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Abstract In this paper, we consider the Cauchy problem with initial data given
on a semi-bounded axis for inhomogeneous quasilinear hyperbolic systems. Under the
assumption that the rightmost (resp. leftmost) eigenvalue is weakly linearly degenerate
and the inhomogeneous term satisfies the corresponding matching condition, we obtain
the global existence and uniqueness of C'! solution with small and decaying initial data.
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1. Introduction and Main Result

Consider the following first order inhomogeneous quasilinear hyperbolic system

ou ou

— 4+ Alu)=— =F 1.1

A = F(u), (1)
where u = (u1,--- ,u,)? is the unknown vector function of (¢, ), A(u) is an nxn matrix
with suitably smooth elements a;j(u) (i,5 = 1,--- ,n), F(u) = (Fi(u), -, Fy(u))T is
a given vector function of u with suitably smooth elements F;(u) and

F(0)=0, VF(0)=0. (1.2)

By hyperbolicity, for any given u on the domain under consideration, A(u) has n
real eigenvalues Aj(u), -, A,(u) and a complete set of left (resp. right) eigenvectors.

Fori=1,---,n,let i(u) = (lix(u), -, lin(w)) (vesp. r(u) = (ra(u), -+ ,7in(u))?) be
a left (resp. right) eigenvector corresponding to A;(u):

Li(u)A(u) = Ni(uw)l;(u) (1.3)
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and
A(u)ri(u) = Ai(u)ri(u), (1.4)
we have
det |l;;(u)| # 0 (resp. det|ri;(u)| # 0). (1.5)

Without loss of generality, we assume that on the domain under consideration
Li(wrj(u) =6 (i,5=1,---,n), (1.6)

where 6;; stands for the Kronecker’s symbol.
We suppose that all A\;(u), l;;(u) and r;(u) (4,5 = 1,--- ,n) have the same regularity
as a;j(u) (4,7 =1,--- ,n).
In particular, if, for any given u on the domain under consideration, A(u) has n
distinct real eigenvalues
A(u) < Aa(u) < - < Ap(u), (1.7)

the system (1.1) is called to be strictly hyperbolic.
For the Cauchy problem of the system (1.1) with the initial data
t=0: u=¢(x) (z>0), (1.8)

where ¢(z) is a C! vector function with bounded C! norm, it is proved in [1] that if in
a neighbourhood of uw = 0, F'(u) = 0 and

Ar(w), - Ap—1(u) < Ap(u), (1.9)
then for any given initial data satisfying the following decaying property:

6 £ sup{(1 + )" (|¢(x)| + |¢'()])} < o0, (1.10)
x>0
where 1 > 0 is a constant, there exists 6y > 0 so small that for any 6 € [0, §p], Cauchy
problem (1.1) and (1.8) admits a unique global C! solution u = u(t,z) with small
C! norm on the domain D = {(t,2)| t > 0,2 > x,(t)}, where x = x,(¢) is the n-th
characteristic passing through the origin O(0,0):
dan (¢
20y (ult, (1)
z,(0) =0

(1.11)

if and only if A, (u) is weakly linearly degenerate (WLD). On the other hand, if F'(u) #
0, it is proved in [2], [3] that for a strictly hyperbolic system, under the assumptions
that the system is weakly linearly degenerate and F(u) € C? satisfies the matching
condition, the Cauchy problem (1.1) with initial data ¢(x)(z € R) satisfying
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