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Abstract. In this paper, we consider the Cauchy problem for the model of liquid crys-
tal. We show that if the velocity field u satisfies

dsuc LP(0,T;L1(IR%)), St _1+%, 2<g<e,

then the solution is in fact smooth.
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1 Introduction

In this paper, we consider the following model of liquid crystal in R® introduced by
Lin [33]:

u+(u-Viu— Au+Vrn=-V-(Vdod), V-u=0,
di+u-V)d—Ad=—f(d), |d| <1, (1.1)
(M,d)’t:():(u(),do), V-uy=0, |d0’§1,

where u = (uy,up,u3) is the fluid velocity field, d = (dy,d»,d3) is the (averaged) macro-
scopic/continuum molecule orientation, 7 is a scalar pressure, uy and dy are the pre-
scribed initial data,

1
f(d) = &2 (|d’2 _1) d, (Vd@Vd)lj :aldka]dk
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Here and thereafter, we use the summation convention that repeated indices are summed
automatically over {1,2,3}.

The existence of a global-in-time weak solution and the local unique strong solution
has been established by Lin and Liu [1]. But as for the incompressible Navier-Stokes sys-
tem (d is constant in (1.1)), whether a given global weak solution is regular and whether
the local unique strong solution can exist globally are challenging open problems.

Motivated by the regularity criteria for the Navier-Stokes [2-13] and MHD equa-
tions [14-26], some authors considered the regularity conditions for (1.1), see [27-32] and
references cited therein.

In this paper, we would like to improve the regularity criterion

2
dsu € LP(0,T;L1(R?)), E+2:1, 3<g<oo (1.2)

established in [29].
Before we state the precise result, let us recall the weak formulation of (1.1).

Definition 1.1 (1]). A measurable pair (u,d) is said to be a weak solution of (1.1) on [0, T] xR3,
provided the following assertions hold:

(1) ueL™(0,T;L*(R%))NL2(0,T;H (R3));

(2) deL>(0,T;H' (R®))NL?(0,T; H*(R3));

(3) (1.1) 5 hold in the sense of distributions.
Now our main result reads:

Theorem 1.1. Let ug€ L?(IR3) satisfy V-uo=0, do€ H' (R3) with |do|<1, and let the measurable
pair (u,d) be a given weak solution of (1.1) with initial data (uo,do). If

a3uELP(O,T;L’7(IR3)), %4—2:1—#%, 2<g<oo,

then the solution is in fact strong, and thus classical.

By a strong solution, we mean (u,d) satisfy

uc L®(0,T;H (R*))NL?(0,T; H*(R?)),
dcL™(0,T;H*(R%))NL?(0,T; H*(R?)).

Remark 1.1. Notice that

lim <1+ 1) = é,
q—2+ q 2

the scaling dimension of Theorem 1.1 can almost achieve 3/2.



