1.1)(1.2) has a very singular solution;

Theorem 4 Suppose that (1.7) holds and let p > 2, q > p−1+ p
N

, 0 < m < q− p
2N ,

then (1.1)(1.2) has no very singular solution.

2. Proof of Theorem 1

Definition 2.1 A solution u of (1.1)(1.3) is a nonnegative function defined in ST

such that:

1. u ∈ C(0, T ;L1(RN ))
⋂

L∞(RN×(τ, T ))
⋂

C(S̄T \{(0, 0)}), u ∈ L
p
loc(0, T ; W 1,p(RN )),

ut ∈ L1(RN × (τ, T )) ∀τ > 0;


