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Abstract. Let M be a compact Riemann surface, h(x) a positive smooth function on
M, and ¢(x) a smooth function on M which satisfies that [,,e?dV, =1. In this paper,
we consider the functional

1
](u):E/M\Vu\ze‘PdVg—i—Snc/Mue‘PdVg—8nclog/Mhe“+¢d\{q.

We give a sufficient condition under which | achieves its minimum for ¢ <inf,. e,
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1 Introduction

Suppose that M is a complete n—dimensional Riemannian manifold with metric g, as-
sume that ¢ is a smooth real valued function on M, and dV is the Riemannian density on
M, Wei and Wylie studied mean curvature and volume comparison results on the smooth
measure space (M", g,e¢dVg) (see [1]). This is also sometimes called a manifold with den-
sity. The corresponding Bakry-Emery Ricci tensor is defined as Ric_, = Ric—Hess¢. The
equation Ric_, = Ag for some constant A is the gradient Ricci soliton equation. It plays
important role in the theory of the of Ricci flow. So this measure space is interesting. We
are interested in the Dirichlet integral on this measure space:

_ 2
Dg(u) —/ |Vu|*e?d V.
M
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The operator A+V¢-V is the naturally associated (¢—)Laplacian which is self-adjoint
with respect to the weighted measure e?dV; (see [1]). The critical point of Dy is a ¢-
harmonic function which satisfies that

(A+V-V) (1) =0.

In [1], Wei and Wylie proved some comparison theorems related to the (¢ —)Laplacian.

Let (M,ds?) be a compact Riemann surface, suppose that i(x) and ¢(x) are smooth
functions on M. Moreover maxh > 0. For simplicity, we assume in this paper that
JyefdVe=1.

On the measure space (M", g,e‘/’dVg), we study the functional

](u):%/M|Vu|Ze4’dVg—|-87rc/Mue¢dVg—87rclog/Mhe”+4’dVg,

the critical point of the functional satisfies the equation
Au+V¢-Vu=_8mrc—8rmche", (1.1)
where c is a constant, or we can rewrite it as
div(e?Vu) =8mce? —8mche 9.

If $=0and c=1, Kazdan and Warner studied it thirty years ago [2]. They asked under
what kind of conditions on /, the equation

Au=8rm—8rthe" (1.2)
has a solution. For general c, the equation

Au =87mc—8mtche”

is also studied by many authors, see [3,4].

One sees that (1.1) is a natural generalization of (1.2), when one studies the mea-
sure space (M", g,e¢dVg) instead of (M",g,dV;). In this paper, we study the existence of
Eq. (1.1), which can be seen as the first step to understand the equation.

We will follow the paper [5], to minimize the functional J(u).

By [5, Theorem 1.1], we can get that the functional

1
]e(u)ZE/M]Vulze‘PdVg-l-&r(p—s) /Mue‘pdVg—87r(p—s)log/Mhe”+4’dVg,

achieves its minimum at some u,, where p = min,cye?¥). If ||u| 12(m) 18 not bounded,
we can show that the blow up point p is the minimum point of ¢?. Then after subtract-
ing mean values, 1, converges to some Green function G(x,p) (sometimes we denote
G(x,p) =Gp(x) for simplicity) satisfying

{ div(e?VG,) =8mpe? —8mpd,,

1.3)
G,e?dV, =0. (
/M perdVe



