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1 Introduction

In this paper, we review one case of the M-solutions of positive radial solutions φ=φ(r)
of the differential equation

1

rN−1

(
rN−1φ′

)′
=−

rλ−2

(1+r2)λ/2
φp, p>1, λ>0, N>3. (1.1)

In [1], in order to apply a theorem on asymptotically autonomous systems by Thieme [2],

Emden-Fowler equation was extended into the following generalized one

1

rN−1

(
rN−1φ′

)′
=−rq−Nφp, p>1, q>N−2, N>3. (1.2)

By using the substitution

u(t)= rq−N+1 φp(r)

−φ′(r)
, v(t)= r

−φ′(r)

φ(r)
, r= et,
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one could transfer the solutions of (1.2) into the solutions ϕ=(u,v) of the Lotka-Volterra

system {
u̇=u(q−u−pv),

v̇=v(−N+2+u+v).
(1.3)

Applying another substitution (see [1] for more details)

u(t)=
rλ−1

(1+r2)λ/2

φp(r)

−φ′(r)
, v(t)= r

−φ′(r)

φ(r)
, r= et,

to solutions of (1.1), we get




u̇=u(q(t)−u−pv),

v̇=v(−N+2+u+v).
(1.4)

Here the coefficient

q(t)=N−2+
λ

1+r2
, N>3,

is time-dependent, but the limits

lim
t→−∞

q(t)=N−2+λ, lim
t→+∞

q(t)=N−2

exist, and we define q :=N−2+λ. Then (1.4) is asymptotically autonomous with respect

to (1.3) for t→−∞ and to (EFSp,N−2,N) for t→+∞, and this fact makes this system an

asymptotically autonomous one.

Batt and Li [3] developed a comprehensive theory on all positive solutions φ of the

Matukuma Eq. (1.1) in R
3. They classified the solutions of the Matukuma equation into

three different types which known exists for the Emden-Fowler Eq. (1.2), namely, the

E-solutions (regular at r = 0), the F-solutions (whose existence begins away from r = 0)

and the M-solutions (singular at r=0) and obtained all kinds of properties of those three

solutions. Wang et al. [1] extended the work of Batt and Li [3] into the higher dimensional

space and investigated the properties of the M-solutions. Their result shows that the M-

solutions in higher dimensional space is dramatically different to that of N = 3. In this

paper, we continue to study the M-solutions of (1.1) in higher dimensional space. The

basic tool is an asymptotically expansionary method which begins with rough estimates

and improves the accuracy step by step to the desired extent [4, 5]. It is known [1] that

when q> (N−2)p, the M-solutions possess a splitting form: φ(r) = S+Θ, where S is a

singular term of form S = c
rN−2 P(r) with an elementary explicitly given function P of r

with P(r)=1+o(1)(r→0), whereas Θ is a regular solution of the initial value problem




1

rN−1

(
rN−1Θ′

)′
=−

rλ−2

(1+r2)λ/2

(
Θ+S

)p
−

1

rN−1

(
rN−1S′

)′
, 0< r<R,

Θ(0) := lim
r→0

Θ(r)=β∈R.

(1.5)


