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Abstract In this paper, we systematically study the wellposedness, illposedness
of the Hartree equation, and obtain the sharp local wellposedness, the global existence
in H®, s > 1 and the small scattering result in H® for 2 <y <mn and s > 3 —1. In
addition, we study the nonexistence of nontrivial asymptotically free solutions of the
Hartree equation.
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1. Introduction

In this paper, we study the Cauchy problem for the Hartree equation

{z‘u—l—Au: f(u), mR"xR, n>1, (11)

u(0) = p(z), in R"™.
Here the dot denotes the time derivative, A is the Laplacian in R"™, f(u) is a nonlinear
function of Hartree type such as f(u) = A(V * |u|*)u for some fixed constant A € R
and 0 < 7 < n, where * denotes the convolution in R"™ and V is a real valued radial

function defined in R™, here V' (x) = |z|~7. In practice, we use the integral formulation
of (1.1)

w(t) = Ut)p — i /0 Ult — ) (u(s))ds, U(t) = e*d, (1.2)

If the solution u of (1.1) has sufficient decay at infinity and smoothness, it satisfies
two conservation laws in [1]:

M(u(®) = [[u®)] > = [l
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Bu(t) = 51 Vu0la+ 7 [ [ ot o Pl ) dedy = Be). (13
yl
There is a lot of works on the Cauchy problem and (small data) scattering theory of
the Hartree equation. we refer to [1-10]. They all studied in the energy space H'(R")
or some weighted spaces. In this paper, we prove the local wellposedness in H?®, where
s > max(0,s.), sc = 5 — 1. Note that s, is indicated by the scaling analysis. In
addition, we prove some illposedness results for s < max(0, s.) in Section 4. Therefore
we obtain the sharp local results in this sense.
If we formally rewrite the equation (1.1) as

gl

i+ Au=A(=A)""7 [uf?)u,

by the scaling analysis ,
n+2—
ur(t,z) = A"z u(At, A\x),

we obtain the critical exponent
So = % ~1. (1.4)

The paper is organized as follows.

In Section 2, we consider the case s > % We prove the local wellposedness (Theorem
2.1) of the equation (1.1) in H®, and the global wellposedness of the energy solution
(Theorem 2.2). Since s > 3,
mapping argument in C([0,T]; H®) .

In Section 3, we consider the case max(0,3 — 1) < s < . It is not enough to
obtain the solution by the contraction mapping argument only in C([0,T]; H*). Here

it is enough to obtain the solution by the contraction

we make use of the Strichartz estimates and prove the local wellposedness (Theorem
3.1)in C([0,T), H*) N LL(HE), where (g,7) is defined by (3.1), the global wellposedness
of the energy solution (Corollary 3.1) and the small data scattering result (Theorem
3.2).

In Section 4, By the small dispersion analysis, scale and Galilean invariance, we
obtain some illposedness results (Theorem 4.1 for s < max(0, s.) and Theorem 4.2 for
s < —g or 0 <s < s:). The techniques to be used originated from [11].

Last in Section 5, we give the nonexistence result (Theorem 5.1) of the nontrivial
asymptotically free solutions.

We conclude this introduction by giving some notation which will be used freely
throughout this paper. A < B, A > B denote A < CB, A > C~!'B, respectively. For
any r,1 <r < oo, we denote by || - ||, the norm in L™ = L"(R") and by 7’ the conjugate
exponent defined by % + % = 1. We denote the Schwartz space by S(R™). For any s,
we denote by H? = (1 — A)_S/QLT’ the usual Sobolev spaces and H® = H5. Moreover,
we define the H** norm:

k

s =YL+ L))"~ Dl 2.
j=0



