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Abstract. Let T CR? be a regular anisotropic fractal. We discuss the problem of the
negative spectrum for the Schrédinger operators associated with the formal expression

Hg=id—A+pBtry, PER,

acting in the anisotropic Sobolev space Wzl’“(le), where A is the Dirichlet Laplanian
in R? and tr] is a fractal potential (distribution) supported by T'.
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1 Introduction

Leta(x,D) be a positive-definite, self-adjoint pseudodifferential operator in L, (IR?), W7 (IR?)
the classical Sobolev space. In general, we studied the operators of the type

Hg=a(x,D)+BV, BER, (1.1)

where V is a generalized potential given by a distribution supported by a set I' C R?
with Lebesgue measure |I'| =0. Of interest is the number of eigenvalues, counted with
respect to their multiplicities, in (—c0,0] in dependence on f— co. Recall that M denotes
the number of a finite set M. Let o(Hg) be the spectrum of self-adjoint operator Hg in
L»(IR?), then

4{o(Hp)N(—00,0]} <#{keN:v2Bex(a(x,D) V) >1}. (1.2)
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The study of #{c(Hg)N(—00,0]} is sometimes called a problem of the negative spectrum.
The interest of the problem comes from quantum mechanics with the typical hydrogen-
like operator

h2
H=—7_-A+V(x), (1.3)

where 1 is the Planck’s constant, m is mass of the electron and V(x) is the potential.
Asking for (negative) eigenvalues one can divide H by h?/2m and obtains

Hg=—A+BV(x), (1.4)

where B is proportional to h?. Of interest is the semi-classical limit where 71— 0, or, B— oo,
hence the behaviour of the cardinal number in dependence on B.
In slight modification of (1.3), we are interested in the negative spectrum of

Hp=id—A+pBtry, (1.5)

where trg is the interpretation of btrr and b€ L,(T') is real with 0<1/r <1, trr is the trace
operator. Let Ny be the number of negative eigenvalues. If I is an (isotropic) d-set, we
obtained satisfactory results, N~ Bl

For anisotropic fractals in R2, an anisotropic d-set I' having deviation, 0 <a <1 is,
roughly speaking, a compact set which can be covered for any j € No with N; ~ 2/ rect-
angles {Rf :1=1,---,N;}, 274 < volRf <272, for some ¢, 0<c < 1, independent of j and /,

having the sides parallel to the axes of coordinates and side lengths 2_“]1"1, 2 satisfying
(1—a)j<af' <a) <(1+a)j
forany I=1,---,N;. In this case, one has for Ng only two side estimates of type
C1“ < Np < Cof> (1.6)
for appropriate positive numbers w; and w; with w; <1< wj.
The aim of this paper is to show that sharp estimate of (1.6), restricting ourselves to

the regular anisotropic fractals and the Schrédinger operators acting in the anisotropic
Sobolev space W, (IR?). We will show that

Ng~B'. (1.7)
In Section 2 we present basic facts concerning anisotropic function spaces, regular

anisotropic fractals and some preparatory facts for the proofs. The main results, contain-
ing the precise proof of (1.6), are presented in Section 3.



